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EDITOR’S FOREWORD 


The problem of communicating in a coherent fashion the recent 
developments in the most exciting and active fields of physics 
seems particularly pressing today. The enormous growth in the 
number of physicists has tended to make the familiar channels of 
communication considerably less effective. It has become increas¬ 
ingly difficult for experts in a given field to keep up with the cur¬ 
rent literature; the novice can only be confused. What is needed is 
both a consistent account of a field and the presentation of a definite 
4 ‘point of view” concerning it. Formal monographs cannot meet 
such a need in a rapidly developing field, and, perhaps more im¬ 
portant, the review article seems to have fallen into disfavor. In¬ 
deed, it would seem that the people most actively engaged in devel¬ 
oping a given field are the people least likely to write at length 
about it. 

“Frontiers in Physics” has been conceived in an effort to im¬ 
prove the situation in several ways. First, to take advantage of the 
fact that the leading physicists today frequently give a series of 
lectures, a graduate seminar, or a graduate course in their special 
fields of interest. Such lectures serve to summarize the present 
status of a rapidly developing field and may well constitute the only 
coherent account available at the time. Often, notes on lectures ex¬ 
ist (prepared by the lecturer himself, by graduate students, or by 
postdoctoral fellows) and have been distributed in mimeographed 
form on a limited basis. One of the principal purposes of the 
“Frontiers in Physics” series is to make such notes available to 
a wider audience of physicists. 
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EDITOR’S FOREWORD 


It should be emphasized that lecture notes are necessarily rough 
and informal, both in style and content, and those in the series will 
prove no exception. This is as it should be. The point of the series 
is to offer new, rapid, more informal, and, it is hoped, more effec¬ 
tive ways for physicists to teach one another. The point is lost if 
only elegant notes qualify. 

A second way to improve communication in very active fields of 
physics is by the publication of collections of reprints of recent ar¬ 
ticles. Such collections are themselves useful to people working in 
the field. The value of the reprints would, however, seem much en¬ 
hanced if the collection would be accompanied by an introduction of 
moderate length, which would serve to tie the collection together 
and, necessarily, constitute a brief survey of the present status of 
the field. Again, it is appropriate that such an introduction be in¬ 
formal, in keeping with the active character of the field. 

A third possibility for the series might be called an informal 
monograph, to connote the fact that it represents an intermediate 
step between lecture notes and formal monographs. It would offer 
the author an opportunity to present his views of a field that has 
developed to the point at which a summation might prove extraor¬ 
dinarily fruitful, but for which a formal monograph might not be 
feasible or desirable. 

Fourth, there are the contemporary classics—papers or lectures 
which constitute a particularly valuable approach to the teaching 
and learning of physics today. Here one thinks of fields that lie at 
the heart of much of present-day research, but whose essentials 
are by now well understood, such as quantum electrodynamics or 
magnetic resonance. In such fields some of the best pedagogical 
material is not readily available, either because it consists of pa¬ 
pers long out of print or lectures that have never been published. 

“Frontiers in Physics” is designed to be flexible in editorial 
format. Authors are encouraged to use as many of the foregoing 
approaches as seem desirable for the project at hand. The publish¬ 
ing format for the series is in keeping with its intentions. Photo¬ 
offset printing is used throughout, and the books are paperbound, in 
order to speed publication and reduce costs. It is hoped that the 
books will thereby be within the financial reach of graduate students 
in this country and abroad. 

Finally, because the series represents something of an experi¬ 
ment on the part of the editor and the publisher, suggestions from 
interested readers as to format, contributors, and contributions 
will be most welcome. 


DAVID PINES 

Urbana, Illinois 
August 1961 
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PREFACE 


The material presented here originated in lectures given at summer 
schools in Les Houches and Edinburgh in 1960, but these notes represent an 
extensive revision of and addition to my contribution to the published pro¬ 
ceedings of the seminars. The most important additions center around the 
double spectral function, whose role in the S matrix has been substantially 
clarified during the past year. This clarification has sharpened the distinc¬ 
tion between elementary and composite particles, a distinction that is now 
becoming the central problem of strong-interaction physics. 

Readers should be aware that S-matrix theory is still incomplete and 
should not expect to find a well-defined theoretical structure in these notes. 
Progress is currently rapid, and a complete theory may well develop within 
a few years’ time. (A paper by H. Stapp, currently in press, makes a major 
step in this direction.) A monograph will then be in order, one that begins 
with a clear set of S-matrix postulates and makes no reference to the con¬ 
cept of field. The present notes, however, occasionally refer to results 
from field theory in order to motivate assumptions about the S matrix, even 
though no use is made of the field concept itself. In particular we shall find 
Feynman diagrams highly useful. Some students justifiably will be disturbed 
by the logic of such an approach, and to them I can only appeal for patience. 
If one wishes at the present time to work in the theory of strong interac¬ 
tions, it appears necessary to tolerate some obscurity in the logical founda¬ 
tion. 

These notes are intended for students who wish to participate actively in 
particle-physics research; a knowledge of the basic principles of quantum 
mechanics and special relativity is taken for granted, as is acquaintance 
with Feynman diagrams. It is, however, unnecessary to be conversant with 
the subtleties of field theory, and a certain innocence in this respect is per- 
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haps even desirable. Experts in field theory seem to find current trends in 
S-matrix research more baffling than do nonexperts. 

I regret that so little attention is given here to the crucial matter of com¬ 
parison with experiment. After all, the importance of S-matrix theory stems 
from its success wherever experimental testing has been possible. How¬ 
ever, most tests have been made with processes such as nucleon-nucleon 
scattering or photo-pion production, which are too complex to be discussed 
in this volume. To alleviate the deficiency, a number of references are 
given to the original literature on experimental verification, as well as to 
review articles. 

With regard to the articles reprinted here, an attempt was made to se¬ 
lect papers that present an up-to-date point of view and contain fundamental 
material not covered in detail in the notes. Some of these papers have 
historical significance in the development of S-matrix theory, but that was 
not the criterion for selection. Many of the most influential papers histori¬ 
cally are not included. 

GEOFFREY CHEW 

Berkeley, California 
August 1961 
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HISTORICAL SURVEY 
AND GENERAL OUTLOOK 


A sustained series of field-theoretical developments over tne past decade 
has brought the concept of an S-matrix theory of strong interactions close 
to realization. Although he has long since renounced the S-matrix approach, 
the original work was done by Heisenberg in 1943. 1 Heisenberg lost interest, 
probably because in the forties he lacked the full analytic continuation that 
is required to give the S matrix dynamical content. He also, as is well known, 
subsequently abandoned conventional many-field theory and has thrown all 
his efforts behind the idea of a single underlying field. 2 It should be realized 
that the S-matrix theory of strong interactions, at least as I shall describe 
it in these lectures, has the same goal as the single-field approach: that is, 
given certain symmetries, to predict all the observed particles, together 
with masses and mutual interactions, in terms of a single constant with the 
dimensions of length. There should be no arbitrary dimensionless constants. 
It is conceivable, then, that the two approaches are not contradictory but 
complementary. Heisenberg likes to say that the one works from the inside 
out, the other from the outside in. He believes that simplicity lies only at 
the “center” while on the “periphery” there is confusion. I tend not to be¬ 
lieve in the existence of a “center”; furthermore, on the “periphery,” even 
though the situation is complicated, the rules are subject to a more or less 
direct experimental test. 

So that there can be no misunderstanding of the point of view of these 
lectures, let me say at once that I believe the conventional association of 
fields with strongly interacting particles to be empty. I do not have firm 
convictions about leptons or photons, but it seems to me that no aspect of 
strong interactions has been clarified by the field concept. Whatever suc¬ 
cess theory has achieved in this area is based on the unitarity of the analyt¬ 
ically continued S-matrix plus symmetry principles. I do not wish to assert 
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S-MATRIX THEORY OF STRONG INTERACTIONS 


(as does Landau 3 ) that conventional field theory is necessarily wrong, but 
only that it is sterile with respect to strong interactions and that, like an 
old soldier, it is destined not to die but just to fade away. 

Having made this point so strongly, I hasten to express an unqualified 
appreciation of the historical role played by field theory up to the present. 
The field apparatus has been enormously useful in the discovery of sym¬ 
metry principles, particularly with respect to charge conjugation. A second 
area where field theory has played a crucial historical part is in the analytic 
continuation of the S matrix; the notion of micro-causality and of Feynman 
diagrams has been invaluable in this connection. However, it is my im¬ 
pression now that finally we have within our grasp all the properties of the 
S matrix that can be deduced from field theory and that future development 
of an understanding of strong interactions will be expedited if we eliminate 
from our thinking such field-theoretical notions as Lagrangians, “bare” 
masses, “bare” coupling constants, and even the notion of “elementary 
particles.” I believe, in other words, that in the future we should work en¬ 
tirely within the framework of the analytically continued S matrix. 

The essential information about the S matrix that has been given by 
field-theoretical studies is the location and strength of unphysical singu¬ 
larities. The rule has been stated in the most complete form by Landau 4 
and Cutkosky, 5 building on observations made by many others, starting in 
the mid-fifties. In 1955 Chew and Low 6 showed for the static model of the 
pion-nucleon interaction that one was dealing with an analytic function of 
the energy, that the “forces” could be associated with singularities of the 
scattering amplitude in unphysical regions, and that a knowledge of the lo¬ 
cation and strength of these singularities was probably sufficient to deter¬ 
mine the S matrix. Furthermore, these authors showed how to calculate 
certain particularly important unphysical singularities and thereby suc¬ 
cessfully explained a number of experimentally observed features of the 
low-energy pion-nucleon system. 

Of course the static model is not Lorentz-invariant, and it fails to in¬ 
clude many interactions that must be important. That Lorentz invariance 
was not a difficulty was suggested by the form of relativistic fixed-momen¬ 
tum-transfer dispersion relations, proposed in 1955 by Goldberger 7 and by 
Karplus and Ruderman, 8 to which the static Low equations were shown to 
bear a striking resemblance. 9 These “one-dimensional” relations, however, 
do not describe all the unphysical singularities and are insufficient to de¬ 
termine the S matrix, even for elastic scattering. The inclusion of all the 
forces requires a knowledge of singularities in momentum transfer as well 
as energy; this information was provided by the double-dispersion relations, 
proposed in 1958 by Mandelstam. 10 A generalization of Mandelstam’s ideas 
to elements of the S matrix involving more than two particles is required 
before the theory can be regarded as complete. Such a generalization has 
been formulated by Landau 4 and Cutkosky, 5 and their work indicates that 
only diligence and ingenuity is needed to handle the larger number of degrees 
of freedom. From a practical standpoint the one- and two-particle S-matrix 
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elements continue at present to saturate the theorists ’ capacity for calcula¬ 
tion, but three-particle states may soon become a center of attention. 

The Landau-Cutkosky recipe is couched in the language of Feynman dia¬ 
grams and therefore seems to rest heavily on field theory. In the case of 
elastic scattering, however, Mandelstam originally discovered an im¬ 
portant part of the recipe not through diagrams but by asking the question: 

Is there a way, consistent with unitarity, to continue analytically the S ma¬ 
trix in both angle and energy variables ? He found a prescription for doing 
this, and no one has succeeded in finding an alternative. On the basis of 
this experience it is plausible that the complete Landau-Cutkosky rules 
may be a unique consequence of the following postulate: The S matrix is a 
Lorentz-invariant analytic function of all momentum variables with only 
those singularities required by unitarity. The requirement of simultaneous 
unitarity in all the different channels of the S matrix obtained by switching 
incoming and outgoing particles is an enormously restrictive one. At first 
glance, in fact, it sometimes seems impossible, and the only machinery we 
have that can contemplate such a problem with any generality is based on 
diagrams motivated by field theory. It appears to me nevertheless likely 
that the essence of the diagrammatic approach will eventually be divorced 
from field theory and be shown to rest only on the twin principles of analyt- 
icity and unitarity. 

It is not claimed, of course, that the above postulate has been stated with 
precision, and one does not yet see how it produces the complete Landau- 
Cutkosky rules. However, the simpler aspects of these rules that have been 
studied in some detail appear to contain nothing superfluous with respect to 
analyticity and unitarity. In particular, the following aspect of the S matrix 
has impressed everyone who thinks in these terms: Given certain singulari¬ 
ties and the requirement of unitarity in physical regions, the existence of 
other singularities is implied. Mandelstam’s original work 10 was based on 
this circumstance, as is the possibility of predicting the existence of reso¬ 
nances and bound states. A more concrete way of stating the fundamental 
postulate, then, is to say that once one is given certain simple singularities 
(e.g., some of the poles), the location and strength of all other singularities 
are determined by the constraint of unitarity in physical regions. The so¬ 
lution of such a problem I presume to be consistent with the prescription 
given by Landau and Cutkosky in terms of diagrams. 

Even if we assume the correctness of such a postulate, a philosophical 
objection may be raised against the S-matrix approach, that is, that the 
principle of analyticity has no physical basis, whereas in field theory it 
appears related to the notion of microscopic causality. My personal in¬ 
clination here is to resurrect the ancient principle of ‘Tack of sufficient 
reason. ” I assert that it is natural for an S-matrix element to vary 
smoothly as energies and angles are changed, and that a natural mathe¬ 
matical definition of physical smoothness lies in the concept of analyticity. 
The fundamental principle therefore might be one of maximum smoothness: 
The S matrix has no singularities except where absolutely necessary to 
satisfy unitarity. There is no “reason” for it to have any others. 
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S-MATRIX THEORY OF STRONG INTERACTIONS 


Whether or not the Landau-Cutkosky rules can be derived from a principle 
of maximum simplicity, it seems probable that these rules must be obeyed 
in analytically continuing the S matrix. In these lectures we shall consider 
the dynamical problem on the basis of such rules. First of all, what is the 
problem? I like to state the objective in terms of the notion introduced 
earlier—that a knowledge of some singularities determines the location and 
strength of others. The general goal then is, given the strong-interaction 
symmetry principles, to make a maximum number of predictions about 
physical singularities in terms of a minimum amount of information about 
unphysical singularities. If one believes in conventional field theory, then 
one believes the necessary and sufficient input information to be a knowl¬ 
edge of the positions and residues of poles associated with “elementary 
particles” plus certain normalization parameters such as the pion-pion 
coupling constant. The poles may be on the real axis of the physical sheet 
(stable elementary particles) or on the unphysical sheet (unstable elemen¬ 
tary particles). A plausibility argument that such information would indeed 
determine all other singularities will be made in these lectures; evidently, 
however, we must distinguish between elementary particles and bound states 
or dynamical resonances. 

The only clean definition of elementary particles completely begs the 
question here. One must first suppose that an a priori specification of a 
certain minimum number of particle masses and coupling constants is in 
fact necessary and sufficient to determine the S matrix. All particles within 
this group are defined to be elementary, all others (whose masses and in¬ 
teractions are predictable) are either bound states, if stable, or dynamical 
resonances, if unstable. Such a definition is therefore meaningful only after 
the dynamical problem has been solved. That is to say, one does not know 
whether a particular particle is to be included in the select group until one 
has constructed the S matrix with and without an a priori specification of 
the corresponding poles and has compared the two results by experiment. 

By a reasonably simple calculation one can sometimes decide, as we shall 
see in these lectures, that not all of a group of neighboring poles correspond 
to elementary particles. It is difficult, however, to imagine a calculation 
sufficiently complete to approach a definite answer to the question: Which 
of the strongly interacting particles are elementary? Partly because of 
this circumstance, but even more because of general philosophical convic¬ 
tions, I am convinced that there can be only one sensible answer, and that 
is that none of them is elementary. This point of view is, of course, the 
basis for Heisenberg’s single-field approach 2 and I am sure it is shared by 
many others. In particular there is a remark often made privately by Feyn¬ 
man that tends to convert the negative statement unto a positive one. Para¬ 
phrasing Feynman: The correct theory should he such that it does not allow 
one to say which particles are elementary . Such a concept is manifestly at 
odds with the spirit of conventional field theory, but it forms a smooth alli¬ 
ance with the S-matrix approach. 
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For the analytically continued S matrix, the Feynman principle is simply 
the statement that all singularities have a common and equivalent basis. 

We shall see that the Landau-Cutkosky rules are in complete harmony with 
such a principle. They tell us that singularities occur only in connection 
with possible physical states, and have strengths that are determined by 
S-matrix elements or analytic continuations thereof. Even though these 
rules completely determine the dynamics, they contain not the slightest hint 
of a criterion for distinguishing elementary particles. We may be reminded 
again of the principle of “lack of sufficient reason.'' If one can calculate 
the S matrix without distinguishing elementary particles, why introduce such 
a notion? 

Of course, without the elementary-particle concept to focus attention on 
particular poles of the S matrix, the question immediately arises: Where 
does one begin the dynamical calculation? I believe the answer to be that it 
doesn't matter; one may begin anywhere, taking an arbitrary singularity as 
a starting point and attempting to reach as much of the S matrix from this 
point as computational ability allows. A second question is: What determines 
the strength of the “starting" singularity if this strength is not controlled by 
a fundamental coupling constant? Here we may appeal once more to the no¬ 
tion of “lack of sufficient reason." The singularity strength is bounded by 
unitarity, so Frautschi and I have found it natural to postulate that strong 
interactions are characterized by “saturation" of the unitarity condition 11 ; 
that is, they have the maximum strength consistent with unitarity and 
analyticity. To us there seems no reason for any other strength to occur, 
and the observed behavior of high-energy cross sections gives strong en¬ 
couragement to this notion of saturation. 

With such a postulate, an even clearer break is made with conventional 
elementary-particle field theory—where the idea of arbitrary coupling con¬ 
stants is usually regarded as basic. Frautschi and I believe that no arbi¬ 
trary dimensionless constants occur in the strong-interaction S matrix. We 
are not quite so firm in our opinion about the number of dimensional con¬ 
stants, but it is plausible that there should be only one—to establish the 
scale of masses. We have absolutely no ideas as to the origin of the strong- 
interaction symmetries, but we expect that promising developments here 
can be incorporated directly into the S matrix without reference to the field 
concept. To summarize our conjecture, then, we believe that all strong- 
interaction physics should emerge from an analytically continued S matrix 
that possesses the already-recognized symmetries and “saturates" the 
unitarity condition. Such an S matrix is expected to depend on a single di¬ 
mensional constant that may be chosen to be the mass of any one particle. 

For the bulk of the material to be presented in these lectures the notion 
of “saturation" is not essential, and the possibility that certain particles 
may, after all, be more fundamental than others will be kept open. Field 
theory, however, will not be used. We accept the Mandelstarn-Landau- 
Cutkosky principles as a starting point and shall investigate the consequences 
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S-MATRIX THEORY OF STRONG INTERACTIONS 


for simple one- and two-body problems. Of course the dynamics will not be 
complete until there is a detailed calculational procedure for general S- 
matrix elements, involving more than two particles in both initial and final 
states. Such elements enter even in discussing two-body reactions because, 
through unitarity, they determine the “strength’’ of certain singularities in 
the two-body amplitude. How, then, can we expect to deduce any meaningful 
consequences from an incomplete theory? The answer rests on two general 
features of the Mandelstam-Landau-Cutkosky principles. 

1. The location of singularities is determined by the total “masses” of 
actual physical systems; the higher the mass the farther from the origin is 
the associated singularity. Now, among the strongly interacting particles 
there are none of zero massf; thus, the total “mass” of strongly interact¬ 
ing physical systems systematically tends to increase with the number of 
particles, and the singularities near the origin tend to be determined by one- 
and two-particle configurations. If there are aspects of the physical prob¬ 
lem that are controlled mainly by “nearby” singularities, then one can make 
a meaningful comparison of theory with experiment without a complete un¬ 
derstanding of “far-away” singularities in which multiparticle configurations 
play a role. 

2. The “strength” of singularities is related to products of S-matrix 
elements and restricted by unitarity, so that in a limited region of the com¬ 
plex plane the behavior of an S-matrix element tends to be controlled by 
the closest singularities. More precisely, an analytic function is deter¬ 
mined through the Cauchy relations by a kind of Coulomb’s law for a po¬ 
tential due to point charges (poles) and line charges (branch cuts). The 
point charge is the residue of the pole, and the line-charge “density” is the 
discontinuity across the cut; both are proportional to products of S-matrix 
elements (or analytic continuations thereof) and limited in magnitude. It is 
assured, therefore, that the “Coulomb’s law” reciprocal dependence on dis¬ 
tance, which favors nearby singularities, will not be overwhelmed by an 
increasing strength of singularity with distance. From a practical stand¬ 
point, this feature of the S-matrix approach is of tremendous importance to 
a theory of strong interactions, permitting an orderly and systematic series 
of approximations whose validity is subject to a realistic appraisal without 
any assumption as to the magnitudes of coupling constants. 

We shall see in what follows that the range of a force, from the conven¬ 
tional point of view, corresponds to the reciprocal distance from the origin 
in the complex (momentum) plane of the associated singularity. Thus the 

fNote that problems involving large numbers of low-frequency virtual 
photons, such as Coulomb bound states or low-velocity Coulomb scattering, 
cannot be handled by the approach described in these lectures. Because of 
the zero mass of the photon, there is no separation of single-photon and 
multiphoton singularities. For high particle velocities, of course, the small 
magnitude of the fine-structure constant often makes it possible to neglect 
multiple photon contributions. 
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“nearby” singularities, associated with one- and two-particle configura¬ 
tions, are the “long-range forces.” The forces we cannot calculate reliably 
(but can only put limits on) are those of short range. This way of assessing 
the situation suggests the two kinds of predictions we can expect to make 
with the incomplete theory: 

1. Scattering in states of large orbital angular momentum should be more 
or less completely predictable at any energy, since the centrifugal “barrier” 
shields these states from the unknown short-range forces. In other words, 
high-angular-momentum collisions are controlled by nearby singularities 
that our theory is able to handle. 

2. In states of low angular momentum, experience with potential scatter¬ 
ing suggests that the short-range interaction, even though complicated, and 
exerting a significant influence, can be represented by a small number of 
parameters so far as low-energy experiments are concerned. Boundary- 
condition treatments of the hard core in the nuclear force are based on this 
circumstance, as are effective-range formulas in general. The Coulomb-po¬ 
tential analogy to our S-matrix problem in the complex plane suggests a 
general explanation. Any collection of source charges (singularities), if 
sufficiently distant, can be replaced by a single point charge (pole) at in¬ 
finity, as far as the potential (scattering amplitude) in a local region is con¬ 
cerned. If one wishes to represent the first derivative of the potential, 
which is nonzero because of the finite distance of the actual charges, an 
equivalent point charge at a finite distance can be found. For higher deriva¬ 
tives, more poles or perhaps multipoles may be added, but it is clear that 
far-away singularities generally produce only smooth variations and can be 
represented by a small number of parameters. The nearby singularities, in 
contrast, may be expected to produce strong and characteristic variations 

in the amplitude that can be identified in experimental results. These strong 
variations are predictable in the incomplete theory. 

The inverse relation between range of interaction and distance in momen¬ 
tum space is of course traceable to the uncertainty principle. The unphysi¬ 
cal singularities of an elastic-scattering amplitude correspond to the systems 
that can be “transferred” between the particles undergoing scattering. Only 
by such transfers can a force be transmitted, and it is well known that, ac¬ 
cording to the uncertainty principle, the range of the force is ~E _1 , if E is 
the total energy necessary to create the transferred system. The incom¬ 
plete theory allows us to calculate forces due to one- and two-particle trans¬ 
fer, while three-particle and higher-multiplicity transfer must at this stage 
be treated phenomenologically. Let us consider some specific situations, 
remembering that the possible system to be transferred must obey all the 
conservation laws of strong interactions. 

1. Nucleon-nucleon scattering. Here the longest-range force (or the 
nearest unphysical singularity) comes from single-pion transfer, while the 
next longest is due to two pions. Both of these are calculable, but forces of 
a range shorter than one-third of a pion Compton wavelength must await a 
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treatment of the many-body proMem. Note that although we could attempt 
to calculate the force due to K-K transfer there is not much point in doing 
so because the mass of two kaons is as great as that of seven pions. On the 
other hand, if a hitherto undiscovered particle exists, of zero strangeness 
and mass less than three pions, then its contribution to the nuclear force 
should be experimentally identifiable. 

2. Pion-pion scattering. Here all odd-pion transfers are forbidden, so 
the longest-range force is due to pion pairs, and the incomplete theory car¬ 
ries us down to one-quarter of a pion Compton wavelength in the force 
range. 

3. Pion-nucleon scattering. Here there are two kinds of long-range 

forces. The “direct” forces arise from transfer of systems of zero baryon 
number, of which pion pairs are the least massive, and pion quartets the 
first configuration that must be treated phenomenologically. (Odd-pion 
transfer is again forbidden.) However, a very important “baryon exchange” 
force also must be considered because of the large difference in mass be¬ 
tween pion and nucleon. That is to say, the original nucleon can “emit” a 
virtual nucleon, becoming a pion, with a violation of energy conservation 
that is determined not by the nucleon mass alone but rather (it turns out) by 
the geometric mean of nucleon and pion masses. This virtual nucleon 
moves across to the initial pion and is absorbed, transforming it into a 
nucleon and transmitting a force whose range turns out to be (by the un¬ 
certainty principle) approximately , comparable to the range 

of 27r exchange. The incomplete theory can handle also the corresponding 
force when a single pion accompanies the exchanged nucleon, but more than 
one pion “fellow traveler” is beyond our powers at present. We shall see 
that the complicated nature of the pion-nucleon force is reflected in a com¬ 
plicated arrangement of singularities in the complex plane. By contrast, 
the singularities of the 7r-7r and N-N amplitudes have a simple structure. 

It is clear that because of their small mass, pions play a central role in 
this kind of approach to a theory of strong interactions. It will be impossi¬ 
ble to go any distance without understanding the two-pion system, which oc¬ 
curs prominently not only in the long-range parts of the above-listed inter¬ 
actions but in many other processes as well. This circumstance alone 
would justify devoting much of our attention in these lectures to the two- 
pion configuration; another reason, however, is that, of all strongly inter¬ 
acting systems, the ir-ir is the easiest to handle, while at the same time it 
contains all the essential features of the general S-matrix approach. If one 
understands clearly what can be done and what cannot be done in the S-matrix 
framework for the 7r-7r problem, a satisfactory foundation for discussing all 
strong-interaction problems will have been laid. 
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THE LORE NT Z-INVARIANT 
ELASTIC AMPLITUDE AND 
THE SUBSTITUTION LAW 


For reasons of convenience Moller, 12 in his 1945 paper clarifying the 
earlier proposals of Heisenberg, 2 introduced a matrix S - 1, and then in ad¬ 
dition factored out an energy-momentum delta function, leaving a Lorentz- 
invariant function of n — 1 momentum variables, where n is the total num¬ 
ber of particles involved (ingoing plus outgoing). This reduced matrix has 
been called by various names; we shall be mainly concerned with the case 
n = 4, where the reduced matrix element will simply be referred to as the 
‘ 4 invariant amplitude.” The normalization of the invariant amplitude has 
not been standardized; we shall choose it as close as possible to the ‘ ‘physi¬ 
cal amplitude” f(0), which is defined, except for a phase, by the barycentric- 
system differential cross-section formula 

dff/dft = (q £ /q;)|f(0)| 2 (2-1) 

Here q f and q i are the final and initial magnitudes of three momenta and 
0 is the angle between; and q f are of course equal for elastic scattering. 
The phase of f(0) will be conventional; i.e., f(0) becomes real as the in¬ 
teraction becomes weak, positive for attraction and negative for repulsion 
in the elastic case. More precisely, for elastic scattering of particles with 
zero spin, 


oo 

f(0) = (1/q) £ (21 + l)e lSl sin5i P^cos 0) 


1 = 0 


(2-2) 


where 6i is the phase shift in the state of orbital angular momentum 1. 
Moller showed that either for inelastic or elastic scattering the factor con¬ 
necting f to the invariant amplitude for zero spin is simply W, the total 
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energy in the barycentric system . 12 Thus we normalize our invariant am¬ 
plitude A by the formula 

A = (W/ 2 )f ( 2 - 3 ) 

The invariant-cross-section formula (for an arbitrary Lorentz frame) in 
terms of |A | 2 may be found in Moller’s article, as well as in many text¬ 
books. All we need here is the knowledge that A is Lorentz-invariant. 

With zero spin, A can depend only on the invariants that may be formed 
from the three independent four-momenta remaining after energy-momen¬ 
tum conservation is applied. To maintain a maximum symmetry let us as¬ 
sign four-momenta, p 4 , p 2 , P 3 , P 4 , all of which correspond formally to ingoing 
particles. Two of these momenta will always be positive timelike, repre¬ 
senting the actual ingoing particles, while the other two are negative time¬ 
like and represent the actual outgoing antiparticles. Energy-momentum 
conservation is stated through the condition 

Pi +P 2 + P3 + P4 = 0 (2-4) 

while the particle masses are introduced through the four constraints 

Pi 2 = m ; 2 (2-5) 

It is convenient to define three invariants 

Sl = (Pi + P 4) 2 = (P 2 + P 3) 2 

s 2 = (P 2 + P4) 2 = (Pi + P 3) 2 (2-6) 

S 3 = (P3 + P4) 2 = (Pi + P2) 2 

each of which is the square of the total energy in the barycentric system 
for a particular pairing of incoming and outgoing particles. With the con¬ 
straints (2-4) and (2-5), s 4 , s 2 , and s 3 are not independent of one another 
but satisfy the relation 

s 4 + s 2 + s 3 = m t 2 + m 2 2 4- m 3 2 + m 4 2 (2-7) 

Thus, any two of the s variables are to be considered as independent, with 
the third determined by (2-7). We now assert that our invariant amplitude 
A is a function only of the two independent s variables. 

It is trivial to verify that no further independent scalars can be formed 
from Pi •••p 4 . That there are two and only two could have been anticipated 
by realizing that in the barycentric system the scattering depends on energy 
and angle and nothing more. What is not trivial, however, is to say that A 
cannot depend on which of the four-vectors pj is positive timelike and which 
negative, i.e., on which particles are incoming and which outgoing. A Lor- 
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entz transformation cannot interchange positive and negative timelike vec¬ 
tors, so we are going beyond Lorentz invariance; we are invoking the notion 
of TCP invariance. 

Consider the six reactions represented by Fig. 2-1. We can classify 
these by pairing the particles—two incoming and two outgoing—to define 
three “channels.” Channel I is that channel for which Sj is the square of 
the total energy in the barycentric system, pairing p* with P 4 and p 2 with 
p 3 . It describes the reaction iC + A —* K 0 + p as well as the TCP equivalent 
antiparticle reaction! 

K 0 + p —** 7T + + A 

Reactions with 7 T" ingoing have p 10 positive, while those with ir + outgoing 
have p 10 negative. The signs of the energy components of the other four- 
momenta obey a similar rule. 


P3 P4 



FIG. 2-1. Diagram describing the reactions 
I. K 0 —" p —** 7T + + A 
II. 7T“ + K 0 —- A + p 
III. 7 r“ + p —^ K 0 + A 

as well as the corresponding antiparticle reactions. 

Therefore Channel I is characterized by the fact that Sj is positive 
and greater than some “threshold” value. Channel II is that for which s 2 
is greater than some positive threshold, and includes the two reactions 
corresponding to the pairing (2,4) and (1,3), while Channel III makes the 

tBecause strong interactions have special symmetries, time reversal, 
charge conjugation, and charge independence, a single invariant amplitude 
actually can describe many more than the two TCP equivalent reactions. It 
is confusing, however, to invoke these additional symmetries before under¬ 
standing the general features of the S-matrix approach. 
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final pairing (3,4) and (1,2) and of course has s 3 above threshold. It is pos¬ 
sible to verify that the physical regions of the s variables for the different 
channels do not overlap. Consider the simple case in which all four masses 
are equal, e.g., the diagram of Fig. 2-2, which includes the three basic re¬ 
actions, n + p — n + p, n + p —► n + p, and p + p — n + n. Ifq and 0 are the 
barycentric-system three-momenta and angle for neutron-proton scattering, 
then 


s A = -2q 2 (l + cos 0) 

s 2 = —2q 2 (l - cos 0) (2-8) 

s 3 = 4(q 2 + M 2 ) 

and we see that in the physical region of Channel III (n + p — n + p), s 3 is 
positive and greater than 4M 2 , while s t and s 2 are both negative. Obviously, 
in the physical region for Channel H (p + p — n + n), s 2 is greater than 4M 2 
while s t and s 3 are negative; for Channel I (n + p — n + p) the positive 
variable is s t . In general those two s variables that for a particular chan¬ 
nel are not the square of the total energy may be interpreted as the nega¬ 
tive squares of momentum transfer and have physical ranges that extend to 
minus infinity. 



FIG. 2-2. Diagram for nucleon-nucleon and nucleon-antinucleon scat¬ 
tering: 

I. n+p— n+p 
II. p + p — n + n 
III. n + p — n + p 

The foregoing situation is made even clearer by the use of a diagram 
suggested by Mandelstam 10 that depicts the three variables, s*, s 2 , s 3 , in a 
symmetrical way on a two-dimensional plot. This diagram is shown in 
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Fig. 2-3 for the equal-mass case. The general prescription for construc¬ 
ting such a diagram has been given by Kibble. 13 



FIG. 2-3. The Mandelstam diagram for equal-mass elastic scattering. 

We may now state the substitution law, which in the present framework 
takes a very simple form. We postulate that a single analytic function of two 
variables, A(Si, s 2 ), describes all three channels corresponding to a given 
diagram, the channel being selected merely by assigning the values of the 
variables. The key word here is “analytic.” Since the ranges for the three 
channels do not overlap one must have a procedure of continuation to give 
such a postulate any physical content. In the diagram approach the substi¬ 
tution law is a direct consequence of the Feynman rules and has a clear 
meaning for any diagram whose singularities have been analyzed. All dia¬ 
grams with four external lines analyzed to date have a singularity structure 
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permitting analytic continuation between the three physical regions. The 
substitution law has such a simple and plausible appearance that for many 
years its power was not appreciated, but it is now recognized as playing a 
key role in the dynamical S-matrix approach. 

A principle related to the substitution law, which applies when there are 
two or more identical particles among the four involved in a particular dia¬ 
gram, is the so-called ‘‘crossing symmetry.’’ Exchanging two identical 
particles at most changes the sign of the amplitude, and such an interchange 
means switching two of the s variables, leaving the third alone. For ex¬ 
ample, suppose particles 1 and 3 are identical. Then, depending on whether 
these are bosons or fermions, the amplitude is either symmetric or anti¬ 
symmetric under exchange of pj and p 3 , which means interchanging s t and 
s 3 , leaving s 2 alone. [Note that such an exchange is consistent with the con¬ 
straint (2-7).] If 1 and 3 are both incoming or both outgoing, i.e., (s 2 )^ 2 is 
the energy, the symmetry in question is just the Pauli principle. If one is 
incoming and the other outgoing, however, the symmetry cannot be so identi¬ 
fied. In this case, if one starts with the physical region for one channel, the 
exchange in question leads to the physical region for a different channel. 

(In Fig. 2-3 crossing is just a reflection about the line bisecting one of the 
physical regions.) Thus crossing symmetry has a general meaning only 
when continuation of the amplitude between different physical regions is 
possible. Such ^continuation is allowed by the Mandelstam representation. 
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3 THE LANDAU RULES 

AND THE MANDELSTAM 
REPRESENTATION 

The Mandelstam representation is a prescription for the location of the 
singularities of an S-matrix element for two incoming and two outgoing par¬ 
ticles. It is a special case of the more-general prescription given by Lan¬ 
dau. Neither the general nor the special prescription can be said to have 
been “derived” from a clear set of physical ideas. The basis at present is 
partly plausibility and partly experimental success; no violations of the 
Mandelstam-Landau principles have been observed. 

The closest approach to a “derivation” has been achieved through a study 
of Feynman diagrams, and it is in such terms that a statement of the pre¬ 
scription is most easily given. Landau was able to show that singularities 
of a Feynman diagram occur only for values of the external variables (e.g., 
sj, s 2 , s 3 in the discussion above) that allow all internal momenta to be si¬ 
multaneously on the appropriate mass shells. 4 Furthermore, these singu¬ 
larities are either poles or branch points, so that analytic continuation is 
always possible.. 

To illustrate the Landau principle, let us refer to the S-matrix element 
of Fig. 3-1, which describes reactions with two nucleons and two pions. In 
order to deduce the location of the singularities of the invariant amplitude 
A(si,.s 2 , s 3 ), we are supposed to consider all possible Feynman graphs with 
external lines corresponding to Fig. 3-1. A simple subset of graphs is in¬ 
dicated in Fig. 3-2 (with the directions of two lines reversed). We include 
in this subset all graphs that have a single “virtual” nucleon line standing 
between a “blob” where 7 r° and p are absorbed and a “blob” where 7 r + and 
n are emitted. These blobs are supposed to contain all possible complica¬ 
tions, so that an infinite number of Feynman graphs is being considered. 
Landau’s rule tells us immediately that all these graphs contain a simple 
pole at Si = M 2 , since this isolated point in the complex s* plane is selected 
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FIG. 3-1 Diagram for the three channels 

I. 7T° + p *■ 7T + + n 
II. 7T~ + 7T° *■ n + p 

III. 7T~ 4 - p *■ 7T° + n 

by energy-momentum conservation when the intermediate proton is put on 
its mass shell. How does such a pole arise in conventional renormalization 
theory? 

The sum of all graphs of the type of Fig. 3-2 may be written 

F^ p p (s 1 )SP(s 1 )F u+n P(si) (3-1) 

where the F are vertex functions on the mass shell for the two particles 
indicated in the subscript but considered as a function of the square of the 
mass of the intermediate proton (which here is equal to s 1? by momentum- 



FIG. 3-2. Subset of Feynman graphs with a single intermediate proton. 


"PiLhx*. 7^ai/ie##ia£tcaZ 












LANDAU RULES, MANDELSTAM REPRESENTATION 


17 


energy conservation). Here S p is the renormalized proton propagator and 
it is well known that S p (si) has a pole of unit residue at Sj = M 2 . 14 It is also 
known that the vertex functions are analytic in the neighborhood of this 
point. 14 Thus we see that the prescription of putting the intermediate pro¬ 
ton on its mass shell correctly gives this simplest type of singularity. 

Previous studies of the propagation and vertex functions occurring in 
(3-1) have shown that they are in general real analytic functions with branch 
cuts extending from (M + l) 2 to infinity. 14 The product (3-1) may thus be 
represented through the Cauchy theorem as 

R/(M 2 — Sj) + / C °ds 1 'p(s 1 ')/(s 1 '- Sl ) (3-2) 

(M+ir 

where R and p are real.t 

The branch point at = (M + l) 2 is predicted by Landau’s rule when di¬ 
agrams with a nucleon and a pion somewhere between the two “blobs’’ are 
considered. However, many such diagrams, a simple example of which is 
shown in Fig. 3-3, require a simultaneous consideration of the other vari¬ 
ables, s 2 and s 3 . Mandelstam 10 first analyzed the singularity structure in 



FIG. 3-3. A fourth-order “box” diagram. 


two independent complex variables of fourth-order “box” diagrams and 
showed that the graph of Fig. 3-3 can be represented as 


0000 



Pl2( s l / > s 20 
(Si' - S 1 )(s 2 / - s 2 ) 


ds/ds/ 


(3-3) 


tWe shall often use the pion mass as a unit, neglecting the difference be¬ 
tween the masses of charged and neutral pions. We always take ft = c = 1. 
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where p i 2 is real and the two-dimensional integration covers that region of 
s/ and s 2 ' for which the internal momenta of Fig. 3-3 can be on the appropri¬ 
ate mass shells. The solution of this essentially geometrical problem is 
shown in Fig. 3-4. The calculation of the curved boundary will be considered 
later in detail; for the moment it is sufficient to say that the boundary 
asymptotically approaches (2M) 2 in s 2 and (M + l) 2 in s 1b These are the 
minimum masses possible for a two-nucleon or a pion-nucleon system, re¬ 
spectively. They determine the branch points of (3-3) when one of the two 
variables St and s 2 is held fixed and the other extended into the complex 
plane. 

Mandelstam conjectured that in fact all Feynman graphs associated with 
the process of Fig. 3-1 could be represented by formulas of the type (3-2) 
with appropriate regions of integration. The conjecture has been verified in 
many special cases and no counter examples have been found; Eden, Lands- 
hoff, Polkinghorne, and Taylor have gone a considerable distance toward a 
general verification for an arbitrary graph. 15 We shall assume here that the 
conjecture is correct for the particular two-body problems to be studied, 
but it should be realized that the assumption is not crucial. As long as one 
knows the location of all singularities, and, with sufficient patience, this in¬ 
formation is always provided by Landau’s rule,t then one may proceed with 
the dynamical S-matrix program. 

The full Mandelstam representation for the invariant amplitude A(sj, s 2 , 
s 3 ) is then as follows, except for possible subtractions needed if the inte¬ 
grals do not converge: 







(3-4) 


|For certain mass ratios one encounters anomalous singularities, that 
is, branch points not determined simply by the masses of intermediate 
states. See, e.g., R. E. Cutkosky, Revs. Modern Phys., 33, 448 (1961). All 
the problems discussed in these lectures are believed to have normal singu¬ 
larities only. 
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s 2 '-► 

FIG. 3-4. Boundaries of the double-spectral function for the “box” 
diagram of Fig. 3-3. 


where the integrations in each s' variable go over a region of the positive 
real axis corresponding to the mass squared of actual physical systems 
that have the quantum numbers of the corresponding channel. 

For example: Channel I in Fig. 3-1 has charge +1, baryon number +1, 
and zero strangeness. The lightest system with these quantum numbers is 
the proton with mass M; the next lightest are ( 7 r°, p) and ( 7 r + , n), with a 
range of masses starting from M + 1 and extending to infinity. More mas¬ 
sive systems, containing 3,4,..., etc., particles, fall in this range, so we 
conclude that the spectrum Pi(si') has a “line” at s/ = M 2 and a “con¬ 
tinuum” for (M 4- l) 2 < s/ < 00 . The “line” obviously leads to the pole al¬ 
ready discussed and once this is removed the lower limit on the dsj' inte¬ 
gration is equal to (M + l) 2 . 

For Channel II there is no pole because we know of no single particle 
that has the same quantum numbers as two pions, i.e., zero baryon number, 
zero strangeness, and parity (-T)J. The continuum starts here with the two- 
pion system at s 2 ' = 4; the NN threshold at s 2 ' = 4M 2 is much higher. Chan¬ 
nel III is similar to Channel I; in fact when the notion of charge independence 
is introduced we shall be able to relate these two channels by crossing 
symmetry. 

The one-dimensional integrals in (3-4) correspond to Feynman diagrams 
in which, at some point, a single-particle line joins the initial and final con¬ 
figurations. That is, the integral containing pj represents all diagrams of 
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the type of Fig. 3-2, as already discussed. The double integrals in (3-4) 
arise from graphs in which two or more particles are always present in in¬ 
termediate configurations for all three channels, and, as mentioned above, 
the boundaries of the double-spectral regions asymptotically approach the 
smallest mass squared of a two-body state with the appropriate quantum 
numbers. As an illustration, in Fig. 3-5 the three double-spectral regions 
are shown for the amplitude of Fig. 2-2. 


s 2 = 0 
'/s 2 = 4m ^ 

/ / /s 2 = 4M 2 



P23 *0 


FIG. 3-5. The double-spectral regions for the amplitude of Fig. 2-2. 


For a variety of reasons it is useful to exhibit the connection between the 
Mandelstam representation (3-4) and one-dimensional dispersion relations. 
First observe that in the physical region for Channel I, say, the only de¬ 
nominators that vanish in formula (3-4) are those containing the factor 
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sj'- si- Remembering 


1 

- Sj =f i£ 



± i7rS(s/- Si) 


(3-5) 


we can then easily calculate the discontinuity of A in this region, crossing 
the positive s t axis from above to below, to be 2iA 1? where 


Ai(s 1; s 2 , S3) =pi(s 1 ) +~J ds 2 / £ ^T^ 


+ 


1^ 

7T 



, P13( S 1» s 3') 
3 s 3 ' - S3 


(3-6) 


We shall define Ai by formula (3-6) even outside the physical region for 
Channel I and always refer to it as the “absorptive part” for Channel I. In 
general, A 4 is complex but not in the Channel I physical region; here it is 
real and in fact is precisely the imaginary part of A. 

In a similar way we can define A 2 and A 3 to be the absorptive parts for 
Channels II and III, respectively. It is then simply a matter of algebra to 
verify that (3-4) can be written in three possible ways in terms of A lf A 2 , 
a 3 : 


'± 

si 


A 2 (S!, s 2 ', Zm 2 - si - s 2 ') 

s 2 '- s 2 

, A 3 (si, Sm 2 - si - s 3 ', s 3 ') 

! s 3 ' - s 3 


A(si. s 2 , s 3 ) = ljds 
+ »/ 

A (Si, s 2 , S3) = - fds 2 ' P^Ell 
7 T J s 2 ' - s 2 

+ 1 f ds , Ai(s!', s 2 , Zm 2 - s^- s 2 ) 
• 7rj 1 si'- si 

+ Vf dSs ' 

A( Sl . s 2> S 3 )=l|ds 3 '^^l 

+ 7^ 


A 3 (Sm 2 - s 2 - s 3 ', s 2 , s 3 ') 
s 3 '-s 3 


+ vf ds 2 


S 3 

, A^s/, zm 2 - s/- s 3 , s 3 ) 
si' - st 

, A 2 (sm 2 ~ s 2 ' — s 3 , s 2 ', s 3 ) 


(3-7a) 


(3-7b) 


s/ - s 2 


(3-7c) 
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The first form is usually called the one-dimensional dispersion relation for 
fixed s 1} the second for fixed s 2 , and the third for fixed s 3 . In our pion- 
nucleon example the form that has received the most attention is that for s 2 
fixed at a negative value in its momentum-transfer range, where the two ab¬ 
sorptive parts that occur both correspond to pion-nucleon scattering in a 
more or less physical region (see the Appendix). In what follows, however, 
we shall often find it necessary to put the fixed variable into its positive 
(energy) range; the absorptive parts then are nonphysical and have a mean¬ 
ing only through (3-6). 











4 CUTK0SKY’S generalized 

UNITARITY RELATION 


We now come to a question of obviously dynamical content. How does one 
evaluate the residues of the poles and the discontinuities across the cuts — 
or in other words—the single- and double-spectral functions in the Mandel¬ 
stam representation? The residues of the poles are fairly straightforward. 
For example, the proton pole in si discussed in connection with Fig. 3-2 
has a residue according to (3-1) that is equal to 

Ftt 0 p p (M 2 ) F„.+ n P(M 2 ) = g op g c (4-1) 

since the renormalized coupling constants g op and g c are defined as the 
values of the appropriate pion-nucleon vertex functions with all three par¬ 
ticles on the mass shell. It is evident that these considerations apply to any 
pole that may occur, always leading to the residue as a product of two ver¬ 
tex functions each on the mass shell. Note that the residues are always real. 

It is possible to deduce the above recipe for relating poles in scattering 
amplitudes to coupling constants without reference to Feynman diagrams, 
but the machinery is cumbersome. Particularly when spin is present it is 
a great convenience to know that the Feynman rules, applied to diagrams of 
lowest order, lead to the correct connection between residues and conven¬ 
tional coupling constants. This fact of course explains why perturbation 
theory, blindly applied, occasionally gives sensible answers even in strong- 
interaction problems. Poles dominate the behavior of the scattering ampli¬ 
tude in their immediate neighborhood, so if one happens to be discussing 
experiments close to a pole, the lowest-order perturbation formula may be 
reliable. 

The generalization of the above recipe, suitable for the discontinuity 
across branch cuts, has been given by Cutkosky, 5 who showed that for an 
arbitrary (reduced) graph one simply replaces internal propagators 
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(M 2 - p 2 ) 1 by delta functions i7ra(M 2 - p 2 ). It is trivial that this recipe cor 
rectly gives the residues of poles; it is also easy to see that it contains the 
ordinary unitarity condition. Unitarity states that S + S = 1, and if we write 
S = 1 + 2iT, we find the equivalent relation 

Im T ba = £T nb *T na (4 _ 

n 

Now for a reaction with two particles, Pl and p 2 , in, and two particles, -p, 
and -p 4 , out, we havef 


^ba ~ ■^■( s l> s 2’ s 3) 

Thus (4-2) tells us that in the physical region for Channel III, 

Im A(s 1 ,s 2 ,s 3 ) ~ £ (n | T | —p 3 , -p 4 )*(n | T | p 1( p 2 ) (4-3) 

n 

where the states n all have a “mass” equal to (s 3 )^ 2 . Now refer to the re¬ 
duced graph of Fig. 4-1, which, according to Cutkosky, gives the discontin¬ 
uity in A associated with s 3 . Evidently, if all the internal lines are put on 
the appropriate mass shells, the result is closely connected with the right- 
hand side of Eq. (4-3), and, in fact, if careful track is kept of all factors, 
one finds exactly this sum over states. In the previous section we saw that 
the discontinuity in A in a physical region is essentially ImA; thus the 
Cutkosky rule leads to (4-3) and may be appropriately called a generalized 
unitarity relation. 



FIG. 4 1. The reduced (Cutkosky) diagram giving the discontinuity 
associated with s 3 . 

fin this section, all kinematical factors are omitted. 
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The rule goes beyond ordinary unitarity, however, in that it gives the 
discontinuities also in unphysical regions, for example, the double-spectral 
regions of the Mandelstam representation. Cutkosky showed that in order 
to calculate the Mandelstam double-spectral functions one considers all re¬ 
duced graphs with four vertices and replaces propagators by mass-shell 
delta functions. When applied to the box diagram of Fig. 4-2, this rule gives 

P 13 (si.s 3 ) ~ /d 4 k6(m! 2 - k 2 )S[m 2 2 - (k + p 2 ) 2 ] 

x 5[m 3 2 - (k + p 2 + p 3 ) 2 ]6[m 4 2 - (k + p 2 + p 3 + p 4 ) 2 ] 

(4-4) 

where m^ ••• m 4 are the masses of the four internal particles. The inte¬ 
gral can be carried out explicitly and for the case of equal-mass external 
particles with two of the internal masses, m 2 and m 4 , equal to the ex¬ 
ternal mass M and the other two equal to m, one gets a particularly sim¬ 
ple result. The double-spectral function is given by 

Pi 3 ( s i> s 3 ) ~ l/(s\S 3 )Vz l/[(s 3 - 4M 2 )(Si - 4m 2 ) - 4m 4 ]V2 ( 4 - 5 ) 

for the argument of the square bracket positive, and p 13 = 0 otherwise. The 
boundary of the double-spectral region is thus determined by the curve 

(s 3 - 4M 2 )(sj - 4m 2 ) = 4m 4 (4-6) 

in agreement with our previous qualitative remarks and as shown explicitly 
in Fig. 3-5. 

The generalization of (4-4) to more-complicated four-vertex graphs is 
evident. For example, an important class is that of Fig. 4-3, which contains 
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only two intermediate particles in Channel III but an arbitrary number (and 
variety) m Channel I. Cutkosky pointed out 5 that the sum of all such graphs 
can be written as an integral over a product of two absorptive parts A-, of 
the type defined above, a circumstance that can be understood in terms’of 
formula (4-3). Later we shall make essential use of this strikingly simple 



In general, Cutkosky tells us that the single- and double-spectral func¬ 
tions are determined by integrals over products of various S-matrix ele¬ 
ments, always on the mass shell although often in unphysical regions. We 
shall see below that such a prescription in principle completes the dynami¬ 
cal scheme, yielding a set of coupled integral equations. 
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£ W GENERALIZATION 

J TO INCLUDE CHARGE AND SPIN 


The possibility of degrees of freedom of charge and spin has so far been 
ignored. However, internal degrees of freedom may always be absorbed into 
invariant matrices, whose coefficients are invariant functions of the s vari¬ 
ables only. The number of such functions depends on the complexity of the 
internal degrees of freedom, and generally the vector addition rule can be 
used in counting. For example, the pion has zero spin and isotopic spin 1, 
while the nucleon has spin 1/2 and isotopic spin 1/2. The different possi¬ 
ble total I-spin values for a 2n system are 0, 1, and 2, so that we expect 
three independent invariant 7T-7T amplitudes. The possible total I-spin val¬ 
ues for a 7r-N system are 1/2 and 3/2, but in addition the nucleon spin can 
combine in two ways with any given orbital angular momentum 1 to form 
J = 1 + 1/2 or J = 1 - 1/2. Thus there are four independent invariant 7r-N 
amplitudes. The N-N system is even more complicated; if one counts care¬ 
fully here, the result is ten. 

A proper choice of invariant spin matrices leads to invariant amplitudes 
with exactly the same singularity structure as expressed by Eq. (3-4) for 
the zero-spin case. The choice of charge matrices is obviously irrelevant 
to analyticity properties, although certain choices may be more convenient 
than others for calculation. To obtain correct spin matrices, a possible 
procedure is to guess the answer and then check. This has worked so far in 
all cases involving particles of spin zero and spin 1/2, as well as photons. 
The procedure has been described in some detail for the nontrivial N-N 
case by Goldberger, Grisaru, McDowell, and Wong. 16 Recently a systematic 
approach has been developed by Hearn. 17 We shall not delve into the spin 
problem here but simply state for illustration the well-known charge-spin 
result for the 7r-N system. 18 

For a diagram of the type of Fig. 3-1, rather than specifying the charge, 
let us label the pion lines each by the conventional isotopic vector index that 

27 
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takes on the values 1, 2, 3. With the pion of momentum pj associate the in¬ 
dex O', and with p 3 the index /3. Nucleon-charge degrees of freedom may 
be suppressed into initial and final isospinors, and the problem is then to 
form two charge-independent combinations of nucleon isotopic-spin opera¬ 
tors, r k . A possible choice is l/2(T 6 r a + T a Te) =S 6a and 1/2 ( Tfi , T a ), 
the one symmetric and the other antisymmetric under pion exchange. Nu¬ 
cleon spin may be similarly suppressed into initial and final (four-compo¬ 
nent) spinors, and a choice made of two independent Lorentz invariants 
constructed from the Dirac matrices y M and the four-momenta. Here the 
correct choice is essentially unique and turns out to be 1 and (l/2)iy • (pj - 
p 3 ). A linear combination of these matrices with constant coefficients is of 
course satisfactory, but s polynomials must be avoided in the coefficients 
or, as explained below, extra poles may be produced in the invariant ampli¬ 
tudes . 

The complete amplitude for a 7r-N diagram of the type of Fig. 3-1 may 
be written 


“P4 


6bc*[- a0 ( s i> s 2 > s 3 ) +|iy (Pi - p 3 ) B°(s 1( s 2 , s 3 )j 
+ !‘(Te,T 0£ )[-A 1 (s 1 , S 2 , S 3 ) 


+ oiy (Pi - P3)B 1 (si, s 2 , s 3 ) 


P2 


(5-1) 


and the connection with amplitudes for well-defined total I spin is easily 
obtained. For example, for Channel IH, 


Trfc^GO +N(p 2 ) — tt(-p 3 ,/3) + N(-p 4 ) 
we find for the two values I = 1/2, 3/2, 

A m V2 = A 0 + 2A 1 B ni V2 = B° + 2B 1 

a III 3/2 = a 0 - A 1 B m % = B° - B 1 

On the other hand, for Channel H, 

w(Pl»Of) + tt(p 3 ,/3) — N(~p 2 ) + N(-p 4 ) 

we find that except for normalization the amplitudes for the two total iso¬ 
topic spin values 0, 1 are just the quantities already labeled with these su¬ 
perscripts. 19 Our particular choice of matrices above is motivated by 
crossing symmetry. Under interchange of the two pions, a "/3 and 
Pi *•“•* P3> so that A° and B 1 are symmetric under interchange of Sj and s 3 
while A 1 and B° are antisymmetric. 
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It can be verified that the four invariant functions A 0 ’ 1 , B 0 ’ 1 satisfy the 
Mandelstam representation—that is, they have only “dynamical” singulari¬ 
ties arising from intermediate states in the various channels—if one accepts 
the corresponding conjecture for zero spin. However, had we used an es¬ 
sentially different choice of matrices, e.g., 1 and y*Pi'y*P 2 * we should have 
found additional (kinematical) poles in the corresponding invariant functions. 
Care must therefore be used in setting up problems with spin, but once a 
correct choice of amplitudes has been made, the use of unitarity and ana- 
lyticity to determine the S matrix follows the same line as that for zero 
spin. 
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W ■ PHYSICAL INTERPRETATION 
OF SINGULARITIES 


We are now in a position to see in detail the connection between forces 
and singularities that was emphasized in the introduction. Singularities in 
the Mandelstam representation occur only when one or more of the denomi¬ 
nators in (3-4) vanish, and this in turn happens only when an s variable is 
equal to the square of the mass of a strongly interacting physical system 
having the quantum numbers of the associated channel. If we are focusing 
attention on one particular channel, e.g., Channel HI of Fig. 2-2 (n + p — 
n +p), then we shall refer to the singularities “belonging” to this channel— 
that is, due to the vanishing of s 3 ' - s 3 denominators—as “physical” singu¬ 
larities. Most of these occur in the actual physical region of s 3 for C hann el 
III, although there may be some extending for a distance below the true phys 
ical threshold. These “physical” singularities may be thought of as conse¬ 
quences of unitarity for Channel m, in contrast to the “unphysical” singu¬ 
larities associated with Channels I and II, which may be thought of as the 
“forces” giving rise to the Channel III reaction. 

To bring out these ideas in a familiar situation, let us study formula 
(3-7c) as applied to the amplitude for Fig. 2-2, where we use (2-8) to re¬ 
place Sj, s 3 , s 3 by q 2 and cos 9 , the barycentric-system variables for n-p 
scattering. Still ignoring nucleon spin and not worrying about a possible 
n-p bound state, we have 


--I = * fds,-^ (S '' 4M *,- S 


A(q 2 ,cos 9) = — dq /2 ~~i -jr + 

ttJ q 2 - q 2 

o 


Si — -=-± 

Si' + 2 q 2 (l + cos 0) 


-fds 

ttJ 


, A 2 (4M 2 — S 2 ' S 3 , S 2 ', S 3 ) 

) ------- — -- 


( 6-1 


s 2 ------ 

s 2 ' + 2 q 2 (l - cos 

One of the important features of this expression is that the cos# depend- 
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ence of the n-p amplitude comes entirely from the denominators of the last 
two terms. Let us compare the form (6-1) to the Born approximation for 
scattering by a Yukawa potential of range r 0 . This is, familiarly, 

constant/[(l/r 0 2 ) + 2q 2 (l - cos0)] (6-2) 

Thus we see that the last term of (6-1) looks like the Born scattering due 
to a superposition of Yukawa potentials, where the range is l/(s 2 ') 1/2 - The 
second term in (6-1) can similarly be identified with an exchange potential, 
but the first term is of a different type. This contributes only to S-wave 
n-p scattering, and qualitatively may be associated with the failure of the 
Born approximation when the S-phase shift is large. If some higher phase 
shifts also are large, further terms may be needed in (6-1), corresponding 
to subtractions in the original Mandelstam representation. We shall return 
to this subtle question in a later section. 

For sufficiently high angular momentum, however, it is reasonable to 
expect the phase shift to be small when q 2 is small, so that the rough in¬ 
terpretation of the second two terms as the Fourier transforms of ‘ ‘poten¬ 
tials” is plausible. Now let us consider the strength and range of the “po¬ 
tentials,” as controlled by the functions A i and A 2 . The longest-range 
forces will come from the lowest values of s^ and s 2 ', and these in turn 
are determined by the lowest masses of physical systems with the quantum 
numbers of Channel I and Channel II, respectively. Consider Channel I 
(n + p—■* n + p), which gives us our exchange forces, and refer to formula 
(3-6) to see the structure of A*. The term pi(s\) contains a delta function 
corresponding to a discrete 7r“ state, and the coefficient of the delta func¬ 
tion is g c 2 . Thus the longest-range exchange force has a range of one-pion 
Compton wavelength and a strength determined by the pion-nucleon coupling 
constant. 

The next-longest-range force comes from the two-pion parts of the pj, 
p 12 , and p 13 spectra. To achieve some understanding of this circumstance, 
we recall the unitarity condition (4-3) but applied now in the physical region 
for Channel I: 


A t ~ 2 m (m | T | n(-p 3 ), p(-p 2 )>*(m| T | n(p t ), p(P 4 )> (6-3) 

It is possible to extend this formula to unphysical regions, and since all the 
elements of T conserve energy and momentum, we see that it is the uni¬ 
tarity condition which makes Aj vanish except for values of s A = (pi + P4) 2 
equal to the squares of masses of systems that can be reached both from 
the initial and the final states of Channel I. For the range 4 < Si < 9, only 
2n states contribute to the sum in (6-3), so if we have some means of calcu¬ 
lating the matrix element connecting nucleon-antinucleon states to two-pion 
states, we can calculate the “strength” of the exchange force for ranges be¬ 
tween one-half and one-third of a pion Compton wavelength. Since this 
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matrix element corresponds to a four-line diagram (it is in fact Channel II 
of Fig. 3-1), there is hope that the calculation can be performed. 

Formula (6-3) tells us how to calculate shorter-range forces due to mul¬ 
tiparticle exchange if the matrix elements connecting these states to the n-p 
system are known. We do not yet have a definite method for calculating 
multiparticle matrix elements, but we observe that they are bounded in 
magnitude because of unitarity and therefore there is a limit to the possible 
strength of the forces that they generate. 

Although we shall develop a more systematic approach later, formula 
(6-1) is actually suitable as it stands for calculating the high-angular- 
momentum parts of the n-p scattering amplitude, which are determined by 
the lower range of s^' and S 2 '. The modifications to take account of spin and 
charge have been worked out by several authors and expressions have been 
given for the one- and two-pion parts of A t and A 2 . 20 The very high 1-phase 
shifts are of course controlled by the one-pion parts alone, and thus by the 
pion mass and the pion-nucleon coupling constant, quantities already known 
with good accuracy. This circumstance has been exploited in recent phase- 
shift analyses of nucleon-nucleon scattering. 20 

It should be obvious that the considerations in this section are general. 
The forces producing a certain reaction are due to the intermediate states 
that occur in the two “crossed” reactions belonging to the same diagram. 
The range of a given part of the force is determined by the mass of the in¬ 
termediate state producing it, and the strength of the force by the matrix 
elements connecting that state to the initial and final states of the crossed 
reaction. By considering all three channels on this basis we have a self- 
determining situation. One channel provides forces for the other two—which 
in turn generate the first. Our task now is to understand how many arbi¬ 
trary parameters there are in such a situation and how to formulate a sensi¬ 
ble method of calculation. 
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THE TWO-BODY DYNAMICAL 
EQUATIONS: DEFINITION 
OF THE “POTENTIAL” t 


To achieve some orientation in the dynamics of a two-body problem as 
determined by unitarity and analyticity, let us consider for a moment non- 
relativistic scattering by a superposition of Yukawa potentials: 

oo 

1 r p _ mr 

V(r) = ~2M* dm 2 p 0 (m 2 ) - 

^ o 

m 


The scattering amplitude here (we may consider the ordinary amplitude, 

since the factor w is a constant, nonrelativistically) has been shown to 

22 

satisfy a simple Mandelstam representation 66 : 


to 


(q' 2 - qV - t) 


(7-1) 


The single integral is essentially the Fourier transform of the potential 
(the Born approximation), with t 0 _1 /2 determining the “range.” The bound¬ 
aries of the double-spectral function are as shown in Fig. 7-1 and are de¬ 
termined by the equivalent of formula (4-6), namely, 


q 2 (t - 4t„) = t 0 2 


(7-2) 


fThe point of view expressed in this and the following chapter was de¬ 
veloped by the author in collaboration with Frautschi, 21 but the underlying 
framework is due to Mandelstam. 10 
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FIG. 7 1. Mandelstam diagram for potential scattering. 


There is only one physical region, of course, and only one double-spectral 
region (with an exchange potential there is a second double-spectral region 
on the left side), but there are nevertheless many useful points of analogy 
with the general relativistic problem. 

In particular one may ask how the double-spectral function is to be cal¬ 
culated from the unitarity condition. In this simple case the unitarity condi- 
tion (4-3) becomes 


Im f(q 2 , cos0) = ~J dQ' f*(q 2 , cos0')f(q 2 , cos(0,0')) 

q 2 > 0, —4q 2 < t < 0 (7-3) 
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cos 0=1 + (t/2q 2 ) 
d£2' = sin 0' d0' dcp ' 


(7-4) 

(7-5) 


and 


cos(0,0') = cos 0 cos0' + sin0 sin0' cos cp' 


(7-6) 


Let us define the imaginary (absorptive) part in the physical region as 
f 3 (q 2 ,t) and calculate from (7-1): 



(7-7) 


Thus if the Mandelstam representation (7-1) is correct, f 3 (q 2 ,t) is an an¬ 
alytic function of t with a cut along the positive t axis, and the discontinu¬ 
ity across this cut is the double-spectral function. Mandelstam was able to 
show that the unitarity condition (7-3) can be extended throughout the t com¬ 
plex plane in a manner consistent with the above-described situation. At the 
same time he obtained a formula for determining p(q 2 ,t). 10 

The first step in the derivation is to define a function f 2 (q 2 ,t) which would 
be the absorptive part in the t channel—if there were a t channel, 




(7-8) 


t 0 2 /t-4t 0 


and then to write 


oo 



(7-9) 


as in formulas (3-7). Remembering (7-4) one then substitutes (7-9) into the 
right-hand side of (7-3) and carries out the angular integrations over d£2' 
to find 


CO 


CO 



'q J J 

to t 0 


M 



t - t' - t" - (t't"/2q 2 ) + (K)V2 
X t - t' - t" - (t't"/2q 2 ) - (K)V2 


(7-10) 


where 


K(q 2 ; ) =t 2 +t' 2 +t" 2 - 2(tt' +tt" + t't"; 

— (tt't"/q 2 ) 


(7-11) 
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In (7-10) the branch of the logarithm to be taken is the one that is real in the 
physical region -4q 2 < t < 0. Examination of the right-hand side of (7-10) 
then reveals that for fixed values of t r and t" the integrand is a real analy¬ 
tic function of t with a branch point at the zero of K for the larger value of t 
and an associated cut running along the positive real axis to infinity. The 
imaginary part of the logarithm along the cut turns out to be 2ir, so we find 


p(q 2 ,t) = Im f 3 (q 2 ,t) 



f 2 *(t , ,q 2 )f 2 (t' / ,q 2 ) 

KV2(q 2 ;t,t , ,t") 


(7-12) 


where the range of the dt' and dt" integrals is restricted to those values 
such that 


t >t' + t" +|^ + 2 (t't")V 2 [(i + t'/4q 2 )(l + t"/4q 2 )]V 2 ( 7 -13) 

The lower limit of t for nonvanishing p(q 2 ,t) evidently occurs for t' = t" = 
t 0 , leading immediately to the boundary formula (7-2). 

The pair of equations (7-12) and (7-8) for p(q 2 ,t) and f 2 (q 2 ,t) completely 
determines the solution of the dynamical problem. To establish this cir¬ 
cumstance, substitute (7-12) into (7-8) and interchange the order of inte¬ 
gration: 


where 


f2(t,q 2 ) =Po(t) +~2 

jUlT 


(t', y2 + (t", V2 <t V2 

_ dt'dt" _ 

[t 2 + t' 2 + t" 2 - 2(tt' + tt" + t't")]^ 

‘0 t 0 



x 


/ 


dq' 2 f 2 *(t , ,q ,2 )f 2 (t g ,q' 2 ) 

q/2 _ q 2 [q ,2 _ q 2 min (t,t',t w )]V2 


(7-14) 


(t.t'.t") = 


_ tt't" _ 

t 2 + t' 2 + t" 2 - 2(tt' + tt" + t't") 


Now we see that under the integral a particular value of t' affects only 
those values of t such that t > [(t')^2 + (t 0 )^2] 2 , and of course a correspond¬ 
ing remark can be made about t *, Such a situation then permits a stepwise 
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FIG. 7-2. Mandelstam diagram for identical particle scattering in 

Channel I, showing the associated elastic part of the double - 
spectral function p 32 . 


solution of (7-14), starting from the lowest values of t and working up. 
Explicitly, for t 0 < t < 4t 0 , 

f 2 (t.q 2 ) =Po(t) (7-15) 

so the range 4t 0 < t < 9t 0 is completely given by substituting (7-15) into the 
right-hand side of (7-14). The new result then allows an extension to 
9 t 0 < t < 16t 0 , and so on. In general, n iterations cover the range t 0 < t < 
n 2 t 0 . The distance one has to go in order to obtain an adequate evaluation of 
the scattering amplitude through (7-9) depends on the asymptotic behavior 
of f 2 (t,q 2 ) for large t. This extremely important question will be the sub- 
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ject of discussion in Chapter 12, but we see that in principle the combination 
of unitarity and analyticity completely determines the dynamical solution 
once p 0 (t) is given. 



FIG. 7-3. Cutkosky diagram for the elastic part of the double-spectral 
function for Channel III. 


Except for certain kinematical factors, the unitarity condition (7-3) will 
hold for the elastic absorptive part in relativistic scattering and, although 
the general Mandelstam representation has more terms than (7-1), the basic 
structure is similar. Thus we can expect again to have a dynamically de¬ 
termined situation once a “potential” is given. To identify the “potential” 
let us consider the example, already introduced in several connections, of 
the scattering of identical zero-spin particles of mass M (such as two K + 
mesons). The Mandelstam diagram for this case is shown in Fig. 7-2, where 
the domain of the elastic part of the double-spectral function p 32 for the 
channel of interest is indicated. (Note the symmetry under exchange of s 2 
and sj.) The elastic part, p 32 . <el)III (s 3 , s 2 ), is given by the Cutkosky diagram 
of Fig. 7-3, which is supposed to include all graphs having a 2K + interme¬ 
diate state in Channel III. The least-massive states that can occur in each 
of the exchange “blobs” are 27T states, so the asymptotes of the elastic 
double-spectral region are 4M 2 and 16m^ 2 . 

The Cutkosky rule may be used to evaluate p 32 (d)III (s 3 ,s 2 ), but here we 
are interested in the potential analogy and so shall follow the original method 
of Mandelstam. We first define the elastic absorptive part for Channel III 

byt 


tit will be shown later than one may associate the entire single-spectral 
function with the elastic absorptive part for the corresponding channel. 
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(7-16) 


and write the unitarity condition corresponding to (7-3): 


A 3 <el) (S3, COS0 3 ) = -i- 


i- 2 q * 21/ U 

4n (q 3 2 + M 2 )V2 J 
x A[s 3 , cos(0 3 ,0 3 ')] 


J"dI2' A*(s 3 , cos0 3 ') 


(7-17) 


Observe that this condition (by definition of A 3 (el) ) holds for all s 3 , and not 
just in the elastic region. The rest of the procedure is the same as for po¬ 
tential scattering; that is, we write A(s 3 , cos0 3 ) in the form (3-7c) ex¬ 
hibiting the dependence on cos0 3 , substitute into (7-17), and carry out the 
angular integrations. One finds an analytic function of cos0 3 with two cuts 
corresponding to the two integrals in (7-16) and identifies p (el) with the dis¬ 
continuity. The result, after using the 2 * 1 symmetry, is 


If 



1 


P32 <£l)III (S3>S 2 )=^ 


Jr q 3 (q 3 2 + M 2 )V 2 


(7-18) 


where by A 2 (s',s 3 ) we mean A 2 (4M 2 - s' - s 3 , s', s 3 ). This last formula is 
a close analogue of (7-12). As noted above, it could have been directly de¬ 
duced from the Cutkosky prescription for Fig. 7-3. 

Finally, the analogue of formula (7-8) is required in order to identify 
the “potential.” If we introduce p 32 <ln)111 (s 3 ,s 2 ) such that 


P32( s 3> s 2> =P32 <el>III ( s 3> s 2) + P32 


<in,III (s 3) s 2 ) 


(7-19) 


then one may write 


A 2 (s 2 ,s 3 ) =V in n 



(7-20) 


where 



(t,s 3 ) =p 2 (t) + “ 




(7-21) 
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plays the role of the “potential” for Channel III generated by Channel H. 
That is, given V In n it is possible by the same iteration procedure as for 
nonrelativistic scattering to calculate the amplitude. In general, the “ex¬ 
change potential” associated with Channel I is different from Vj^ 11 but has 
a corresponding definition. In the particular example chosen here the direct 
and exchange “potentials” are the same. 

Three differences between the relativistic and nonrelativistic problems 
should be noted. The first is the factor (q 3 2 + M 2 )V2 i n (7-18) which has been 
with us from the beginning. The second is the energy (s 3 ) dependence of 
Vni and the third, closely related to the second, is the imaginary part of 
v m for s 3 above the threshold for inelastic processes: 


Im Vju 11 (t,s 3 ) = p 32 (ln)I11 (s 3 ,t) ( 7_22 

These differences are of physical importance, but if M 2 is much larger 
than m„ , as in nucleon-nucleon scattering, then one expects the approxi¬ 
mation of replacing s 3 by 4M 2 in both (7-18) and (7-21) to be reasonable 
for q 3 « M . In such an approximation an ordinary real energy-independ¬ 
ent potential is achieved, as emphasized first by Charap and Fubini 23 : 


V(r, '-5S ! / d * aEt T i5kl »' t i 


wheref 


Po(t) = P 2 <t) +— ds 3 


yf d 


,P 


(In)III, 


(s 3 / .t) . i r. 

s 3 '- 4M 2 irj Sl 


, P2i(t.si0 

t 


(7-23) 


(7-24) 


Solving the Schrodinger equation with such a potential would be equivalent 
to solving (7-18) and (7-20) by iteration. Unfortunately, for pion-pion and 
pion-nucleon scattering there is no hope of justifying an energy-independent 
potential and one must work with the integral equations. 

Whether the problem is to solve a differential equation with an ordinary 
real potential or an integral equation with a complex energy-dependent po¬ 
tential, it is necessary to obtain the potential in the first place. We have a 
formula (7-21) in terms of certain single- and double-spectral functions, 
but how are these functions to be computed? Clearly, the next task is the 
formulation of a procedure to evaluate Vm 11 and Vjn 1 . 


fAs discussed in reference 21a correction may be made for the large 
s 3 region of the integral in Eq. (7-20). 
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8 EVALUATION OF 
THE LONG-RANGE 
AND MEDIUM-RANGE FORCES 

In the previous section we defined a “potential” acting in Channel III, 
due to Channel II, as the absorptive part for Channel II minus an integral 
over the elastic double-spectral function p (eL>ni (s 3 ,s 2 ) for Channel III. Now 
in a number of cases we have seen that this elastic double-spectral function 
vanishes for s 2 < s 2 (min) where s 2 (min) > s 2 (min) , the lowest mass squared 
in Channel II. Thus for the long-range components, corresponding to 
s 2 (min) < s 2 < s 2 (min) , the “potential” is the entire absorptive part for 
Channel II extended to an unphysical region in s 3 . 

For N-N scattering in Channel III i _s 2 (min) = m/, corresponding to the 
single-pion intermediate state in N-N scattering, while s 2 (min) ^ = 4m 7r 2 . 
Furthermore the absorptive part here is a delta function in s 2 , with no de¬ 
pendence on s 3 , so there is no difficulty in the analytic continuation and the 
long-range potential is uniquely given for m^ 2 < t < 4m 7r 2 by the pion-nucleon 
coupling constant. .This circumstance has been widely exploited in analyses 
of the nuclear force problem. 20 For 7T-7T scattering all three channels con¬ 
tain two pions and s 2 (min) = 4m 7r 2 , s 2 (min)/ = lGm^ 2 , so for 4m 7r 2 < t < lGm^ 2 
the potential is the absorptive part for 7T-7 r scatterint itself and we have a 
“bootstrap” situation. That is, the long-range potential is not given a priori 
but is determined by the scattering that it produces! In a latter section we 
shall consider in some detail the coupled equations that describe this situa¬ 
tion. 

For 7r-N scattering the direct and exchange potentials are completely 
different since Channel II corresponds to 7r + 7r — N + N, with s 2 (min) = 

4m,,. 2 , s 2 (min)/ = lGm^ 2 , while Channel I is again 7r-N scattering with s 1 (min) 
M 2 , Sl (min) = (M + 2m^) 2 ', corresponding to the single-nucleon and single¬ 
nucleon plus two-pi on intermediate states. Thus the long-range exchange po¬ 
tential is uniquely gkven by the pion-nucleon coupline constant but the long- 

41 










42 


S-MATRIX THEORY OF STRONG INTERACTIONS 


range direct potential requires the solution of a two-body dynamical prob¬ 
lem. The exchange potential turns out to be the stronger of the two, as we 
shall see later, so some simple predictions can be made in terms of the 
coupling constant. 


., I "° rd f r i t0 c ^ 1 ° i u n 1 5 te the P^?" tial in Channel HI due to Channel II beyond 
the threshold s 2 ( of p 32 (el>ni (s 3 ,s 2 ), one must exclude the portion of the 
absorptive part for Channel H that is associated with the Cutkosky graph of 
Fig. 7-3. Thus, in order to calculate the N-N potential for 4m, 2 < t < 9m 2 
one needs the graphs of Fig. 8-1 minus the box graph (Fig. 4-2), which is * 
part of Fig. 7-3 and therefore to be excluded from the left-hand graph of 
Fig. 8-1. A formula can be given by Cutkosky’s rule for the graphs of Fig 
8-1 that is analogous to formula (7-18) for Fig. 7-3 but which involves in¬ 
stead the absorptive parts of tt-N scattering. 5 A sufficient knowledge of 
pion-nucleon scattering, therefore, will allow a calculation of the N-N two- 
pion potential. 




FIG. 8-1. Cutkosky graphs for 27r exchange in N-N scattering. 

The above argument may be generalized, with the conclusion that any 
potential due to two-particle exchange can be expressed in terms of a bi¬ 
linear product of absorptive parts of two-body transition amplitudes. It is 
uncertain, of course, how important the exchanges of higher multiplicity 
and shorter range are. In order to compute such effects we obviously will 
need to understand multibody systems, a development that may be slow in 
coming. There is reason to think, nevertheless, that a great deal will be 
learned from a thorough study of the long-range forces. Geometrically 
speaking, these forces should be dominant at both high and low energies and 
the framework described above is by no means restricted to the low-energy 
elastic domain. A theory has been constructed, appropriate to momentum 
transfers less than or on the order of 4m„ (3m, in some cases) but with no 
obvious restrictions on the energy. 21 ? 24 
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At the base of the theory is the tt-tt problem, which provides all its own 
long-range forces and an important part of many other two-body forces, 
such as the 7r-N force shown in Fig. 8-2. (We have already seen that the 
7T-N amplitude in turn is a prerequisite for the N-N.) 



FIG. 8-2. Cutkosky graphs for 2tt exchange in 7r-N scattering. 


Thus, even though experimentally elusive, the tt-tt interaction cannot be 
avoided in the S-matrix approach, and we shall concentrate much of our at¬ 
tention on this problem in the following sections. 




> 
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9 SINGLE-SPECTRAL FUNCTIONS 

AND PARTIAL-WAVE 
AMPLITUDES 


It has been shown that a knowledge of the “potential” for Channel in is 
equivalent to a complete knowledge of the double-spectral function as well 
as the single-spectral functions for Channels n and I. Before the amplitude 
is determined, however, we also need the single-spectral function for Chan¬ 
nel III. In nonrelativistic potential scattering this source of ambiguity is 
absent but it must be faced in the general problem. 

The degree of arbitrariness remaining once the double-spectral function 
is known is severely restricted by unitarity. Later we shall consider the na¬ 
ture of this restriction in detail, but for the moment we simply state the re¬ 
sult that has been established for all combinations of spin 0 and spin 1/2 
particles: If the correct choice of invariant amplitudes has been made, the 
arbitrariness is at most of the form of the one-dimensional integrals in 
(3-4). Let us consider a case where all external spins are zero and examine 
the undetermined function 



P3(s 3 0 
s 3 '~ s 3 


The first point to notice is the absence of dependence on s 2 and Sj or 
equivalently, of dependence on cos0 3 . Our uncertainty is therefore con¬ 
centrated in the S wave of Channel in, once the potential for Channel HI has 
een given. If we can calculate this S wave by some independent method the 
complete problem will have been solved. 

In practice it may sometimes be desirable to calculate P or even D 
waves by the general technique to be described in the next section, even 
hough these waves are determined by the double-spectral functions. There¬ 
fore, we shall now establish the location and strength of the singularities of 
an arbitrary partial-wave amplitude. 
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Let us consider equal-mass spin-zero particles and define a partial- 
wave amplitude for Channel III by the formula 

+ 1 

Aj 111 (q 2 ) = — d cos0 P^cos 0) A(q 2 , cos 0) (9-1) 

where q 2 and cos 6 are related to the s variables by (2-8). In a certain 
region—including the physical interval, q 2 >0, —1 < cos 9 < +1—the full 
amplitude can be represented by the series 

A(q 2 , cos 0) = £ (21 + 1) A! in (q 2 ) P^cosfl) (9-2) 

1=0 

but even outside this region we may define A^ 11 (q 2 ) by (9-1). We shall in 
fact be interested in extending A^q 2 ) to the entire q 2 complex plane, where 
we shall find three sets of singularities, corresponding to the three chan¬ 
nels of the problem. 

Formula (6-1) is well suited to carrying out the projection (9-2). The 
first term of (6-1) contributes only to 1 =0, and there it survives the pro¬ 
jection unchanged. The second and third terms lead to integrals of the form 

1 r 1 1 

Q 1± (q 2 ,s') =2 J d cose Pi(cose) g/ + 2q » (1 ± cos g) (9-3) 

which are simply related to associated Legendre functions of the second 
kind. Certain important properties of these integrals may be seen by in¬ 
spection: 

1. For small q 2 they behave like (q 2 ) 1 . 

2. For large s' they behave like (s') -1-1 . 

3. They are analytic functions of q 2 in the cut plane, where the cut 

should be chosen to run from -s'/4 to —oo if the function is to be real for 

q 2 > 0. 

The behavior near q 2 = 0 is maintained after the integrations over ds^ 
and ds 2 ' and is a well-known and general property of partial-wave ampli¬ 
tudes, related to the centrifugal barrier effect. The large s' behavior sim¬ 
ply confirms our earlier remarks about the range of the interaction and the 
magnitude of s'; i.e., as 1 increases the large values of s/ and s 2 ' be¬ 
come less and less important, since they correspond to short-range inter¬ 
actions. This is again a centrifugal barrier effect. 

The property we are most concerned with is that of analyticity, and to 
get the full story here we have to look also at the q 2 (or s 3 ) dependence of 
the functions A 1 and A 2 , which appear in the numerators of the integrands 
in formula (6-1). Referring to formula (3-6) for A^s^, 4M 2 - s*'- s 3 , s 3 ), 
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T S !V h f, t ^ S3,_ 83 denominator leads to a cut running from 0 to « in 
l ’,_ w ^ le there see “ s to be a second cut associated with the denominator 
2 , . , S3 s i 11 ma y be verified, however, that this second apparent 

rity f canceled a corresponding part of the expression for 
A 2 (4M s 2 - s 3 , s 2 ', s 3 ). After multiplying (9-3) by Aj or A 2 and inte¬ 
grating over dsj' or ds 2 ', we thus produce an analytic function of q 2 with 
two cuts one running from 0 to » along the positive real axis, to be called 
e rig t hand” or “physical” cut, and one running along the negative real 
axis rom °° to —(l/4)s m £ n , where s^in is the lowest square of a mass 
appearing in the spectra associated with Channels I and II. This latter will 
be called the “left-hand” or “unphysical” cut. In addition, if there exists 
a stable single-particle state with the quantum numbers of a particular 
partial wave of Channel III, there is a corresponding pole on the negative 
q 2 real axis. 

In general, if the four particle masses are not all equal, 25 there are two 
distinct unphysical cuts, one for Channel I and one for Channel II, and these 
o not lie entirely on the real axis, but wander into the complex plane. The 
location of the cuts is always completely determined by kinematical con¬ 
siderations, however, and there are no new essential complications beyond 
the equai mass case. We continue, therefore, to concentrate on that case. 

otice that our partial-wave amplitude is a real analytic function. That 
is, it we define v = q , we have 


in' 


M- M=A 1 III (,*) (9 _ 4) 

Thus the discontinuity across a cut along the real axis is twice the imagi¬ 
nary part of the function at that point, while the function is real on the real 

i| n * 3e * ;ween — (l/4)s m i n an d the origin. In the next section it 

will be shown that A^) is determined by the discontinuities across its 
cuts, so it is important to be able to calculate the imaginary part along the 
real axis. On the right-hand cut we are in the physical region and the re- 
quired imaginary part is given by the unitarity condition. Comparing (9-2) 
with (2-2) and (2-3) we see that 

A i in (^) = [(;> + m 2 )/ i>]Vi e i5 l sind! 

= l(v + m 2 )/i/]V 2 _ !)/2i] ( 9 - 5) 

if o'! is the real part of the phase shift and 0 s jjj < l. Equivalently, 

Im A! 111 („) = [„/(„ + m 2 )]V2| Ajlii („) |2 

+ i(v + m 2 )/v] Vi [(l - m 2)/ 4 ] ( 9 _ 6) 

where the second term on the right-hand side represents inelastic scatter¬ 
ing and is zero below the threshold u in for inelastic processes. This in¬ 
elastic part of Im Aj 11 may be calculated from the imaginary part of the 
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potentials: 


Im Aj 111 (in, (^) = [(i/ + m 2 )/V] v 2 ■ - 



+ Im V II III (t' ) v)Q 1 _(^,t')] 



(9-7) 


On the left-hand cut we may most easily calculate the imaginary part 
from formula (6-1) before integrating over cos0. Remembering that only 
the real parts of Aj and A 2 contribute in this region, if the above-men¬ 
tioned cancellation is anticipated, we findf 



-!/2 Xi d cos 9 P^cos 0){Re Aj[—2y(l + cos 6), 

-2p(l - cos 6), 4(p + m 2 )] + Re A 2 [-2z;(l + cos 9), 
-2y(l - cos 9 ), 4(p + m 2 )]} for v < 0 (9-8) 


Note that the possible presence of the first term in (6-1) for the case 1=0 
does not affect either formula (9-6) or (9-8). 

If we think of (or A 2 ) as made up of a sum of contributions from dif¬ 
ferent kinds of intermediate states in Channel I (or II), as expressed by 
formula (6-3), then, according to (9-8), Im A^ 11 is similarly composed of 
additive parts and these are nonzero along different portions of the nega¬ 
tive real axis. It is evident, in fact, that a Channel I intermediate state of 
mass mi gives a nonzero contribution to Im A^ 11 , according to (9-8), in the 
interval between -<*> and —(l/4)m^. Thus the least-massive intermediate 
states control Im A^ 11 on the ‘‘nearby’’ portion of the left-hand cut. As we 
go farther to the left, more and more massive intermediate states come into 
the picture. Taking the nucleon-nucleon problem again as an example, we 
find the left-hand cut begins at -1/4, and up to -1 is completely determined 
by one-pion exchange. Between —1 and —9/4, the two-pion contribution 
must be added, between -9/4 and -4 the three-pion contribution, and so on. 
Each new threshold can be shown to be a branch point, with the associated 
cut running to the left. 

The right-hand cut of the N-N amplitude of course begins at v - 0, 
where there is a branch point, and the next branch point does not occur 
until v = (1/4)(2M + l) 2 - M 2 « 7, the threshold for single-pion production 
in nucleon-nucleon collisions. In the J = 1 even-parity amplitude there is 
a pole corresponding to the deuteron and falling in the gap between cuts at 
v - (1/4)M d 2 - M 2 « -(1/10). We shall see that this pole need not be postu¬ 
lated in advance, but is a necessary consequence of the left and right cuts. 

tWe define the partial-wave amplitude along both cuts as the limit as the 
cut is approached from above. 
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DETERMINATION OF 
PARTIAL-WAVE 
AMPLITUDES FROM 
UNPHYSICAL AND 
INELASTIC 
DISCONTINUITIES 


Given the direct and exchange “potentials” for a particular channel (III) 
we have seen above in formula (9-8) how to calculate the imaginary part of 
Aj alon S the unphysical left-hand and cut: let us call the imaginary part on 
this cut fi(i,). We have also seen in formula (9-8) how to calculate the quan¬ 
tity rji(i') which measures the amount of inelastic scattering. Our problem 
now is to determine Aj ln (i<) in terms of the given quantities fj(i>) and vAv). 
We shall follow a procedure proposed by Chew and Mandelstam 26 for the 
case 77 j = 1 and generalized by Froissart , 27 which was an outgrowth of a 
technique used in the original work of Chew and Low . 6 An alternative ap¬ 
proach which has the same physical content has been developed by 
Omnes . 28 

Let us begin with the case 17 x = 1 and define the real analytic Omnes 
function ^ 8 


D x (i/) = exp 



(v'~ v)(v'~ v 0 )_ 


( 10 - 1 ) 


normalized to unity at the arbitrary point ^ s 0 on the negative real axis. 
This function is real on the negative real axis but for v > 0 has the phase 
-<*!, where we establish the convention a x (0) = 0. By construction D x (r) is 
analytic in the entire complex v plane, cut along the positive real axis, and 
has no zeros. The tacit assumption is also made that a limit of o: x („) as 
V 00 exists, so that the asymptotic behavior of is| 


fThe importance of this consideration was pointed out in a private con 
versation by M. Froissart. 
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] 


const, x „“i (0O V* 


(10-2) 


Next we define a function Nj(v) by 
Ni(^) = Ai 111 (v) Dj(v) 


or 


Aj 111 („) = N 1 (r)/D 1 (v) 


(10-3) 


a definition that leads to the nomenclature of calling N 2 the “numerator” 
function and D 2 the “denominator” function. We may immediately infer 
from (10-3) that N 2 (z,) is a real analytic function with the same left-hand 
cut as A 2 II! (p) but with no right-hand cut, since for p > 0 the phase of D] 
is exactly the same as that of A 2 ln . Thus 


Im N 2 (y) = f 1 (y)D 1 (z^) for v < 


(10-4) 


for vi < v 


if p L is the end of the left-hand cut. Observe now from Eq. (9-6) that with 

i?l = 1 


ImfAj 111 ( i ;)] 1 = ~[p/(p + m 2 )]^2 p>0 


(10-5) 


It then follows that 


Im D 2 (^) = ~[p/(p +m 2 )]%N 1 W 
= 0 


for p > 0 


( 10 - 6 ) 


for p < 0 


Now we are in a position to write down Cauchy integral formulas—or 
dispersion relations—for N 2 and D 2 , if we can establish the asymptotic be¬ 
havior. From formula (9-5) it is clear that for large positive p the abso¬ 


lute value of A 2 ni ( v ) is bounded by unity. Since we are representing A 2 in 


by a quotient, however, it is not clear what restrictions are to be placed on 
N 2 and D 2 separately. More explicitly, according to (10-2) we require that 


a 2 <«)/ir Ni(j;) 


(10-7) 


be bounded as p — oo but we have no a priori restriction on the values of 
q^ 00 ). The particular equations we write down for N 2 and D 2 therefore will 
depend on the value of a 2 (°°). This ambiguity was first emphasized by Cas- 
tillejo, Dalitz, and Dyson, 29 and we shall see that it is associated with the 
possibility of unstable “independent” particles having the quantum numbers 
of Channel III. 
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The simplest assumption to make is that aqfw) < n, so that 
lim ( 1/v) Dj(v) = 0 


and 


lim (1/v) Nj(v) = 0 


(10-8) 


We also assume that there are no poles in A^ 1 (v), i.e., no stable particles 
with angular momentum 1 and the quantum numbers of Channel III In such 
a case we may write the following Cauchy formulas, since the restrictions 
(10 8) must hold for all directions in the complex plane with the possible 


exception of the negative real axis: 


NiM = Aj In (vo) + 


fl(t/)D I (t/ > 


(10-9) 


(v' - v)(v' - Vo) 


-OO 

CO 



The solution of these linear integral equations, if it exists at all, is be¬ 
lieved to be unique. The question of existence depends on the behavior of 
the discontinuity along the left cut, f^), as In particular, it is 

easy to show by a Pomeranchuk type of argumentf that if Im Aj 111 ( v ) ap¬ 
proaches a limit along the left cut then it must approach the same limit 
along the right cut. On the right, however, the imaginary part is positive 
definite and bounded by unity. Thus if a limit of fj(^) exists as v— 
then 0 £ fi(-«) < l. chew and Mandelstam 26 ’ 30 found that such an asymp¬ 
totic condition leads to a unique solution of (10-9) and (10-10). However, if 
fl(i') oscillates indefinitely as v—» no simple statement can be made 
At present the asymptotic behavior of frfv) is not well understood except in 
the nonrelativistic limit of ordinary potential scattering, 22 where (10-9) and 
(10-10) have been shown to yield the same solution as would be obtained by 
solving the Schrodinger equation. [In this case fj(-») = 0.] 

The appearance of the parameter vq in our equations does not correspond 
to any arbitrariness in the amplitude Aj In , since it merely specifies the 
point at which Dj is normalized to unity. Changing v 0 changes the normali¬ 
zation of Dj, but since Nj will change by the same factor, the quotient is 
eft unaltered. The subtraction constant however, requires some 


tSee the Appendix. The application of such an argument to partial-wave 
amplitudes was made by Chew and Mandelstam, reference 30. 
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discussion. The centrifugal barrier effect was shown in Chapter 9 to give 
the general requirement that Aj 111 (p) ~ p 1 near p - 0. Thus by choosing 
p 0 =0 we may eliminate the subtraction constant for all partial waves ex¬ 
cept the S, but for the latter, one free real parameter appears inescapable in 
the relativistic problem. In the following chapter this free parameter will be 
related to the notion of a “coupling constant.” [For nonrelativistic scatter¬ 
ing no such parameter appears since, when the factor (p + m 2 ) 1 ^ is replaced 
by m, the partial-wave scattering amplitude must vanish at infinity.] 

Froissart 27 has shown how to generalize the foregoing method to the case 
when T}\ 5*1. He begins by defining a real analytic function 


Rl(p) = exp 



logm(p') 
(v') V Hv' - v) 


( 10 - 11 ) 


with the right-hand cut only and with a modulus along this cut equal to ri\. 
The phase of Ri(v) along the cut is 


fiiW = ~ J T- p f d "' 

o 


iogm(v') 

(v')V2(v'- v) 


Froissart then observes that if we define 


Ai in ( v) by 


( 10 - 12 ) 


if-*- 

\P + 2 


1+2i (rr^2) V2A i III 'H= R r 1 w 


1 + 2i(— 1 —j) V2 a 
1 v + m 2 1 


4 ni (v)] 


(10-13) 

then along the physical cut, 

lv/(v + m 2 )] V 2Aj 111 '^) = {exp[i(2a 1 + e x )] - l}/2i (10-14) 


tty/ 

so Ai 1 obeys a condition of the form (10-5) and the previous method may 
be applied to the modified amplitude. The imaginary part of Aj 11 ^ along 
the left cut is found by an easy calculation to be 


f x '(p) =Rf 1 M 



v + m 2 j ly 2 


+ f ^ + m 2 y ^2 


(10-15) 


If a partial-wave amplitude exists with the prescribed discontinuities 
and the prescribed asymptotic behavior then we shall find it by the method 
outlined. It is possible, however, that no such function exists and yet the 
Eqs. (10-9) and (10-10) still can be solved. Such a situation occurs when 
the forces are attractive and sufficiently strong to produce one or more 
bound states with angular momentum 1. The function A x u (p) will then have 
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corresponding poles in the gap -m 2 < v < 0 which are not included in the 
specification of singularities based on a knowledge of fj(„) and Vl ( v ). In 
such a situation, even if we do not know in advance whether the poles should 
be present, they will appear automatically in the solution of our integral 
equation through zeros of the denominator function.t In other words, we 
shall find a function that does not satisfy the specification of singularities 
that led to our equations but which is nevertheless the physically correct 
solution. This is the sense in which we said earlier that the deuteron pole 
is a consequence of other singularities. If fj and Vl are correctly given, 
both the position and the residue of a bound-state pole follow from the solu¬ 
tion of Eqs. (10-9) and (10-10). 

To illustrate these considerations let us consider nonrelativistic scat¬ 
tering with tjj = 1 . No subtraction is required here for the numerator func¬ 
tion, so we may replace (10-9) by the simpler relation 


Njfr) 


"L 

-rf d ’ 




v - v 


(10-16) 


We study the case 1 = 0 and make a very crude approximation in which 
fi(z') is represented by a delta function. In other words, we approximate 
the left-hand cut (a line charge) by a pole (a point charge). This approxima¬ 
tion is reasonable for a region along the positive real axis whose extent is 
short compared with the “average” distance to the important left-hand 
singularities. Figure 10-1 shows some of the distances for the case of n-p 
scattering. We see that if the Itt exchange force is not too strong, the re¬ 
placement of the left-hand cut by a pole may be reasonable for kinetic 
energies (lab) of 0 to 10 Mev. 

Suppose we locate the interaction pole at v - -iq and normalize D 0 to 
unity at this point (i.e., choose v 0 = - v i ). Then if we introduce a parameter 
r, to characterize the strength of the interaction, by writing 

f o(^) = -irT6(p + (10-17) 

we have, first, from (10-16), and, second, from (10-10), 


N 0 W = T/(vi + v) 


(10-18) 


DoW - 1 " [v+ ^ f dv ’ {vrJ) h 

o 


_ 1 

(v r + Vi) 2 (v r - v) 

(10-19) 


tThe function Dj given by Eq. (10-10), when there is a bound state at 
v = y B , differs from the Omnes function (10-1) by a factor (^ B - v)/(v% - v 0 ). 
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so in this simple case we do not even have to solve an integral equation. 

The integral in (10-19) can easily be performed and the nonrelativistic re¬ 
sult (i.e., for v and p i both small compared with m 2 —an excellent approxi¬ 
mation for n-p scattering where m 2 = 44) is 


D 0 (v) = 1 - 


V + P{ 


m 2p i 1 ^[p i ^ + (—yV 2)] 2 
In the physical region, p > 0, we then find 


(10-20) 


Re s$r Tr co,5 » = (f - i£r) + "(f * (1 °- 21) 

Comparing this with the standard nonrelativistic effective-range formula, 
q cot< 5 0 = ( 1 /a) + (l/ 2 )rq 2 


we see 

1 /a = (m/l>i - ( 1 / 2 )p i 1 h ( 10 - 22 a) 

(l/2)r = (m/D + (l/2viV2) = (l/pfi) + (1/aiq) ( 10 - 22 b) 

Let us study the dependence of our result on the input parameters T and 
iq. First, if p i is held fixed and T is small, we see that the scattering 
length a is proportional to T and has the same sign, exactly what we ex¬ 
pect if T determines the magnitude and sign of the interaction. Evidently 
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positive r means an attractive force. If r is negative (repulsive), increas¬ 
ing its magnitude does not make a indefinitely large; the scattering length 
never exceeds 2/v^ in absolute value. This is exactly the behavior of a 
repulsive potential of range ~2/iq 1 /2. 

If T is positive (attractive), increasing its magnitude makes the scatter¬ 
ing length increase .and in fact become infinite for 

r = 2m^^2 (10-23) 

This is the condition for a bound state to appear; for larger values of r 
one may easily calculate from (10-20) that D 0 (y) has a zero at 


-v = a 2 = 


f T ~ 2m^2 \ 2 
r + 2my i 1 /2 / 


(10-24) 


Thus we can calculate the binding energy—if there is a bound state—from 
a knowledge of f 0 . 


Problems: 1. Show that, for our single-interaction pole exam¬ 
ple, when there is a bound state one may write 


pV* cot6o = -a + (v + a 2 )[(m/rB) + (l/2o0] 

where is the residue of the bound-state pole and - a 2 its position. 

2. By comparison with the nonrelativistic formula for the ef¬ 
fective range in terms of an integral over the square of the bound- 
state configuration-space wave function, identify the residue Tg 
with the square of the asymptotic normalization coefficient for the 
bound-state function. 


Finally we remark that if we are near the condition for a bound state, 
so that the scattering length is large, then according to (10-22) the effective 
range is approximately 2/This is a second confirmation that the in¬ 
verse distance to an unphysical singularity corresponds roughly to the in¬ 
teraction range. 

In the actual case of n-p scattering the effective-range formula is ex¬ 
tremely accurate in the interval 0 to 10 Mev, and the empirically observed 
values of the scattering length and effective range for both singlet and 
triplet states have been shown by Noyes and Wong 31 to imply a value of v { 
in the above formula approximately equal to unity. In other words the 
“average” position of the left-hand discontinuity in the n-p amplitude oc¬ 
curs near the beginning of the 2ir contribution. This is an understandable 
circumstance if both In and 2n forces are important. 

A two-pole approximation of the left cut is of course better than a one- 
pole approximation and the problem may again be reduced to an algebraic 
rather than an integral equation, as it can for any finite number of poles. It 
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is not clear how far such an approach can profitably be pushed and we 
shall not further pursue it here. We have discussed the pole approximation 
not because it is an essential part of the S-matrix theory of strong inter¬ 
actions but merely because it serves to illustrate certain properties of 
Eqs. (10-9) and (10-10). 

A final remark is perhaps in order before we consider how to modify 
these equations when the assumption (10-8) is abandoned. The remark is 
that in practice we shall never have available the complete “potentials” 
from which to calculate rjj. and fj but, at best, we can calculate the long- 
and medium-range parts. We shall always be forced either to neglect or 
to represent in some phenomenological way certain short-range forces. 
Experience has demonstrated and it is geometrically to be expected that 
the shorter the range the less important is the force, so we have good rea¬ 
son to hope that the “peripheral” approach is in principle convergent. 
Nevertheless we shall in many situations be trying to solve Eqs. (10-9) 
and (10-10) with inaccurate input functions f^r?) and T?i(y). In such a cir¬ 
cumstance one must always check the solution that emerges to confirm that 
it does not have spurious singularities; our derivation guarantees a physi¬ 
cally sensible solution only when the input is correct and consistent with 
assumption (10-8). 

Now we turn to the most obscure and confusing aspect of the S-matrix 
approach to particle dynamics: the number of independent parameters per¬ 
mitted. In this chapter we have touched on two related points, the value of 
the phase shift at °° and the S-wave subtraction constant. Earlier we dis¬ 
cussed the residues of poles in terms of “coupling constants.” Let us now 
survey the whole situation to see if a general understanding can be achieved. 
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n ARBITRARY PARAMETERS 

IN THE S MATRIX 


We are now in a position to attempt to characterize the parameters left 
undetermined by the combined requirements of unitarity and analyticity. 

This attempt cannot be entirely successful because we have not gone outside 
the two-body subspace of the S matrix, and even within this subspace certain 
questions remain obscure. However the considerations already brought out 
allow a surprisingly small degree of arbitrariness, as originally empha¬ 
sized by Mandelstam. 10 One central consideration, mentioned above but not 
explained, is the extent to which the amplitude is determined once the 
double-spectral function is known. Let us begin here by reviewing the work 
of Froissart. 32 

Froissart starts by proving that (for zero-spin particles) the amplitude 
A(s 1 ,s 2 ,s 3 ) in the physical region for Channel III is bounded by 


and 


A < Cs 3 log 2 s 3 


at forward and backward angles (11-1) 


A < Cs^4 log 3 /2s 3 


at any other fixed angle 


(H-2) 


C being a constant. Corresponding statements can, of course, be made for 
Channels I and II. The proof is based on the unitarity limit for partial- 
wave amplitudes plus the observation that for the Mandelstam representa¬ 
tion to make sense the single- and double-spectral functions cannot increase 
faster than some power. We shall not give the proof here but only repeat 
Froissart’s explanation of its physical content for forward elastic scatter¬ 
ing in terms of the notion of potential. In configuration space we have for 
large r a (direct) potential 


V (r) ~ g(s 3 )(e“ r / R /r) 


56 


(H-3) 
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where R ~ (s 2 min )^ 2 and where, according to (7-21) and (7-23), g(s 3 ) in¬ 
creases at most as a power of s 3 . If ge~ r / R is small compared to unity 
there will be practically no scattering; if large there will be strong scatter¬ 
ing. Thus the cross section will essentially be determined by 7 ra 2 , where a 
is the value of r for which ge“ r / R - 1; i.e., a ~ R logg. The conclusion 
from this qualitative argument, then, is that 

cr 3 tot ~ 7 rR 2 log 2 g 


or 

cj 3 tot C log 2 s 3 (11-4) 

The optical theorem tells us that 

Im A(s„ 0 3 = O) = (q 3 s 3 V 2 / 87 r) (J 3 t0t 

so we conclude from (11-4) that Im A ^ Cs 3 log 2 s 3 in the forward direction, 
and the real part turns out to be similarly bounded. (For an individual par¬ 
tial wave the real and imaginary parts are separately bounded by unity.) 

A clue as to why the amplitude has the more-restrictive bound (11-2) at 
a fixed angle not forward or backward is given by the observation that 

_ tot _ _ el , in 
03 - cr 3 + cr 3 

while 

<x 3 el = (4 /s 3 )Jdfl 3 1 A(s 3 , 0 3 )| 2 

= (167t/s 3 ) < | A l 2 ) av (H-5) 

Thus if A ~ s 3 at all angles, then <r 3 el ~ s 3 , in violation of (11-4). Such rea- 
soning, however leads only to the conclusion that 

(|a| 2 )V 2 < Cs 3 ^ 2 Ins 3 ( 11 - 6 ) 

and puts no bound on the behavior at any particular angle as does (11-2). A 
precise physical meaning for the latter condition is lacking, although it 
emerges from Froissart’s analysis in a straightforward way. 

Experimentally, total cross sections appear to approach constant limits 
at high energy, so the maximum behavior allowed by elementary considera¬ 
tions of analyticity and unitarity is closely approached for elastic scatter¬ 
ing in the forward direction. (Whether logarithmic factors occur is not yet 
clear experimentally.) For backward directions, however, and generally 
for reactions that are not strictly elastic it seems probable that the actual 
asymptotic behavior in either forward or backward directions has the more- 









58 


S-MATRIX THEORY OF STRONG INTERACTIONS 


restrictive bound characteristic of other angles. The point is that, physically, 
the forward direction has a special significance only for coherent elastic 
scattering where the phenomenon of diffraction occurs. Further analysis 
of the S matrix can be expected to give a mathematical basis for such a 
statement; for the moment we shall treat it as a supplementary physical 
postulate, f 

Given the restrictions (11-1) and (11-2) Froissart then proceeds to ana¬ 
lyze the arbitrariness left in the amplitude once the double-spectral func¬ 
tions are known and concludes that at most two subtractions in each variable 
may be regarded as arbitrary. Again the proof will not be given but only a 
plausibility argument. Suppose that one wished to include in the Mandelstam 
representation a term of the form 



(H-7) 


corresponding to having made three subtractions in s 3 . In the forward di¬ 
rection for Channel III the variable s 3 is fixed (at the value zero) so such 
a term, taken alone, violates the restriction (11-1) and there must be a 
correlation with the remaining double-dispersion integrals to produce a 
cancellation at large s 3 . Using both requirements (11-1) and (11-2) Froissart 
shows that the necessary correlation determines the subtraction term 
(11-7) uniquely; in this sense the subtraction should not have been made 
in the first place. A paradox appears to arise when the asymptotic be¬ 
havior of the double-spectral function is such as to require a subtraction if 
the integral in which it appears is to be everywhere defined by the usual 
standards. The meaning of Froissart’s result is that a definition can al¬ 
ways be given to such integrals, without subtraction, by analytic continua¬ 
tion, presumably because the integrand oscillates even when its modulus 
increases beyond bound. 

The elimination by the above argument of all subtraction terms of an 
order higher than that of (11-7) is obvious, but the case of one lower order, 



( 11 - 8 ) 


is marginal. Here one does not violate condition (11-1) but in cases such 
as 7T-7T, 7T-N, and 7T-K one violates the more-severe condition mentioned 
above on charge exchange or backward scattering. (This circumstance will 
be explored in our detailed discussion of the tt-tt problem.) In fact one can 
find reasons to exclude (11-8) in all cases studied so far, and there are 


tSuch a postulate is closely related to a principle suggested by Pomer- 
anchuk 33 that any particular target has the same high-energy cross section 
for all projectile particles within a given isotopic multiplet. 
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grounds to suspect that a general argument will be forthcoming. Thus we 
are left only with the arbitrariness associated with single subtraction terms 
of the type written in Eq. (3-4), plus an over-all subtraction constant for 
zero spins, which is equivalent to an arbitrariness in the S partial-wave 
amplitude. 

In the previous section the analyticity properties of partial-wave ampli¬ 
tudes were analyzed and a procedure set up for determining these functions 
in terms of f 2 and r\\, quantities derivable from the generalized potentials. 
The procedure, however, depended on assuming (1) that o^ 00 ) < tt and (2) 
that there are no stable elementary particles with the quantum numbers in 
question. (It was found that a bound-state pole would develop automatically 
from the equations derived.) Let us now concentrate our attention on the 
case 1=0 and relax these assumptions in order to find the most-general 
solution. 

As a matter of definition we call the solution of Eqs. (10-9) and (10-10) 
“pure potential scattering,” since in the nonrelativistic limit it has been 
shown that this is identical with the solution of the ordinary Schrodinger 
equation in which the corresponding nonrelativistic potential has been em¬ 
ployed. 22 As a first and simplest variation let us consider the possibility of 
a single stable spin-zero “independent” particle (i.e., not a bound state of 
the particular two-body system under consideration) of mass m p with the 
quantum numbers of Channel III, t but at the same time we maintain as¬ 
sumption (1) above. To obtain the corresponding solution for A 0 nl (p) we 
merely add a pole term, 

T p /(p p - p) (n- 9 ) 

to the right-hand side of Eq. (10-9), where p p = m p 2 /4 — m 2 . If we nor¬ 
malize D 0 to unity at. p p (i.e., set p 0 = p p ), then r p is the residue of the 
pole in the over-all amplitude and therefore is given by the square of the 
coupling constant linking the particle of mass m p to the two particles of 
Channel HI. 

The new solution depends on the two additional parameters, m p and T p , 
and is distinct from a solution of the “pure potential” type, even one that 
happens to yield a bound state at p p . [In the latter case, for example, one 
would find < a(0).] In principle, then, we may distinguish between in¬ 
dependent particles and bound states by asking whether the associated 
scattering amplitude does or does not require a pole term to be added in 
Eq. (10-9). There is no principle known, however, to restrict the number 
of independent particles, and each that occurs will bring two arbitrary con¬ 
stants . 

fThere are no known examples of this type for spin-zero scattering, but 
in 7 T-N scattering the nucleon may play an analogous role for the J = V 2 P 
state. 
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Next let us change assumption (1) to 

7 r ^ a 0 (°°) < 2 tt (11-10) 

In this case, according to (10-2) and (10-7) we shall need one additional 
subtraction in both N 0 and Dq and, correspondingly, two new parameters 
enter the problem. One can show that Nq and Dq each acquire a zero as 
a result of the subtraction, the position of the zero being controlled by the 
value of the subtraction constant. If the zero in Dq happens to occur on the 
real axis in the interval -m 2 < v < 0, then one has achieved exactly the 
same solution as obtained by adding (11-9) to the numerator function. [The 
D functions obtained by the two methods differ by a factor <*(y p - v ), but 
the N functions differ by the same factor.] We again are describing a situ¬ 
ation with a stable independent particle and merely have replaced m p and 
T p by the two subtraction constants. It is, however, possible to choose the 
subtraction constants so that the zero of D appears on the unphysical sheet 
of the complex plane. 28 The associated pole in the amplitude is usually de¬ 
scribed as an “unstable independent particle,” since it is a natural exten¬ 
sion of a stable-particle pole. 

Changing the condition (11-10) to rnr < a < (n + 1 )tt evidently leads to n 
pairs of arbitrary constants and n poles. To summarize, the ambiguity in 
our S-wave amplitude is associated with the possibility of zero-spin inde¬ 
pendent particles, either stable or unstable, having the Channel in quantum 
numbers. Without some new principle the number of such particles can 
only be determined on an experimental basis. With each independent parti¬ 
cle is associated two real constants—corresponding to the mass and to the 
rate of decay (partial width) into the two particles of Channel IH. (When the 
particle is stable we have the reduced width—which is essentially the same 
as the square of the coupling constant.) 

For problems such as 7r-N, where half odd-integer values of angular 
momentum occur, the J = 1/2 states play a role analogous to that described 
here for the S state. All higher partial waves are uniquely determined by 
the double-spectral functions. In the sense of the definitions proposed 
above, therefore, the combined requirements of unitarity and analyticity 
appear to preclude the existence of strongly interacting elementary parti¬ 
cles of spin greater than 1/2. A correspondence will immediately be noticed 
with conventional renormalization theory where it has not been possible to 
accommodate higher-spin particles without very special restrictions on the 
form of their interactions. Such restrictions, if translated into the language 
of the S matrix presumably mean that the existence of a higher-spin particle 
with the Channel HI quantum numbers manifests itself in Channels I and II 
in such a way that the appropriate Channel III partial-wave amplitude, even 
though calculated by analytic continuation from the double-spectral function, 
nevertheless has a pole in the correct place. The detailed mechanism for 
such a phenomenon, if it occurs in nature and is distinct from a bound state, 
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remains a mystery. To date, no promising candidate for “elementary” 
status has appeared among strongly interacting particles of spin greater 
than 1/2. 

To conclude this chapter something should be said about the subtraction 
constant A^ 11 (y 0 ) needed in Eq. (10-9) even when there are no independent 
particles to be considered. A deep physical meaning for this constant is 
lacking, although it certainly corresponds to the renormalizable quadrilinear 
(four scalar fields) interaction of conventional field theory. No such con¬ 
stant appears in the spin 0-spin 1/2 interaction because the partial-wave 
amplitude there is forced to vanish at infinity by the unitarity condition. 34 
It has also been shown for the spin 1/2-spin 1/2 problem that no free con¬ 
stant occurs. 16 In both cases there is a correspondence with conventional 
field theory where the corresponding quadrilinear interactions are not re¬ 
normalizable. For spin 0-spin 0 scattering, Aj 111 (^o) is often called a 
“coupling constant,” although the terminology is misleading since the point 
vq is arbitrary. Whatever the terminology, however, the combined require¬ 
ments of unitarity and analyticity do permit one such free parameter for 
each pair of spin-0 particles. 

The masses and partial widths of independent particles evidently also 
appear as arbitrary parameters in conventional field theory (the partial 
widths are the squares of renormalized trilinear coupling constants). Thus 
we see that the S-matrix approach at this stage has exactly the same degree 
of arbitrariness as conventional renormalizable field theory, no more and 
no less. 
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PION-PION SCATTERING: 
GENERAL FORMULATION 


Let us turn now to a specific consideration of n-ir scattering, the sim¬ 
plest strong-interaction problem. The diagram in question is that of Fig. 
12-1, where we use the isotopic vector index running from 1 to 3 to label 
the pion-charge degree of freedom.t By assuming charge independence the 
complete amplitude may be written as the sum of three terms, 

A(s 1 ,s 2 ,s 3 ) 6 a 6 6 r 5 + B(s 1 ,s 2 ,s 3 )6 ar 6e 6 + C(s 1 ,s 2 ,s 3 )6 a5 60 ) , 

( 12 - 1 ) 

while crossing symmetry gives the relations 

A —— A] 

r s i ~~ s 2 
B •*-*■ cJ 

A B1 


A —— Cl 

„ S l^Sj 

B — BJ 

The connection between A, B, C and the amplitudes for well-defined iso¬ 
topic spin in Channel III turns out to be 


■fOur notation generally will follow as closely as possible the paper of 
Chew and Mandelstam. 26 
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s 3 —- s 3 

Sl Sl (12-2) 
s 2 — s 2 



Pu)ie Tfeaf/tejKtifieqf 











PION-PION SCATTERING 


63 


A 111 ' 0 = 3A + B + C 
A 111 ’ 1 = B - C 


(12-3) 


A 111 ’ 2 = B + C 


Comparing these with the first of the crossing relations (12-2) we see that 
since cos 0 3 —• -cos 0 3 as s* "■ s 2 , the amplitudes for isotopic spin 0 and 2 
are even functions of cos0 3 , while that for isotopic spin 1 is an odd function, 
in accordance with Bose statistics. Henceforth the channel index III is to be 
understood except when the contrary is explicitly stated. The index T will 
be used to denote isotopic spin. 



FIG. 12-1. Diagram for tt-tt scattering. 


The elastic (3,2) double-spectral function for isotopic spin T will be 


written p T <el> (s 3 ,s 2 ) and because of crossing symmetry the corresponding 


(3,1) elastic double-spectral function differs at most by a sign. Specifically, 
the two are related by the factor (-1), T so we have 




(12-4) 


realizing that by crossing symmetry P 3 1 (s 3 ) must vanish. The complete 


absorptive part for Channel II with isotopic spin T in Channel III shall be 
denoted by A 2 T (s 2 ,s 3 ) while that for Channel I differs only by the factor 
(-1) T . Thus formula (7-18) may be used, 
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with the integration limit (7-13) to be understood. Another formal result 
needed is the “crossing matrix” that expresses A 2 T in terms of A 3 T at a 
corresponding point. This may be obtained by combining Eqs. (12-3) and 
(12-2); one finds 


with 



(12-6) 


(12-7) 


Finally we define the generalized potential V T (t,s) by the equation 


A 2 T (t,s) =V T (t,s) +jrjds' — 


<el) 


(s',t) 


s' - s 


(12-8) 


following the prescription given by formula (7-20). All the preceding re¬ 
marks have been formal and, correspondingly, exact. Our first real task is 
to evaluate the generalized potential V T . 

An analysis of Cutkosky graphs, taking into account the absence of any 
3tt vertex, reveals that p-r (el> (s 3 ,s 2 ) requires at least four-pion intermedi¬ 
ate states in Channel II. Thus, in an approximation that neglects forces due 
to transfer of four or more pions, we have 


V T (t.s)« V el,T (t.s) =Z]lS TT 'A 3 < el > T (t,s) (12-9) 

t' 

This formula is exact for t < 16, but it may be necessary to add supple¬ 
mentary terms to represent short-range forces, just as in the nucleon- 
nucleon problem it has been necessary to insert a phenomenological “har.i 
core.” We see in any event that the longer-range forces are determined by 
formula (12-4), so that a “bootstrap” mechanism is operating. 

In order to evaluate formula (12-4), even supposing that p T <el > has been 
given by some sort of iteration procedure, it is necessary to obtain p 3 ° and 
P3 * the single-spectral functions which have been seen above to be related 
to the S-wave amplitudes. Specifically, if the S-wave parts are separated 
from the integrals in Eq. (12-4) we may write 


A3 <el)T 0,2 (s t ) = j m A o<el)T-0,2 (s ) + ± Jdt'p T (el) (s,t') 


1 1 
-_j_ ._. 

_ 1 , / 4q s 2 \ 

t' - t t'-4 + s+ t 

2q? \ t' /J 


(12-4') 
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where, according to Eq. (9-6), 


Im A 0 (el)T (s) = [(s - 4)/s]^2| A 0 t (s) | 2 


(12-10) 


In the preceding lecture a procedure for calculating the S wave was de¬ 
veloped in terms of the discontinuity on the left cut fo T (s) and the absorp¬ 
tion parameter 7 ? 0 T (s). At this point, therefore, formulas for these quanti¬ 
ties are required. From Eq. (9-8) we have 



( 12 - 11 ) 


4 


and from Eq. (9-7) 



s > 16 (12-12) 


To this point all formulas in this last paragraph are exact. In fact the only 
approximation so far has been in formula (12-9) for the generalized poten¬ 
tial, which implies that in formula (12-12) 


Im V T (t,s) « E/3 T T'pT' <el) (t>s) 


(12-9') 


T 


Before turning to the question of how one might try to solve all these 
coupled equations, we must have clearly in mind the minimum number of 
independent parameters—even assuming that the approximation (12-9) is 
adequate. In the preceding section it was explained that even if one assumes 
that there are no elementary particles with the quantum numbers of two 
pions, an S-wave subtraction constant still remains arbitrary. One might 
expect two such constants here because there are two different S states 
(T =0,2), but the crossing relations (12-2) provide a link. In particular, at 
the symmetry point, = s 2 = s 3 = 4/3, it is evident that A = B = C. One 
conventionally defines the pion-pion * ‘coupling constant’ ’ as the negative of 
the value of the amplitude at this point: 


X = -A(4/3, 4/3, 4/3) = -B(4/3, 4/3, 4/3) 
= -C(4/3, 4/3, 4/3) 


(12-13) 


Since for all channels the symmetry point corresponds to cos0 = 0, 
q 2 = -2/3, we have, from Eqs. (12-3), 


A T ~°(p = -2/3, cos 9 = 0) = -5A. 
A t = 1 (v = -2/3, cos 0 = 0) = 0 
A t “ 2 (i^ = -2/3, cos 9 = 0) = -2A. 


(12-14) 
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It is expected that at the symmetry point the amplitudes will be dominated 
by their S-wave components, so to a good approximation, 

A 0 T = V = -2/3)* -5A 

A 0 T=2 (i' = -2/3) a —2A (12_11 


and there is no difficulty in correcting for the higher-wave contributions. 
Thus if we choose = -2/3 in Eqs. (10-9) and (10-10) we see that a single 
real constant A should determine n-n scattering if there are no “hidden” 
independent particles. 

To recapitulate and at the same time describe the only systematic ap¬ 
proach yet devised for the solution of our equations let us imagine that the 
free parameter A is “turned on” adiabatically, starting from a value zero. 
For X = 0 there exists the consistent if trivial solution of the equations in 
which all functions vanish everywhere. Now suppose X is given a small 
value; the first-order effect seen in Eq. (10-9) is to produce constant S-wave 
amplitudes equal to —5X and — 2A, respectively, for T = 0 and T = 2 Ac¬ 
cording to Eqs. (12-10), (12-4'), and (12-9), the real part of the potential 
then assumes a value proportional to X 2 . 

Given the weak real potential V T one solves by iteration the dynamical 
equations (12-5) and (12-8) to obtain A 2 T , whose real part grows ~A 2 but 
whose imaginary part, p x (eD , grows only ~A 4 . Now we may use formula 
(12-11) to compute f 0 T , which is ~A 2 , noting that at this stage rj 0 T is still 
equal to unity, according to formula (12-12). Finally, going back to solve 
Eqs. (10-9) and (10-10) we see that the corrections to our first approxima¬ 
tion will nowhere be greater than order X 2 , so by sufficient repetition of the 
cycle for sufficiently small X convergence should be obtained. The com¬ 
plete amplitude may then be calculated from the formulas 


A t °’ 2 (s,t) =A 0 T -°,2(s) +jfdt' A 2 T (t',s)[-p^- 


+ 


1 

t' - 4 + s + t 






at -v., -i/d,' - F i 4 / Stt ) 


(12-16) 


This first solution for a small A may be used as a trial function to 
start the iteration procedure for a slightly larger value—and so on. If the 
increments in A are made sufficiently small it should be possible to con¬ 
tinue finding solutions at least until the asymptotic behavior of the amplitude 
changes in a fundamental way from the way it behaves with A small. Let us 
consider now this question of asymptotic behavior, which at the moment is 
one of the crucial problems of strong-interaction physics. 
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ASYMPTOTIC BEHAVIOR 
OF AMPLITUDES: 

THE PRINCIPLE OF 
MAXIMUM STRENGTH FOR 
STRONG INTERACTIONS 


To ease gently into the tricky subject of asymptotic behavior let us list 
the behavior when X is small of the various functions introduced in the pre¬ 
ceding section. We shall concern ourselves only with powers of s and t and 
systematically ignore possible logarithmic factors. It has been noted that 
the S-wave amplitudes are constants, so it follows that to order X 2 


Re V T (t,s) const. t—** 00 , s finite 


const. s —*- 00 , t finite 


(13-1) 


Evidently, from formula (12-8), the same statement may be made for 
Re V(t,s). Then from formulas (12-5) and (7-11) it may be deduced that 

p T (el) (s,t) const. t—*°°, s finite (13-2) 


In fact one may, from an examination of the function K and the upper 
limits of the integral in (12-5), conclude that if any power is assumed for 
the asymptotic behavior of S 2 T (t,s) as t—•- 00 , then the same power will 
control the corresponding asymptotic behavior of p T (el) (s,t). 

In contrast, if X T (t,s) °c const, as s — °°, then Eq. (12-5) tells us that 

p T (el) (s,t) 1/s s—^°°, t finite (13-3) 

This difference in the asymptotic behavior of p T (el) (s,t) with respect to its 
two arguments is of great importance. The behavior (13-2) means, for ex¬ 
ample, that even for X small we must make the subtraction in (12-4') in 
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order that the integral containing p T (eI) be defined. At the same time the 
behavior (13-3) guarantees a meaning for Eq. (12-8) as well as formula 
(12-12), without any subtractions. 

We cannot rest easy at this point, however, because experiment tells us 
emphatically that in nature the actual asymptotic behavior is not that de¬ 
scribed above. Remembering the optical theorem, 

A 3 t (s, 0) = (q s sV2/87r)(T tot T (s) (13-4) 

and the fact that experimental total cross sections seem to approach con¬ 
stants, we are forced to the conclusion from (12-6) and (12-7) that the T = 0 
crossed” absorptive part has a behavior 

V(t.0)oc t t— « (13 _ 5) 

The asymptotic behavior of the corresponding T = 1 and T = 2 functions 
may be less than t because of a cancellation between positive and negative 
elements of the matrix /3 XX '. In fact, if we accept the conjecture of Chap- 
ter^ll that charge-exchange cross sections approach zero at infinity, then 
°tot > °tot ’ an< ^ °tot approach the same limit and one sees from (12-7) 
that a cancellation actually will occur for X 2 ‘ and X 2 2 . However, nothing 
can reduce the behavior (13-5) for A 2 ° if the total cross sections approach 

constants, so the analysis made on the basis of small A is definitely inade¬ 
quate. 

A clue as to how the “crossed” absorptive part A 2 T (t,s) can develop an 
asymptotic behavior oc t «, « > 0, for large t and finite s, even when V x (t,s) 
is well behaved in this limit, has been given by Regge in an analysis of non- 
re ativistic potential scattering. 35 It will be recalled that in Chapter 7 we 
showed that if the s dependence of the generalized potential V x (t,s) in for¬ 
mula (12-8) is neglected and the factor (q s 2 + l)Vi replaced by unity in Eq. 

(12 5), these two equations are identical with the dynamical equations for 
nonrelativistic potential scattering. Since we are interested in the large t 
behavior of A 2 (t,s) for s near the threshold, it is plausible that Regge’s 
analysis, based on the Schrodinger equation, is relevant to the general prob- 
lem. What Regge showed was that f 2 (t,q 2 ), the analogue of X 2 T (t,s), behaves 
like t“ q as t-*« where the real part of a increases with increasing 
strength of the finite t components of an attractive potential, even though 
the potential goes to zero for large t. The power a varies with q 2 and is 
real for q < 0 but complex for q 2 positive. For negative q 2 , if a (q 2) = „ 

is a positive integer, then there is a bound state for 1 = a B , with a binding 
energy corresponding to q B 2 . On the other hand, if the real part of a is 
equal to a positive integer a R for some positive value q 2 = q R 2 , then we 
have a resonance at this energy for 1 = « R . (The width of the resonance is 
related to the imaginary part of a.) Increasing the strength of an attractive 
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potential evidently makes possible bound states and resonances in states of 
higher and higher angular momentum. Thus the asymptotic power a can be 
made arbitrarily large by making the long-range attractive forces suffi¬ 
ciently strong. 

It is plausible then that in the tt-tt problem 

A 2 T (t,s) cc t a T<s> (13-6) 

where a T depends on the strength of the generalized potential V T . It has 
been shown by Froissart 36 that such behavior is consistent with the dynami¬ 
cal equations (12-5) and (12-8) provided a T has an imaginary part for 
s > 4. Gribov has emphasized, on the basis of these same equations, that 
if a T is real, the asymptotic behavior must have an additional factor 
(In t)“ 6 , where ft > l. 37 If a T is complex, any power of lnt appears possi¬ 
ble. We shall continue the discussion, however, without considering loga¬ 
rithmic factors. There is no experimental evidence for them and they are 
absent in potential scattering, the source of most of our intuition about dy¬ 
namics. 

Combining the statements (13-5) and (13-6) we see that according to ex¬ 
periment, 


o;o(s = 0) = 1 (13-7) 

We may also remember from Chapter 11 the limitation (11-1) of Froissart, 
which states that 


a 0 (s = 0) ^ 1 (13-8) 

This circumstance, together with the assumption that the magnitude of 
reflects the strength of the potential Vy, has led Chew and Frautschi 11 to 
propose the following general principle for determining the magnitude of 
strong interactions: Forces between strongly interacting particles have the 
maximum strength consistent with the unitarity and analyticity of the S 
matrix . More specifically, it is suggested that if one insists in general 
scattering problems on the condition corresponding to Eq. (13-7), then di¬ 
mensionless parameters such as X, up to now regarded as arbitrary, will 
in fact be determined. 

A philosophical basis for the Chew-Frautschi principle can be expressed 
through the ancient notion of 4 Hack of sufficient reason.” The Landau-Cut - 
kosky rules for the location and strength of singularities of the S matrix in 
no way distinguish 44 elementary particles” from bound states or dynamical 
resonances. Furthermore, in all cases experimentally explored to date, 
where one can distinguish in the sense of Chapter 11 between the alternatives 
of a certain particle being 44 complex” or 44 elementary,” the decision has 
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gone in favor of the former. There appears, then, no good “reason” to in¬ 
voke the notion of elementary particle for strong interactions. Now without 
the elementary-particle concept to focus attention on particular singularities 
of the S matrix, the question immediately arises: Where does one begin the 
dynamical calculation? The answer is that it is only a matter of convenience; 
one may begin anywhere, taking an arbitrary singularity as a starting point 
and attempting to reach as much of the S matrix from this point as computa¬ 
tional ability allows. Generally speaking, of course, it is convenient to be¬ 
gin with the lowest-mass singularities. A second question is: What deter¬ 
mines the strength of the “starting” singularities? There is nothing special 
about these singularities, so it is plausible to appeal once more to the no¬ 
tion of “lack of sufficient reason.” Since the singularity strength is bounded 
by unitarity, it seems natural to postulate that strong interactions “saturate” 
the unitarity condition. There seems no reason for any other particular 
strength to occur. 
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PION-PION DYNAMICS 



Returning to the 7 T- 7 T problem we recall that the one free parameter X 
characterizes the magnitude of the low-energy S-wave amplitudes and thus 
through (12-9) the strength of the longest-range forces. Referring to for¬ 
mula (12-7) we see that for T = 0 these long-range forces are attractive 
(they give a positive V»p _ q), so one is in a position to make ol§ increase 
by increasing the magnitude of X . Estimates made by Chew, Mandelstam, 
and Noyes 38 show that X must be negative if appreciable forces are to re¬ 
sult, but it was also found that the S-wave part of A 3 * e ^ in (12-9) by itself 
cannot give sufficient attractive force to satisfy (13-7). It appears, how¬ 
ever, that the P-wave (T = 1) part of A 3 (el) -which also gives an attrac¬ 
tive although somewhat shorter-range contribution to V T = o —ma y su ^” 
ficiently strong to do the jobt if there is a resonance in this (J — 1, T — 1) 
state , 38 

A possible mechanism to solve the 7r-ir problem by the adiabatic ap¬ 
proach might then be the following: The parameter X is increased in the 
negative sense giving weak long-range attractive forces in all three states, 
according to (12-7). At some point the P amplitude may grow sufficiently 
to give a contribution to the forces comparable to that from the S states. 

If this happens, then henceforth there will be a “bootstrap” situation as the 
force due to P exchange increases to the magnitude necessary for (13-7). 
That is, the chief attractive part of V T=1 that makes the P wave large is 


+The question as to whether a particular contribution to the force acting 
in S states is attractive or repulsive is confused in the relativistic zero- 
spin problem by the necessity for an S-wave subtraction. In the discussion 
here we define “attraction” and “repulsion” with respect to the generalized 
potential V T , since a T is sensitive only to this quantity. However, if one 
is interested in the effect on the S wave in particular, caution is required in 


using these notions. 
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due to the T = 1, 1 = 1 part of A 3 (el) in formula (12-9). Note that this force, 
owing to exchange of P-wave pairs, is more attractive in V T=0 than in 
V T=1 and actually repulsive for V T=2 . It is reasonable then to expect that 
a 0 (O) > aq(0) > a 2 (0), the kind of situation anticipated above in the discussion 
following (13-5). That is, if we can reach the desired goal of (13-7) we may 
expect to find at the same time 

a l(°)> a 2 (0) < 1 (14-1) 

corresponding to 

^tot T = 0 <°°) = < 7 t0t T = 1 <°°) = < 7 tot T = 2 (°°) 

The reader may be concerned that if a P resonance is to be achieved we 
shall violate (14-1). It must be recalled, however, that a x (s) varies with s, 
so although a P resonance at s = s R implies that 

Re ai(s R ) = 1 (14-2) 

there is no conflict with (14-1) if a(s) is an increasing function; such is 
in fact the case for nonrelativistic scattering by an attractive potential. A 
second source of possible confusion is the observation that condition (13-7) 
seems to imply a zero-energy bound P state with T = 0. Because of the 
Bose statistics, however, there is no T = 0 P state. 

There exists the possibility, therefore, of a theory of w-n scattering 
that depends on the pion mass and nothing else. However, we have neglected 
short-range forces involving kaons and nucleons and until the dynamical 
equations actually are solved one does not know how to assess the role of 
such forces. The chief obstacle so far to the numerical solution of the equa¬ 
tions is associated with the imaginary part of the asymptotic power a T . An 
oscillatory behavior is implied that is essential, when Re n x (s) a 1, to 
give a meaning to various integrals [for example the integrals over ds/ and 
ds 2 ' in Eq. (12-4)], but which is difficult to handle numerically. Techniques 
to cope with asymptotic oscillations are being intensively studied at the 
present time. 

All our discussion of the tt-tt problem has tacitly assumed that we are 
dealing with “pure potential scattering” in the sense of Chapter 11. If un¬ 
stable elementary particles” exist with the quantum numbers of two pions, 
then corresponding poles must be inserted on the unphysical sheets for the 
appropriate partial waves. Each such particle brings with it two arbitrary 
real parameters corresponding to its mass and decay width. It goes with¬ 
out saying that the existence of such particles would undermine the princi¬ 
ple of ‘maximum strength.” Up to the present time fragmentary experi¬ 
mental information about the n-n system suggests two virtual states, one 
with J = 1, T = 1 and a mass -4.5m,, and one with J = 0, T = 0 and a mass 
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~2m 7r . 40 Both these states, however, appear to be dynamical resonances- 
i.e., to arise from zeros of the denominator function defined by Eq. (10 10). 
The former resonance we have discussed above as playing a central role in 
the dynamics; the role of the latter in generating forces is less important 
because of the small statistical weight associated with its quantum numbers, 
but there seems no reason for surprise that such a state should exist. A 
clear conclusion as to whether these two states are elementary or complex 
must, however, await a solution of the dynamical equations. 
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THE VERTEX FUNCTION 
OF ONE VARIABLE: PION 
E LE CTROMAGNETIC 
STRUCTURE AS AN 
EXAMPLE 


If we are completely to exclude weak and electromagnetic interactions 
from our considerations there would be no need to study the so-called ver¬ 
tex functions-which are associated with three-particle diagrams. These 
have entered our strictly strong-interaction approach only when all three 
par icles are on the mass shell-where one is dealing with a single number, 
not a function. If we want to take advantage, however, of the established 
va 1 lty of lowest-order perturbation theory with respect to the fine-struc- 
ure constant and the Fermi weak-interaction constant, in discussing cer¬ 
tain experiments involving photons or leptons as well as strong interactions, 
then we shall find it necessary to analyze three-particle vertices in cases 
where the mass of a lepton pair or a photon is considered a complex vari- 

Suppose, for example, that we want to describe the deviations from 
^ ou omb scattering of an electron by a charged pion, deviations due to the 
s ructure” of the pion associated with its strong interactions. That is to 
say, a real pion can emit virtual strongly interacting systems of appropriate 
quantum numbers that produce a charge distribution in its neighborhood. 

y electron elastic scattering of sufficiently large momentum transfer we 
should be able to probe the “structure” of this charge distribution and 
earn something about the strong interactions that produce it, if we assume 
that the electromagnetic aspects of the situation are completely understood. 
Xhe latter statement can be given a concrete meaning in terms of Fig 15-1 
which represents all diagrams in which a single photon is exchanged between 
e electron and the pion; multiple photon exchanges should be weaker in 
order of magnitude by a factor e 2 = 1/137. The single-photon part of the 
amplitude, ignoring electron and photon spin, f can be written 

1-Since the pion has zero spin, Fig. 15-1 involves only one invariant func¬ 
tion of t even when the electron and photon are correctly described. 
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FIG. 15-1. Diagram for electron-pion elastic scattering via a single 
virtual photon. 


F ir+ ir- 7 (t) S y (t) F e + e J(t) (I 5 " 1 ) 

just as for Fig. 3-2, where is the photon propagator and F^+ lr ->' and 
F e + e -f are vertex functions, all three depending on 

t = (pi - p 2 ) 2 = (ki - k 2 ) 2 = -2q 2 (l - cos 9) (15-2) 


if as usual q and cos 9 are the barycentric-system variables. What is 
meant when we say. we “understand” the purely electromagnetic aspects 
of the problem is the assumption that, to an accuracy of order e 2 , we have 

Si (t) = 1/t < 15-3 ) 

and 

F e + e -^(t) =e (15_4) 

There are of course known modifications of the photon propagator and the 
electron-photon vertex that play an important role in low-t electrodynami¬ 
cal experiments of high accuracy; however, these modifications, being of 
order e 2 , are much smaller than expected effects from the pion-photon 
vertex. 

It is not certain that (15-3) and (15-4) are correct for the large values 
of t in which we shall be interested, since these formulas have been tested 
only for relatively small t. A failure for large t is what is commonly re¬ 
ferred to as “a breakdown of quantum electrodynamics at short distances/ 
and a search for such a breakdown is an important objective in current 
electron accelerator research. No evidence has yet been developed, how- 
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ever that we cannot trust (15-3) and (15-4) to order e 2 for all t; therefore, 
we shall assume here that a measurement of electron-pion elastic scatter-’ 
ing is essentially a measurement of the pion-photon vertex function. 

The physical range of t in elastic scattering, according to (15-2), is 
t < 0. However, one can, in addition, measure electron-positron annihila¬ 
tion to produce a ir + iT pair, a process that according to the substitution law 
is also determined by (15-1). In this case the physical range is t > 4 We 
can in principle, then, measure F„ +1r ~(t) over the whole real axis except 
or the gap o < t < 4; so let us now see what predictions can be made about 
his vertex function, which is sometimes called the pion “form factor,” 

dens 6 t ClaSSiCally ^ W ° Uld be the Fourier transform of the pion charge 

The principles to be used can be applied to many other vertex problems, 
involving nucleons rather than pions and weak rather than electromagnetic 
probing interactions. Actually the nucleon-photon vertex is the one for 
which most data are available, but we shall see in the following chapter that 
to understand nucleon structure a prior understanding of pion structure is 
required. In addition there are the usual complications due to nucleon spin 
that tend to obscure the essential ideas involved. 

It can be shown by a study of the Landau rules 4 that a vertex function of 
one variable, except for a possible subtraction, satisfies the representation 


F(t) = 


1 

ir 



g(t') 
t'- t 


(15-5) 


where the real spectral function g(t) is nonvanishingf only for t equal to 
e square of the mass of a possible intermediate physical state having the 
quantum numbers of the single particle whose mass is the variable, as well 
as of the pair of particles on the other side of the vertex. The single ex- 
temal particle itself, however, is to be excluded from the spectrum. In our 
example we need to enumerate strongly interacting states having the quan¬ 
tum numbers of a photon as well as a n + iT pair. Even though an external 
photon is involved, we need not worry about photons in intermediate states, 
because these give contributions to our spectral function g(t) which are 
small (of order e 2 ). 

Using charge independence and charge-conjugation symmetry, as well as 
other well-known conservation laws, we conclude that for the pion form fac¬ 
tor states must have T = 1, T 3 = 0, J = 1, be odd under both space reflec- 
lon and charge conjugation, and of course have zero strangeness and zero 
baryon number. The lightest such state is the P-wave pion pair, then we 


i ^ , Ca f e of the Mandelstam representation, there may be anoma- 

° US f ij S ^°/ S ^ or certa ja mass ratios. (See, for example, Karplus, Som- 
merfield, and Wichmann. 42 ) We shall not consider such cases here. 
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jump to 4,6,8,..., pions, KK pairs, etc. It follows that the lower limit of inte¬ 
gration in (15-5) is at t'= 4 and that F ff (t) is real for t< 4. For t> 4, we have 

Im F„(t) = g,(t) (15_6) 

so if we remember that F^(t) is proportional to and has the same phase as 
the matrix element 

(f + (P2)> lT|y(P2 ~ Pi)) 

where the fictitious initial state consists of a photon with mass (t) V2 , and 
also remember the unitarity condition (4-2), then we see 

g_(t) = (real const.) x £(m |t| ir + (p 2 ), ?r“(-Pi)}* 

x (m|T|y(p 2 - Pi)) (15-7) 

For 4 < t < 16, only the 27T intermediate state contributes, and we have 

g w (t) = (real const.) x A^tJF^t) for 4 < t < 16 (15-8) 

where Aj 1 is the T = 1, 1 = 1, partial-wave tt-tt amplitude introduced 
earlier [but considered here as a function of t = 4(v + 1), which is a more 
convenient variable]. Now g T (t) is supposed to be real, so according to 
(15-8) the vertex function F u (t) must have the same phase as the P-wave 
amplitude along the real axis for 4 < t < 16; and to the extent that we do 
not expect inelastic ir-ir scattering to compete seriously for t < 40, t the 
simple phase condition should be approximately correct over the wider in¬ 
terval. 

More precisely, consider the function 

G(t) = F^tJDjWeDj^O) ( 15 “ 9 ) 

Remembering that D^t) has the phase -ai 1 we see that G(t) is analytic 
in the entire complex t plane except for a cut running along the real axis 
from 16 to w . Furthermore G(0) = 1, since gauge invariance guarantees 
F^(0) = e, and although the asymptotic behavior of F„(t) is not yet under¬ 
stood it seems likely that this function is bounded. Thus if 7T-7T scattering 
is of the “potential” type, so that t^D^t) approaches zero as t goes to 


+ Experience with tt-N scattering suggests that, until each of the pro 
duced pions can have a momentum in the barycentric system of order m*, 
phase-space factors will hold the inelastic cross section to a small frac 
tion of the elastic. 
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infinity, we may write down a dispersion relation for G(t) with a single sub- 
traction: 


16 


(15-10) 


The conjecture that inelastic tt-w scattering is small for t < 40 means 
that Im G(t) is expected to be small for 16 < t < 40, so we may approxi¬ 
mate (15-10) by 

G(t) ~ 1 + t/S in (15-11) 


where £ in is the real constant whose sign is unknown but which in magni¬ 
tude is expected to be greater than, or about, 40. In their calculation of the 
pion factor Frazer and Fulco 43 neglected four-pion and higher states com¬ 
pletely and put G(t) = 1, but although we have no way yet of calculating £ ln 
it is well to remember that such a correction for multi-pi on states exists. 
Our final result for the form factor is then 


F*(t) * [eD 1 1 (0)/D 1 1 (t)](l + t/£ in ) ( 15 _ 12) 

It is evident from (10-1) and (15-12) that if the P-wave w-w phase shift 
is small for 0 < v £ 10 (or 4 < t < 40), then the pion-charge structure fac¬ 
tor differs very little from e over a corresponding range of t along both 
positive and negative axes. In other words, the pion behaves almost as a 
point charge for electron scattering, and the cross section for w + -tt~ pro¬ 
duction in e“-e + annihilation is “normal.” Suppose, on the other hand, that 
there is a reasonably sharp dynamical resonance at t =t R , that is to say, 
the real part of the denominator function vanishes at t R , with a nearly linear 
dependence extending down to t = of (see Fig. 15-2). Such a behavior is 
typical of resonances due to attractive “forces” inside a centrifugal bar¬ 
rier. At the same time, of course, the imaginary part of Dj 1 does not van¬ 
ish. According to (10-6) and (10-9), we may expect a behavior 

Im Dj 1 = ~[v 3 /{v + l)]^2r(t) 

where T(t) is a slowly varying function if the important contributions from 
the left-hand cut in (10-9) are not too close. Thus, we have the rough for- 
mula 



_tr_ 

tr - t - ir[v*/(v + l)]V2 0(t - 4) 


(15-13) 


tThere is of course a branch point at t =4, but it produces a discontinu¬ 
ity only in second and higher derivatives of Re D^t). 
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FIG. 15-2. Typical behavior of the real part of thq denominator func¬ 
tion for a dynamical resonance. 


which can be used for |t| < t r , |t| « £ in . 

In the electron-scattering region, t < 0, we see that the cross section is 
simply reduced by a smooth factor 


t r + 2q 2 (l - cos0)_ 


(15-14) 


Comparing what we would get from a classical extended charge p(r), 

F,, = /dr exp[i(q! - q 2 ) • r]p(r) 

~ e[l - (7/6)( qi - q 2 ) 2 + -•] (15-15) 


we see that the “mean-square radius ’ 9 of the pion is related to the reso¬ 
nance energy by 


r 2 /6 « l/t r (15-16) 

A completely different kind of effect would be observed in the cross sec¬ 
tion for e + •+• e~ —*■ 7 r + + 7 r~. There the “normal” cross section is multi¬ 
plied by a resonance factor 


t 

4 


(t r -1) 2 + r 2 [^ 3 /(i^ +1)] 


(15-17) 


I 
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that greatly enhances the reaction for t near t r . Notice that for a fixed po¬ 
sition of the resonance, t r , the net enhancement becomes greater as the 
width of the resonance decreases because the maximum value of (15-17) 
varies inversely as the square of the width r. 













THE PION-NUCLEON 
INTERACTION 


Although more complicated than tt-tt scattering from a theoretical point 
of view there exists far more experimental information about the interac¬ 
tion of pions with nucleons. Let us then consider the general diagram of the 
type of Fig. 3-1, using the notation of Chapter 5, where there were introduced 
four invariant amplitudes A 0 ’ 1 and B 0?1 satisfying the Mandelstam repre¬ 
sentation. All three channels are interesting, but we start off the discussion 
by considering the direct and exchange ‘‘forces ” acting in Channel HI 
( 7 rN -*■ 7 rN) due to Channels II and I. Channel I is related to Channel HI by 
crossing symmetry, but Channel II (7r7r ~^ NN) is completely different and 
will require separate treatment. 

The direct and exchange forces acting between a pion and a nucleon are 
not at all similar, as emphasized already in Chapter 8. The long-range di¬ 
rect forces coming from Channel II are due to the exchange of two pions, and 
formulas for the corresponding part of the generalized direct potential have 
been worked out by Singh and Udgaonkar. 44 Because of the spin complica¬ 
tion these formulas are too lengthy to reproduce here, but they express the 
absorptive part for Channel II as an integral over the double-spectral func¬ 
tions given by the Cutkosky graphs of Fig. 16-1, with a single subtraction 
corresponding to the J = 0 component. In order to calculate the double- 
spectral functions of Fig. 16-1 it is seen that one needs the analytic contin¬ 
uation of both 7 T- 7 T and 7 T-N scattering absorptive parts. A partial ‘‘boot¬ 
strap’ ’ mechanism is thus in operation. The computation of the J = 0 par¬ 
tial wave in Channel II presents a special problem that will be dealt with 
presently. Although a satisfactory calculation of these long-range direct 
7 T-N forces must await a solution of the asymptotic oscillation problem men¬ 
tioned in Chapter 14, a number of rough estimates have been based on existing 
empirical knowledge about physical tt-tt and 7T-N absorptive parts. 45 A slightly 
surprising result is that in the low-energy elastic region the direct forces 
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are relatively weak compared to the exchange forces still to be discussed. 

At high energies, however, the direct forces are sure to play a major role. 

The longest-range part of the generalized exchange potential comes from 
the single-nucleon contribution to the absorptive part of Channel I as shown 
in Fig. 16-2(a), and is completely determined by the pion-nucleon coupling 
constant g r . Actually the graph of Fig. 16-2(a) gives, at low energies, both 
a short-range and a long-range force because of the large difference in 
mass between the pion and the nucleon, which spoils the simple connection 
between force range and mass. This connection has its origin in the uncer¬ 
tainty principle and, as discussed in the introduction, if Fig. 16-2 (a) is in¬ 
terpreted as a nucleon being exchanged from left to right, then the violation 
of energy conservation (or the reciprocal force range) turns out near thresh¬ 
old to be about MVz. On the other hand, if we say that an antinucleon goes 
from right to left, then the range is much shorter, about l/2M.f It develops 
that the long-range part is very weak in S states of the ir-N system but 
strong in P states. The short-range part is important mainly for S states 
but is repulsive, so it does not produce large phase shifts at low energy.* 6 

The long-range part of the low-energy single-nucleon exchange force is 
contained-more or less correctly-in the static model of the pion-nucleon 
interaction studied in 1955 by Chew and Low. 6 This model was therefore 
able to make successful predictions about low-energy P-wave phase shifts. 
At the conclusion of this chapter we shall show how the modern approach 
can be used to derive the Chew-Low formula for the phase shift in the state 
with J = 3/2 and T = 3/2, where a strong attraction as shown in Fig. 16-2(a) 
makes possible a dynamical resonance. The corresponding forces in the 
other P states turn out to be repulsive. 

fAt very high energy this anomaly disappears and the range uniformly 
has the “normal” magnitude 1/M. 
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The next-longest-range generalized exchange potential is given by an 
integral over the double-spectral functions associated with the graphs of 
Fig. 16-2(b,c,d), with a subtraction of the J = 1/2 portion of the Channel I 
elastic absorptive part. The formulas here have been derived by Singh and 
Udgaonkar 44 and involve not only the_absorptive parts for 7T-7T and 7T-N 
scattering but also that for tt.tt —NN. Estimates of these exchange forces 
have shown them to be less important than single-nucleon exchange at low 
energies; at high energy their range is reduced to £(M + l)"* 1 , so they can¬ 
not play a major role. I 

It was noted above that a special treatment of the J = 0 partial wave in 
Channel II is required. In the following chapter, when we discuss 






FIG. 16-2. Cutkosky graphs for the one- and two-particle exchange 
forces acting between a pion and a nucleon. 
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nucleon electromagnetic structure, the J = 1 partial waves also will be 
needed. Let us consider, therefore, the general problem of a partial wave 
in Channel H. Following Frazer and Fulco 47 we introduce the barycentric- 
system variables q 2 , p 2 and cos 0 2 , where q 2 is the magnitude of a pion 

momentum and p 2 that of a nucleon, while 0 2 is the production angle We 
find 


S 1 = -P 2 2 - q2 2 - 2p 2 q 2 COS e 2 
s 2 = 4(q 2 2 + 1) = 4(p 2 2 + M 2 ) 
s 3 = -P2 2 - q2 2 + 2p 2 q 2 cos 0 2 


Next we define 


+ 1 

[A 1 II,T (s 2 ); Bj 11 ’^)] = 1/2 ^ d cos0 2 P 1 (cos0 2 ) 


(16-1) 


x [A t (s 2 , cos 0 2 ); B t (s 2 , cos 0 2 )] 


(16-2) 

realizing that the index 1 here is not the orbital angular momentum We 
know from crossing symmetry that A 0 and B 1 are even functions of cos0 2 
and A and B are odd functions, so that A] 11 ’ 0 and Bj 11 - 1 vanish for odd 
1 and Aj > and Bj 11 ? 0 vanish for even 1. It is also easy to show that near 
one of the two thresholds, q 2 = 0 and p 2 = 0, a partial amplitude behaves 
like q 2 , p 2 x . 

Frazer and Fulco then introduce helicity amplitudes, f ± J(s 2 ), for well- 
defined angular momentum J. The subscript (+) indicates that both nucleon 
and antinucleon have the same helicity, while (-) indicates opposite helici- 
ties. Using the technique of Jacob and Wick 48 they find, for each T, 


f + J = — J- p 'L a 11 + M _ 

4lr 1 (P 2 q 2 ) J J (2J + l)(p 2 q 2 ) J_ 1 
x [(J + l)Bj 7 +1 +JB) I _ 1 ]l (16-3) 


f J = J. [J(J + 1)1 V2 1 m n 

477 2J + 1 W 1 J_1 


Bf + i) 


(16-4) 


and show that these helicity amplitudes are analytic functions of s 2 , with a 
cut associated with Channel II running from 4 to °° along the positive real 
axis, and coincident cuts due to Channels I and III running from s 2 L = 4 - 
1/M to Note that near the point p 2 = 0 the function f + ° behaves like 
P 2 , and that there is no function f_°. 
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Problem: Show that a fixed value of s 3 ' in the spectrum of Chan¬ 
nel III gives rise to a cut in the helicity amplitude running from 


[4M 2 - (s 3 ' - M 2 - 1) 2 ]/s 3 ' to -«> 


The discontinuity across the left-hand cut has two parts, one from the 
poles starting at s 2 ^ and one from the continuous 7T-N spectra starting at 
s 2 = 0. Frazer and Fulco give explicit formulas for this discontinuity in 
terms of g r 2 , A 3 T , and B 3 T , the absorptive parts of the pion-nucleon elas¬ 
tic-scattering amplitude. We shall not write down these formulas because 
of their complexity; they have basically the same structure as (9-8), except 
for the additional term proportional to g r 2 that controls the left-hand cut 
for 0 < s 2 < s 2 l . 

Next Frazer and Fulco consider the right-hand cut and show that for 
4 < s 2 < 16 unitarity requires the helicity amplitudes to have the same 
phase as the 7 T- 7 T amplitude in the corresponding state (same J and T). 

The derivation of this result parallels the discussion of the preceding chap¬ 
ter. The next step is to argue, as before, that if we are concerned only 
with |s 2 | ^ 40, we may use the simple phase condition for the entire right- 
hand cut; the helicity amplitudes may then be explicitly written down in 
terms of the discontinuity over the left-hand cut and the appropriate n-n 
denominator function. For example, if we assume no J = 0 elementary par¬ 
ticles with the quantum numbers of Channel II, then 


T 



(16-5) 


We see by inspection that this formula makes the helicity amplitude an 
analytic function with the two desired cuts, and at the same time assigns 
the correct phase on the right-hand cut and the correct discontinuity across 
the left-hand cut. The problem is therefore solved for J = 0 once the 
analytic continuations of the absorptive parts for Channels I and HI are 
known. The higher J amplitudes should not require this special treatment, 
but in some cases it may be convenient. 

Let us now take at least a brief look at some of the complications arising 
in a study of the Channel I and Channel III partial-wave amplitudes. Be¬ 
cause of crossing symmetry it suffices to study Channel III, where we intro¬ 
duce the usual barycentric-system variables, q 3 and cos 0 3 : 


, [s, - (M + l) 2 ] [S 3 - (M - l) 2 ] 

1 4s 3 


s 3 = — 2q 3 2 (l — cos0) 
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Si 


= 1 - cos 63 (M 2 - l) 2 _ 1 + cos 6 3 


S3 


(s 3 - 2M 2 - 2) (16-6) 


These formulas already suggest the woe in store for us as a result of the 
unequal masses of pion and nucleon. Next we define A 1 III (s 3 ) and B 2 ln (s 3 ) 
in the usual way and relate these quantities to amplitudes for well-defined 
J and parity. The conventional notation here is to write f 1± ln , where 1 is 
the orbital angular momentum and (±) refers to J = 1 ± 1/2. In the physical 
region we have 


f l± IH = e l5l± sin dji/qjj (16-7) 

Henceforth we shall drop the superscript m. The relation between Aj, Bj, 
and f 2 ± turns out to be 25 


fl±W = At7{(E+M)[A 1 + (W 


x[-A 1±1 + (W + M)B 1±1 ]} (16-8) 

where W = (s 3 )^2 and 

E = (q 3 2 + M 2 )V 2 = (w 2 + M 2 - 1)/2W (16-9) 

Examination of (16-8) shows that f 1± , as a function of s 3 , has a “kinemati- 
cal” branch point at the origin but that as a function of W all the singu¬ 
larities are of the usual “dynamical” type—that is, they arise from the 
vanishing of denominators in the original Mandelstam representation. 
McDowell 25 emphasized that an interesting reflection property exists in the 
W plane—which encompasses two sheets of the usual s 3 plane. We see 
from (16-9) that we have 


f 1+ (-W) =-f (1 + 1) _(W) (16-10) 

so if we work in the full W plane, the two amplitudes for the same J may 
be considered as a single analytic function in different halves of the plane. 
In view of this circumstance and for certain other reasons associated with 
the peculiarities of the kinematical relations (16-6) and too complicated to 
discuss here, Frazer and Fulco 34 introduce 


hj(W) = 


W 

E + M 


fl + (W) 




21 


(16-11) 


as the most convenient analytic function. For W real and greater than 
M + 1 this function is related to the phase shift for total angular momentum 
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J and orbital angular momentum 1 = J - 1/2, while for W real and less 
than — (M + 1) we are dealing with the phase shift for the same J but 
1 = J + 1/2. 

The singularities of hi(W) are very complicated. First there are the 
two physical cuts, running from M + 1 to +°° and from -(M + 1) to -°°, 
both on the real axis. For J = 1/2 and T = 1/2, there is also the nucleon 
pole in h 0 on the left half-plane at W = -M. These are all the singulari 
ties arising from Channel m. The original pole in Channel I (also it + N 
7 r + N) leads to short branch cuts, on the positive real axis for M — 1/M — 

W £ (M 2 + 2 )V 2 and on a corresponding range of the negative real axis. 

These cuts are so short that they are well approximated by poles. A second 
branch cut arising from the original Channel I pole runs along the entire 
length of imaginary axis. It has already been explained why the original 
nucleon pole leads in this way to both a long-range and a short-range force. 
The continuum singularities of Channel I, starting with the one-pion one- 
nucleon contributions, similarly lead to two cuts, and for the same reason. 
The “nearby” cuts run from (M — 1) and —(M — 1) to the origin, while the 
far cuts again run along the imaginary axis. 

The intermediate states of Channel II turn out to produce a complicated 
cut in the W plane for the Channel III partial-wave amplitudes, partly on 
the imaginary W axis but also in part following a circle of radius M with 
center at the origin. The ends of this cut come close to the physical regions 
and correspond to the long-range direct forces due to 2tt exchange. 

Formulas for the discontinuities across all the various cuts have^been 
worked out in terms of absorptive parts for appropriate channels, > and 
an extensive investigation of just how much can be understood about the ob¬ 
served phase shifts in terms of nearby and already calculable singularities 

has been undertaken by Frautschi and Walecka as well as others. > As 

mentioned already, the qualitative success of the static model has been to a 
certain extent understood. It has been shown, for example, that the ir-jr cut 
has only a weak effect in the I = 3/2, J = 3/2 state, as does the nearby part 
of the crossed 7 T-N continuum cut, so the dominant nearby singularity in 
this state is the short cut, near W = M, which can be approximated by a pole 
of residue ~g r 2 . Replacing all other singularities by a distant pole and pro¬ 
ceeding as in our derivation of the n-p effective range formula in Chapter 
10 then leads to the Chew-Low formula for 633, 6 


4 f2 < 13 3 
3 W - M 


cot 633 


W R - W 
W R - M 


(16-12) 


where f 2 = (l/4M 2 )g 2 ~ 0.08 and W R is the energy of the 3/2, 3/2 reso¬ 
nance. The value of W R is related to the strength of the distant phenomeno¬ 
logical pole and cannot be predicted until we have better calculational meth¬ 
ods. However the width of the resonance is correctly predicted in terms of 
f 2 , showing that the nucleon and the 3,3 resonance are not both elementary 
particles. 


"PuJuc- P/t 



- 










ELECTROMAGNETIC 
STRUCTURE OF 
THE NUCLEON 


The basic methods of the S-matrix approach to strong interaction theory 
have now been outlined and several examples discussed. We conclude these 

“ eXample ° f unusual im P°rtance from a practical standpoint. 
This is the problem of the nucleon-photon vertex, or in more familiar lan¬ 
guage, the electromagnetic structure of the nucleon. Recalling the consid¬ 
erations of Chapter 15, we realize that the nucleon-photon vertex function 
can be experimentally measured in the range t < 0 by electron-nucleon 
elastic scattering and for t > 4M 2 « 180 by N + N ► e + + e “. The latter 
range is very high from the point of view of our approach; however, the cut 
in the photon nucleon vertex function does not begin at 4M 2 but rather at 
4 the two-pion threshold. By the usual arguments, we should expect that 
the discontinuity across the cut for 4 < t < 40 should dominate the behavior 
o the function for |t| £ 40; thus it is reasonable to try to understand elec- 
tr on-nucleon scattering up to a few Bev electron energy (lab) in terms of 

two- and three-pion contributions to the spectral function of the photon- 
nucleon vertex. 

Actually four invariant functions are involved in the photon-nucleon ver¬ 
tex, because of the nucleon spin and charge degrees of freedom. Using the 
same kind of notation as in (5-1), we would write 49 


U P 2 ( 1 y ' e I G l S (t) + TsGj^t)] + y • € y ■ (p, - p 2 )[G 2 s (t) 


T 3 G 2 v (t)]}u 


Pi 


(17-1) 


where e is the photon polarization vector and where the superscripts S 
and V refer to the isotopic scalar and vector parts of the electromagnetic 
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interaction.t The vertex functions G(t) are related at t 0 
nucleon charges and anomalous magnetic moments: 

to the static 

Gj s (0) =G! V (0) = e/2 

(17-2a) 

G 2 S (0) = (pp + Mn)/ 2 = -0.06(e/2M) 

(17-2b) 

G 2 v ( 0) = (pip - pn)/ 2 = l-83(e/2M) 

(17-2c) 


Each of the four functions G(t) has a spectral representation of the■ *1* 
(15-5) with the associated spectral functions given by a formula of the type 
15-7), except that the tZ-tT state is replaced by an N-N state, with 
for the isotopic scalar functions and T = 1 for the vector functions. The 
other quantum numbers are the same as for the pion photon vertex^ 

It then turns out 50 that only even-pion intermediate states contribute to 
,he vector par. of nuc.eon electromagnetic structure and only odd- 

pion states to the scalar part. Considering first the vector part, let 

calculate the spectral functions in the range 4 < * < 16 w e ^ e L e x 
contribute. Evidently the result is a product of the pion-photon vert ^ 
function F„(t) and the amplitudes for tt + tt — N + N in the T , 
state In the preceding chapter we saw that there are two such functi , 
wMch may be chosen to be the helicity amplitudes f^t). Frazer and Fulco 

found the result 


ft/4 - d 3/ 2 m r__t_ j f i m l 

gl V(t) = —F„(t)-^- M 2 _ (t/4) U 2 V 2 M f - (t) 1+ 

ft/4 - 1)% 1 [ M j I 

g2 v (t) = F w ct) —&— f - (t) f+ (t) J 


t 

(17-3) 


- 40 if four-pion states behave as we 


which may plausibly be used up to t' 

PXD6ct 

A priori we do not know how important in the spectral function is the 
region above that where the 2 tt state dominates. Experimentally, however, 
the measured slope of the functions G(t) at t = 0 gives us the mean value 
of 1/t in the weight function g(t)/t. 51 Specifically, if no subtraction is nec¬ 
essary, so that we write 


(t') 


o, v «-i/ dt 'vn: 


(17-4) 


-+ Assuming “minimal” electromagnetic interactions, a photon can be 

thought of as carrying either isotopic spin 0 (scalar) or isotopm spin 
(vector), but nothing more complicated. This follows from the fact t 
electric charge and the z component of isotopic spin are linearly related. 
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then we have 


l) v 

t j 


= [(d/dt)G, v (t)] f=n 
Gj v (0) 


(17-5) 


T r h !Zr substantial theoretical reasons for expecting no subtraction in 
X £> WG u ater ° nes for G i S ’ V (t)- ^ any case, it is found experimen- 


- ' - w ^ cLLiy case, 11 is l< 

tally that, with (17-5) as a definition of (1/t) we have 


(l/t) av 




(1/t) 


av,2 


V ~ 


1/16 


(17-6) 


This circumstance suggests a dominant role for the 2ir state 

Frazer and Fulco 43 proceeded to calculate G t 2 v (t) on the basis of 
(17 4) and (17 3), with various assumptions for the P-wave tt-tt phase 
shift which controls f^t) through the analogue of Eq. (16-5) as well as 

l:% L h ““f h ??• < 15 ‘ 1 f >■ T tey as had earlier been emphasised by 

Drell, that with a small P-phase shift, the value of G 2 V (0) (the vector 
anomalous moment) is too small by a factor of about five unless large con¬ 
tributions to (17-4) come from the unknown region t' > 40. In such a case 
however, the experimental result (17-6) is puzzling. In order to achieve ’ 
i e razer and Fulco had to assume a resonance in the tt-tt P wave at 
t r » 16, which greatly enhances this part of the spectrum.t The mechanism 
Of enhancement is quickly seen by reference to (17-3) and the J = 1 ana- 
logue of (16-5) from which follows g 2 v (t) ~ |F*(t)| 2 , so the spectral functions 
have the behavior (15-17) m the neighborhood of the resonance. The average 

!irl de r dS ° n the Width parameter r; to achieve the experimental 
result (17-2b) it appears that a width r * 0.4 is required. 

Thus, the large nucleon anomalous magnetic moment together with the 
large radius of this moment [<l/t) av = (l/6)r 2 ] suggests a dynamical reso¬ 
nance in the P state of the tt-tt system, and in Chapter 14 we pointed out 
that such a resonance can come about through a “bootstrap” attractive 
orce Of course, if the resonance exists there must be other experimental 
manifestations; the cleanest suggested so far is the enhancement by the fac¬ 
tor (15-17) of pion-pair production in electron-position annihilation. In 
general one would expect enhancement of this kind whenever pion pairs are 
pr uced, but usually there are other strongly interacting particles simul¬ 
taneously present which confuse the situation. The other general manifesta- 
lon is the enhancement of the unphysical singularities in various amplitudes 
due to pion pairs. The subject of this chapter, the nucleon-photon vertex, is 
a typical example and we remark now on the consequence of a P-wave tt-tt 
resonance for G^t), the isovector charge-vertex function, which is pro- 


experimental' cvm^T’ LuH< ? haVe observed that a good fit to the 
perimental G 2 (t) implies a negative contribution of -20 per cent from 

large values of t' in (17-4). They then estimate t r » 22 « 
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foundly affected together with the magnetic-moment vertex from which the 

existence of the resonance was inferred. 

If we accept (17-4) for G t v (t) without a subtraction, then the expert- 
mental near equality of the vector charge and magnetic-moment radii of the 
nucleon is immediately a consequence of a reasonably sharp tt-tt resonance. 
That is, both gj v (t) and g 2 v (t) are proportional to |F„(t)| , so that the aver 
age value of l/t should be ~l/t r for both. One may ask if (17-2a) is con¬ 
sistent with no subtractions in G^t); a tentatively affirmative answer has 
been given by Frazer and Fulco, 43 considering_the uncertainty in certain 
aspects of our knowledge of the tt + ir —* N + N helicity amplitudes f± (t). 

We have in the equality of isovector charge and magnetic radii, therefore, 
some confirmation of the resonance hypothesis. 

We conclude with a brief mention of G I)2 s (t), the isotopic scalar part 
of the nucleon-photon vertex. Experimentally G 2 s (t) is very small over the 
entire range of t studied, while G t s (t) * G t v (t). The latter circumstance 
means a low average value of t in gl s (t) and, with no subtractions, sug¬ 
gests a low-energy resonance or perhaps even a bound state for the three 
pion system with quantum numbers J = 1, I = 0, and odd parity. That such 
a state may feel an unusually strong total attraction follows from the fact 
that all three pairs are in the I = 1 configuration, 53 where we have conjec¬ 
tured a strong attractive force. However a quantitative calculation obviously 
must await a development of techniques for handling the three-body prob 
lem. That the scalar charge radius is so close to the vector charge radius 
appears a coincidence from the present point of view. If it is not a coinci¬ 
dence, then the approach described in these lectures is deficient in some 
very basic respect. 
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SUMMARY 
AND CONCLUSION 


An at tem pt has been made in these lectures to make plausible that the 
analytically continued and “saturated” S matrix, with the established sym¬ 
metries, contains all of strong-interaction physics. In this extreme view 
the elementary-particle concept is absent, and there are no arbitrary di- 
mensionless parameters and probably only one dimensional constant to es¬ 
tablish the scale of masses. In performing calculations to test the theory 
one starts with any singularity of the S matrix and attempts to find what 
o er singularities must be present to achieve consistency with analyticity 
and a saturated” unitarity condition. In principle, all other singularities, 
and thus the entire S matrix, should be determined, but in practice it is 
on y the immediate neighborhood of the given singularity that can be handled 
with any accuracy. The equations to be solved are nonlinear and the num- 
er of degrees of freedom increases rapidly the farther one goes. There- 
fore the verification of the theory may be described as an operation of in¬ 
filtration: One starts at a number of different points and works outward 

from each to see if the S matrix connects properly from one region to the 
nexx. ^ 

Most of the examples of such calculations described in these lectures 
haw centered about the least massive strongly interacting system, the pion. 

he nearest singularities here correspond to two-pion states and the re¬ 
gion of the S matrix under study is that which is controlled-in the classical 
sense by long- and intermediate-range forces, owing to exchange of one 
or two pions. The simplest example considered was the attempt to under¬ 
stand the existence of certain unstable particles, with the quantum numbers 
of a pion pair, given only a knowledge of the existence and mass of the pion. 
These partmlos were described as two-pion “dynamical resonances” pro- 
uced by an attractive force arising from two-pion exchange. It should be 
realized, however, that this description was merely a convenient way of 
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characterizing the approximation employed. The pion need not be thought 

of as more fundamental than these unstable particles. _ 

Now suppose that there is qualitative but not quantitative success in this 
first attempt. That is, the equations of Chapters 12 and 13 lead to a correct 
prediction of the states that should have resonances and the positions and 
widths that are not wrong by more than, say, a factor two. We should feel 
encouraged about the basic approach and blame the errors on short range 
forces, but could not proceed with confidence to the next singularity because 
the errors by then would be intolerable. At this point, however, we can use 
experimental evidence about the resonances as a fresh and accurate start 
ing point that is much closer to our next goal than the lir state where we 
started originally. Such a technique evidently can be used over and over 
again and in fact it already has been much used in connection with tt-N and 
N-N scattering as well as with nucleon electromagnetic structure. 

I do not think that this approach by infiltration can be criticized on phil¬ 
osophical grounds because (1) no part of the strong-interaction S matrix is 
supposed to be more fundamental than any other, and (2) confrontation of 
theory with experiment always has and always will involve approximation 
and be limited to the simplest situations. A theory is deemed successful 
not when it has passed all possible tests (which never happens), but when it 
has passed an “impressive” number and failed none. This remark leads 
me to the final question: How much of strong-interaction physics is it re- 
sonable to expect the analytically continued and “saturated” S matrix to 
predict in practice? 

My guess is that with fast computers we shall eventually be able to handle 
three-body as well as two-body problems, but nothing more complicated. On 
the basis of the pion mass, therefore, one may hope to understand any 3 tt 
resonances as well as the 2 n states mentioned above. Given the nucleon 
mass, the pion-nucleon coupling constant should be calculable as well as 
the (3/2, 3/2) resonance position. It ought to be possible to understand the 
entire nucleon-nucleon low-energy situation, except possibly for the hard 
core. High-energy ir- 7 r, ir-N, and N-N total and elastic cross sections 
should be predictable, as well as the gross features of inelastic processes. 

It goes without saying that in the picture presented here, the existence 
of eight stable baryons and seven stable mesons is to be regarded as a dy 
namical accident, although one that seems not particularly improbable. 
Given the pion mass as the smallest dimensional quantity, one does not ex¬ 
pect the spacing of levels for a given simple set of quantum numbers to be 
much smaller than this unit, but if it is larger the upper level will decay 
by pion emission. Thus the existence of any stable excited states for a 
particular simple set of quantum numbers is unlikely, but by chance an ex¬ 
cited level might occasionally occur. The ir, N, K, A, and a are all ground 
states in this sense, the 2 the only stable excited state. 

I expect that, given the K as well as the it and N masses, one will 
eventually be able to predict the masses and quantum numbers of the A, 2, 




7^oi/ui##ia£lcaZ P/ti 









94 


S-MATRIX THEORY OF STRONG IN 


TERACTIONS 


and E and most of the interactions of these particles. The really difficult 
and perhaps impossible task will be the calculation of one of the three 
m *- m N> m K , from the other two. In principle, only one mass 
should be independent, but it may be beyond human powers to check this 
point. If, on the other hand, a reasonable number of particles now regarded 

mJhth a ? SUCCessfully “explained” through the S matrix, then one 

might be willing to give the theory the benefit of the doubt. 
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APPENDIX 


Forward-Direction Elastic-Scattering Dispersion Relations: 
The Pomeranchuk Theorem 


A very special but practically important example of a one-dimensional 
dispersion relation occurs when the momentum transfer for elastic scatter¬ 
ing channels is fixed at the value zero. For an amplitude such as that o 
Fig. A-l, for instance, if we set s 2 = 0 we are considering forward-direc¬ 
tion scattering for both Channel I and Channel III. hi this situation the uni- 
tarity relation (4-3) in the physical region for Channel HI reduces to the 
“optical theorem”! 


A 3 (s 1 ,0,s 3 ) = 3^-a 3 tot (s 3 ) s 3 > (m + M) 2 (A-l) 


87T 


with a corresponding formula for A t . The relation (3 7b) then becomes 

(M+ m) 2 •> 9 rs 

1 f , .r Aiis'.O^M 2 + 2m 2 - s') 
A(Si,0,s 3 ) = const. + - J ds [ s'-si 


A, (2M 2 +2m 2 - s'.O.s') ! 
+ s'-s 3 J 

CO 

+ f ds'q'(s ') 1/2 

87 r J 


(M+ m)2 


ai to V) ^(sQ 


_s' - Si s' - S 3 J 


(A-2) 


+ If spin is present, we are speaking of the non-spin flip forward ampli¬ 
tude. For the 7 T-N amplitudes of Chapter 5 this is A + pB. 
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FIG. A-l. Diagram for the three channels 

I. 7T“ + p — 7T" + p 
II. 7T“ + 7T + — p + p 
IH. 7T + + p —► 7r + + p 

The variables s t and s 3 are of course not independent in view of the 
supplementary condition (2-7), which here reduces to 

s i + s 3 = 2M 2 + 2m 2 (A-3 

It is conventional to introduce a new variable, 

v = (Si - s 3 )/4M ( A -4) 

which may be verified as being equal to the “laboratory system energy” 
for Channel I and the negative of the lab energy for Channel m. (By “lab 
energy ’ we mean the total energy of the particle of mass m, when the par¬ 
ticle of mass M is at rest.) If then A(s 1 ,0,s 3 ) is written as A(v) and vari¬ 
ables are changed in (A-2), we find 



qi s^2 = ( v 2 - m 2 )V2M 

If the least-massive pair of particles with the quantum numbers of Chan¬ 
nels I and HI is the pair under consideration, then the spectrum in (A-2) 
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below (M + m ) 2 consists at most of poles, corresponding to single-particle 
states with appropriate quantum numbers. For ir-ir and ir-K scattering there 
happen to be no such particles, so (A-5) with one subtraction (which we make 
for convenience at v = 0 ) becomes simply 


A(v) = A( 0 ) + 


J d/- a££2| (a-6) 

8 tt 2 J v L v - v v + v \ 


One subtraction is sufficient if the total cross sections approach constants 
at infinity, because of the Pomeranchuk theorem that 

lim oi tot (i>) = lim 03 tot (v) < A-7 ) 

u —*■ oo l> -+O0 

This theorem may be understood in a rough way by making a second sub¬ 
traction in (A- 6 ) and observing that 

lim Re A(v) ~ v In v\ lim a z tot (v) - 

V oo - 00 

so that the ratio of Re A to Im A increases logarithmically unless (A-7) is 
fulfilled. 

The formula (A- 6 ) is remarkable in that only experimentally measurable 
quantities appear, apart from the one subtraction constant. In the case of 
7 T-N scattering, a pole corresponding to the single-nucleon state must also 
be included and, as discussed in Chapter 4, the residue of this pole is the 
pion-nucleon coupling constant. The substitution of experimental data into 
the forward-direction 7 T-N dispersion relation thus leads to a determination 
of this extremely important constant. 

Other systems for which sufficient data exist to apply the above consid 
erations are the K-N and the N-N. Here, however, in addition to poles, one 
has nonphysical continua for v < m which cannot be directly measured but 
must be obtained by some kind of analytic continuation. The conclusion from 
all investigations made to date of forward dispersion relations is that they 
are satisfied to within the accuracy of available experiments. 


lim ( 7 i tot (^)l (A- 8 ) 

v oo J 
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ON ANALYTIC PROPERTIES OF VERTEX PARTS 
IN QUANTUM FIELD THEORY 

L. D. LANDAU 

Institute for Physical Problems, Moscow 
Received 27 April 1959 

Abstract: A general method of finding the singularities of quantum field theory values on the 
basis of graph techniques is evolved. 


1. Introduction 

In recent years many papers have been concerned with dispersion rela- 
tions. As is known, the latter express the analytic properties of various 
quantities of quantum field theory. The problem of localizing the singulari¬ 
ties of these quantities is therefore highly important. As has become clear 
recently 1 - 2 ), a direct study of graphs is the most effective method of in¬ 
vestigating the location and nature of the singularities of vertex parts. 
It is often claimed that the graph technique is not sufficiently convincing, since 
it involves perturbation theory, unlike other, allegedly more rigorous 
methods. This view is actually based on misunderstanding. Since a rigorous 
theory which makes use of the Hamiltonian reduces interaction to zero, 
the sole completely rigorous dispersion relation in this theory is 0=0. 
By posing the problem of analytic properties of quantum field values, we 
actually go beyond the framework of the current theory. An assumption is 
thereby automatically made that there exists a non-vanishing theory in 
which ^-operators and Hamiltonians are not employed, yet graph techniques 
are retained. In evolving dispersion relations, therefore, the employment of 
the graph technique is, indeed, solely consistent, since the problem becomes 
meaningless if the graph technique is rejected. 

The graph technique is by no means equivalent to perturbation theory, 
since all particles, stable as regards strong interactions, are considered, 
whether they are “simple” or "complex”. In fact, first steps are thereby 
taken towards new graph techniques, which will be a generalization of the 
previous methods and will lay the foundation of the future theory. It stands 
to reason that the applicability of the graph technique of this type is likewise 
hypothetical and a test of successive results will be a test of the hypothesis 
itself. 


7^ai/Le#na£[caZ “Ph-ySic-A- 


181 















102 

44W**4WWW*^W^^W4*W4WW* W 4********«. 

182 

L. D. LANDAU 

Unfortunately, expressions obtained in considering more complex graphs 
are very lengthy. It may be demonstrated, however, that a study may be 
carried out in general form and be simplified considerably with the help of a 
corresponding graphic representation. 


2. General Method 


An arbitrary graph represents a certain integral 


where 


£d 4 M 4 /. . . 
A 1 A i A 3 .. . 


(1) 


A i = (; 2 ) 

q ! ^ a certain Momentum, corresponding to the given line in a graph, m- 
the mass of the particle in question and B a certain polynomial of the vectors 
q ( . According to the well known Feynman method, one may write 


A 1 A 2 A 3 ... 


= (n— 1)! f . f d a i da 2 • • • da^(3(a 1 +« 2 -|- . . . 1 ) 

Jo Jo (a 1 A 1 +a 2 A 2 + . . . +a n A„) n 


(3) 


he expression a 1 A 1 +a 2 A 2 + ... in the denominator is a polynomial of 
second degree with respect to the integration variables k, l, . . . The terms 
hnear with respect to k, l, .. . may always be eliminated by transforming 
integration variables, after which we obtain 


ajAi+a 2 A 2 +. . . = cp-\-K(k', l', . . .). (4) 

Here K is a homogeneous quadratic form of the new integration variables 
with coefficients depending only on the parameters a,., and cp is a heterogene¬ 
ous quadratic form of the vectors p u describing the free ends of the graph 
under consideration. 

Let us confine ourselves to the case of real values of the squares and the 
scalar products of the vectors p { . It is easy to verify that if the values of <p 
are positive the integral with respect to k, l, ... is a real quantity (a self- 
conjugated spinor in the case of spinor functions), since the quadratic form 
K becomes positive definite (because all a,, are positive) when k i i K , l -> iX 
are substituted. The vertex part is real, therefore, if cp > 0 for all values a,; 
if, on the other hand, <p < 0 for certain values a,., the vertex part becomes 
complex. The nearest singularity of the vertex part is obviously located at 
the values p { , for which cp vanishes for determined values of all a,, and is 
positive at all other oq; in other words, the singularities correspond to the 
vanishing of the minimum value of cp, treated as a function of a,.. If the 
singularities in the complex region are meant, any extremum of the function 
cp should be considered. It will be noted that since cp is a homogeneous func¬ 
tion of the first order with respect to the variables a,., the condition = 1 
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may be excluded when the conditions of the existence of the vanishing 
extremum are being found. 

Let us denote « 1 4 1 +a # i4,+ . • ■ as /. Since K is a quadratic form of the 
variables k', it is clear that <p is the value of the function / at addi¬ 

tional conditions 

dfldk 9 = dftdV = . • . = 0, 

and, since k differs from k' by a constant vector, the latter conditions may 
be written 

dfldk = dfldl = . . • = 0. ( 5 ) 

The positiveness of the values oc* should be taken into account in finding the 
conditions of the minimum. Hence it follows that either the condition 
dy/doii = 0 or <x< = 0 should take place for every value oq. In the latter case 
dcpld^ = 0 should exist for the nearest singularity. According to the 
definition we have 

dcp 3/ 3/ dk 3/ .... 

Since all df/dk equal zero according to (5), the condition 3?p/3oq = 0 is 
equivalent to the condition dffd oq = 0, i.e., according to the definition o /, 

A { = 0. ( 6 ) 


Thus the singularity of the vertex part may be obtained through a joint 
solution of the equations A t = 0 (or «, = 0) with additional conditions 



dA^ 

dk 


v 3 A, 


. = 0 . 


(7) 


It is essential that these equations should have solutions with positive «<. 

Thus, it may be claimed with respect to every line of the Feynman graph 
that it either satisfies the condition q? = m? or passes out of consideration 
altogether (when a, = 0). In the latter case the singularity under consider¬ 
ation may be ascribed not to the graph in question but to a graph from which 
the t-line is absent, i.e., the vertices connected by it are fused. In analysing 
the singularities of the graph, it is sufficient therefore to consider the case 

when all oq # 0. _ 

It can easily be seen that the condition (7) may be written as Z^ili = °> 
where summation is carried out not with respect to all lines of the Feynman 
graph, but with respect to the aggregates of lines forming closed contours, 
the direction of the vector q { corresponding to the direction of the contour. 
The positiveness of the coefficients oc f denotes that if the vectors q t are 
regarded as the directions of forces, the possibility of a solution of eq. (7) 
denotes the possibility of picking such values of these forces as would 
enable them to preserve equilibrium. 
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3. Graphs for Green’s Functions 

It is comparatively easy to interpret the singularities as they arise with 
e help of the present method. Let us begin with considering the graphs for 
Green s functions. In this case all vectors q ( obtained from the indicated 
equations are obviously parallel to the same vector p. 

3.1. VERTEX PART WITH TWO EXTERNAL ENDS 

Consider the graph in fig. 1. Setting down the formula £««?, = 0 for the 
contour formed by any couple of lines and taking into account'the positive¬ 
ness of the quantities « 4 , we may infer that all vectors q t are equally directed 
with respect to the vertices of the graphs. Noting that the vector lengths are 
equal to the corresponding masses, we easily obtain the obvious result 
f = for the singularities. It will be noted that in the case of Green’s 

functions the consideration of any other graphs, for example graphs of the 
type shown m fig. 2, is superfluous. The number of equations for determining 


Fig. 1. 


><=>< 


Fi S- 2. Fig. 3. 

the values * t is, indeed, equal to the number of independent contours in the 
graph, which is 2 in the example under discussion. Yet, the total number of 
values a,, equals 5 in this example; hence it is clear that one of them may be 
ta en to equal zero, as a result of which this graph reduces to one of those 
considered above. It should be mentioned that these arguments likewise 
hold good for the graphs of the type shown in fig. 3, where a sum of momenta 
acts as a momentum. 

3.2. SIMPLE VERTEX PART WITH THREE EXTERNAL ENDS 

Let us proceed to a vertex part with three external ends. Since these 
represent three vectors lying in the same plane, according to the conser¬ 
vation laws, and the vectors k, l, . . . may be obtained from (6) and (7), 
it is clear that the latter vectors lie in the same plane. Thus, the problem is* 
reduced to a flat system of vectors. 




Fig. 4. 


Fig. 5. 
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First of all, let us consider the simplest example, analysed in detail by 
R. Karplus, C. M. Sommerfield and E. H. Wichman 3 ), as shown in fig. 4. 
It can easily be seen that the relation between vectors is represented by the 
scheme of fig. 5. The condition (7) obviously requires the point O to lie inside 
the triangle. It is implied that all vectors possess the properties of euclidean 
(not pseudo-euclidean) vectors, which can easily be proved for the nearest 
singularities. 

Preliminarily, let us show how to express analytically the corresponding 
relations. First consider the scheme of fig. 5 which corresponds to the graph 
of fig. 4. If unit vectors n a = qjm a , n t = qjfn^, n c = ?c/ w c are introduced, 
the condition (7) may be written as 

+ = 0 ’ 

where 0, = oqw,- are obviously positive quantities also. Projecting these 
equations on’the vectors «„ n t , n e consecutively and introducing the 
notations ( n a n b ) = p c = cos rp ai etc., we obtain three equations. 

Pa+hP.+P't** = °> 

Pafo + PbPa+Pe ~ 

Making the determinant of this system equal to zero, we obtain the equation 

l+2/i a jt t /j. c = i M 0 2 +i“i. 2 +i w c 2 » ( 10 ) 

which determines the situation of a singularity (if all fl are simultaneously 
positive); p a , fr, to connected with pf, p 2 \ p<? by the formulae 

mt+mf-pf ■ mf+fn.'-Pt „ (u) 

i “ a — 2m t m c ’ ^ 2m a m c ’ ' 2m a m b 

To return to the problem of the properties of vectors for the nearest 
singularities. Consider any angle, say q> be . According to (11) jx a is a real 
quantity. It is greater than — 1, since otherwise p 2 > ( m b +m c ) 2 , i.e., we 



Fig. 6. 


would transcend the singularity determined by the graph in fig. 6, which is 
obtained from the graph under consideration through the elimination of one 
of the lines. At the same time we can see from (9) that no less than two out 
of three cosines of the angles should be negative. Now, a real angle corre¬ 
sponds to a negative cosine greater than — 1. At least two of the three angles, 
therefore, are real. Since the sum of them equals 2n, the third angle is real as 
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well. Thus, fig. 6, which was mentioned in ref. 2 ), solves the problem comple- 


3.3. MORE COMPLEX GRAPHS WITH THREE EXTERNAL ENDS 

Let us turn to more complex graphs. As an example, consider the graph 
shown in fig. 7. The scheme in fig. 8 corresponds to this graph. The construc¬ 




tion of this scheme is simple enough since every point in the Feynman graph 
corresponds to a polygon in the scheme with a number of sides equal to that 
of the rays converging at this point, while every polygon in the Feynman 
graph corresponds to a point of the scheme. The condition (7) calls for a 
certain disposition of the vectors a, b and d on the one hand, and b, c and « 
on the other. It is not difficult to write an analytic expression of this figure.’ 
The triangle bde, as all other parts of the figure, is real, since the graph 
comprises only stable particles, and the mass of every particle in b, d, e is, 
therefore, less than the sum of the other two. 

If one or several coefficients « f = 0 the graph is simplified. If, for example, 
a c = 0 the graph of fig. 7 will be reduced to the graph of fig. 9, similar to 




As we proceed to more complex Feynman graphs, it becomes apparent 
that often the case when all a, = 0 is impossible. Let us consider, for exam- 
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pie, the graph in fig. 10. The number of vector equations for a< equals two in 
this case, i.e., we have four equations because the vectors lie in the same 
plane, while the number of the quantities « f is six and therefore one of them 
may be assumed to equal zero. The same applies to the graph of the type 
shown in fig. 11. 



It can easily be seen how the above results change when what is meant is 
not the nearest singularities, that is, the emergence of complex values, but 
singularities of quantities that are already complex. If the singularity is not 
the nearest, we cannot, generally speaking, regard all angles as real, as was 
the case for the nearest singularities considered above. 

First of all, consider the scheme of fig. 5 which corresponds to the graph 
of fig. 4. In the “euclidean” case with all the angles real, all y, lie between 
— 1 and +1. In the general case a study of eq. (10) shows that the corre¬ 
sponding surface in the space jx a , p b , fJ- c consists of four parts intersecting 
each other at three points: fx a =1, Pc = — and the P oints 

obtained through the permutations of the indices a, b, c. One of these sur¬ 
faces is limited by the triangle whose apices are the three points mentioned 
above. This triangle corresponds to the “euclidean” case. The three other 
surfaces extend to infinity, each starting from the corresponding point of 
intersection. On each of these surfaces one of the ft’s is positive and exceeds 
1, while the other two are negative and also exceed 1 in absolute value. As 
was pointed out, these surfaces always correspond to the non-nearest 
singular points. 

It can easily be seen that the non-euclidean case is possible exclusively in 
the graph of fig. 4 out of all graphs considered above. In the scheme of fig. 8, 
for example, which corresponds to the graph of fig. 7, the vectors a, b, c 
on the one hand and a, b, d on the other, play the role of the vectors b, c, e. 
But, as was pointed out, the angles of the triangle formed by the vectors 
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11' ‘ a ", aIwa ^ rea1 ' Ottermse, one of the particles b, d, . would not be 
stable. Yet, as was just mentioned, all cosines in the non-euclidean case 

compfex XCeed UIUty ^ abS0lute Value and consequently all angles should be 


3.4. GRAPHS WITH FOUR EXTERNAL ENDS 

Let us proceed to the Feynman graphs with four ends. In this case it is 
obvious that we have to consider schemes which are located not in a plane 
but m space, which, naturally, complicates the problem a great deal The 
most important of such graphs are the graphs with physical ends, i.e., those 
m which the squares of the corresponding momenta equal the squares of the 
particle masses. The simplest singularities are connected with the graphs of 
e ype s own in fig. 12 . The mean line may here correspond to a single 

correspond to SCVeral ° f th6m ' ^ SinguIarities of such a S ra Ph obviously 


(P 1 +P 2) 2 = m a 2 , 


where m a is the sum of the masses of the 
one particle yields an isolated pole, the 
line in the complex region. 


corresponding particles. The case of 
case of two particles gives a singular 




Fig. 13. 



The graph m fig. 13 fully corresponds to the graph in fig. 4 and therefore 
no additional discussion is necessary. 

The graph in fig. 14 corresponds to the scheme in fig. 15 where four of the 
six edges of the tetrahedron are determined by the length of free ends, while 
e two others equal p x +p 3 and p 2 +p 3 respectively. (It should be noted 
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that the graphic construction of this graph can be found in the paper of 
Karplus et al . 3 ).) A detailed analysis shows that here as well, if the nearest 
singularity is discussed, all angles are real and the condition that the 
central point should be located within the tetrahedron corresponds to the 
condition of the positiveness of the coefficients «. A more complex situation, 
which will not be discussed in the present paper, corresponds to the singulari¬ 
ties in the complex region. Just as was done in the analysis of the three-end 
graphs, it is convenient to introduce four unit vectors in the directions of the 
vectors a , b, c, d and find an equation connecting the cosines of the angles 
between them. An equation of the fourth degree arises instead of eq. (10). 
The following fact is worth mentioning. If graphs with four physical ends 
are considered, the following condition should be fulfilled for the graph of 
fig. 13, as is clear from the scheme of fig. 5: the sum of the angle of the triangle 
abp 3 between the sides a and b, and the angle of the triangle acfi 2 between 
the sides a and c, both of which are fixed by the masses of the corresponding 
particles, should exceed n. An analogous condition for the graph of fig. 14 
evidently is that the sum of the four angles in the triangles, corresponding 
to the four vertices, should exceed 2or. Hence, it directly follows that a 
necessary, though certainly not sufficient condition, for the existence of the 
“non-trivial” nearest singularities is the presence of an obtuse angle in 
at least one of the triangles, which, in its turn, requires that the virtual decay 
of at least one particle should be described by an inequality of the type 

m 2 > m 2 J rm 2 . 

This relation obviously cannot be fulfilled either for Tt-mesons or for nucleons. 
The nearest singularities in the scattering of these particles on each other, 
therefore, correspond to the graph of fig. 12. It should be emphasized, 
however, that this does not apply to the singularities in the complex region. 


4. Nature of Singularities 

Now we shall consider the nature of the singularities thus obtained. 
Let us return to the basic formula (1), writing it as 

J (cp+K)~ n Bd*^ d i l' . . . doqdoc.2 . . . d(a 1 + . . . +a„—!)• 

Expanding <p with respect to the powers oc' f = oq—<x 0< where a 0i corresponds 
to the minimum value of <p, we can write this integral 

[ { n +Q)-’'Bd i k'd i l’ . . . doc^dot' 2 . . . d{x\+ . . . +a'J, (12) 

where <p 0 is the minimum value of cp 0 equal to zero in the singularity itself 
(the values of the vectors at the external ends being given), while Q is a 
quadratic function of the variables k', /',... and the variables a To 
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elucidate the nature of the singularity, it is sufficient to consider the values 
B at k' = l' = . . . = 0. If the power of the numerator with respect to the 
integration variables is lower than the power of the expression Q n , the inte¬ 
gral (12) converges at large values of these variables; in other words, its 
value is determined by the values of the variables corresponding to Q & <p 0 , 
i.e., integration is carried out at small values of the variables, for which (12) 
has sufficient accuracy. It is evident that in this case (12) may be written as 

const. • cp**-" (13) 

where m is a number of integrations. If m ^ 2n, the integral (12) does not 
converge and these arguments do not apply. To determine the nature of a 
singularity in this case the simplest way is to differentiate (12) with respect 
to cp 0 as many times as is necessary to make the power of the denominator 
greater than that of the numerator. After that we can make use of the formu¬ 
la obtained which should be integrated as many times. The integration 
constants obviously yield integer powers <p 0 which have no singularity at 
<p 0 = 0. Accordingly, we again obtain formula (13), with the exception of the 
case when \m—n is zero or a positive integer. In this case, instead of (12) we 
obviously obtain 

const. • (p Q im ~ n - In (p 0 . 

It should be noted that though the minimum is now discussed, these results 
may be applied to any extrenum <p as well. 

The quantity n equals the number of internal lines in the Feynman graph; 
the number of vectors k with respect to which integration is carried out,' 
equals the number v of independent contours which make up the graph 
under consideration. Accordingly, 


m — 4:v-\-n —1. 

Hence it follows that the nature of a singularity is determined by the 
expression <p 0 *’-^ and, if 2v~|(«+l) is zero or a positive integer, by 

<p 0 2P - iin+1) In <p 0 . 

The quantity <p 0 is obviously proportional to the distance between the point 
under consideration and the hypersurface in the space p t 2 , (fi i -\-p k ) 2 , in 
which singular points are situated. The number of contours should also 
include “biangles” which emerge when not one but several particles are 
conveyed along one line. For instance, v = 2 in the graph of fig. 9, and since 
w = 4, the singularity is of the nature of <p 0 i. 

It will be noted that a more convenient number of vertices may be used 
than the number of independent contours. The number of independent 
contours, i.e., the number of independent integrations, equals the number of 
lines minus the number of additional conditions. The latter equals the 
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number of vertices less one, since one ^-function goes over into a final 
answer. Thus, 

v = n—v+l 

(where v is a number of vertices) t and the power in the singularity may be 
written as f-(w+l)—2t>. 

5. Summary 

Let us formulate in brief the general rules for finding singularities. Various 
graphs with given external ends are considered. An arbitrary number of 
lines may converge at each vertex of such graphs, in agreement, of course, 
with the conservation laws (an odd number of 71 -meson lines cnnot pass 
through one point, for example). All particle stable in strong interactions 
may figure as lines. After that, a study is made of the scheme built on the 
principle of replacing the polygons in the graph by a scheme of vertices. 
The lengths of all internal lines in the scheme are equal to the corresponding 
masses. The essential intersections in the schemes (such as are obtained 
from the polygons in the graph) should satisfy the relation 2 a iV = °- 
where q { are the vectors proceeding from this intersection, and all oc t - > 0. 
The nearest singularities correspond to a scheme in euclidean space. 

6. Application to Scattering Amplitude 

A number of facts should be borne in mind in applying the results thus 
obtained to the scattering amplitude. Let us consider the scattering ampli¬ 
tude as a function of one variable x (which may be, for example, total 
energy or transferred momentum), regarding all other variables as given. 
The integrals considered above determine the functions whose values in the 
upper and lower semi-planes are connected by the relation /(**)= 
in other words, the functions which are considered above and below the 
axis are actually different functions which are by no means analytic contin¬ 
uations of each other, and, generally speaking, we have a discontinuity if 
the values x are real. The scattering amplitude which is obtained when the 
Feynman rules of direction are observed, is in general of the form 
a(x+id)+b(x—id), where d is infinitesimal. The analytic properties con¬ 
sidered above refer to the function a(x+id), extended by the vriable x into 
the upper semi-plane, and to the function b(x id), extended into the lower 
semi-plane. The behaviour of the analytic continuation of the function 
a(x+id) into the lower semi-plane and of the function b(x—id) into the 
upper semi-plane by no means follows from the above. 

t This was suggested to me by L. Okun and A. Rudik. 
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In an “alien” semi-plane the functions a and b may have any singularities 
located in any manner. Nor can they be determined from any general 
considerations. As is well-known, the proton-neutron scattering amplitude 
has, for example, apart from the singularity connected with the formation 
of a deuteron, another singularity connected with the virtual state of this 
system, which does not correspond to any real particle and lies precisely in 
an "alien” semi-plane with respect to the total energy of the system. 
Another example is the well-known resonance in the scattering of jr-mesons 
on nucleons, which also corresponds to a singularity in an “alien” semi-plane, 
the total energy of the system being obviously complex. It is clear that such 
singularities cannot in principle be anticipated from general considerations, 
but may be obtained only from a theory yielding specific expressions for the 
scattering amplitude. 

The problem is very much simplified in the case when there exists a region 
of values of a, for which the amplitude in question is real. Then we have two 
cuts through the real axis in the complex plane, and it is easy to see that the 
function a(x+u 5) has only the right cut, while the function b{x-id) has 
only the left one. If the quantity a+b* is considered instead of the scattering 
amplitude, for which it is sufficient to change the sign of the imaginary part 
of the amplitude in the left cut, we shall obtain a function which has no 
singularities in the upper semi-plane, which leads to the conventional 
dispersion relations. 

The author is indebted to L. B. Okun, A. P. Rudik and Ya. A. Smorodinsky 
for numerous valuable comments. 
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The Landau singularities of the amplitude calculated from an arbitrary Feynman graph are considered. 
It is shown that the discontinuity across a branch cut starting from any Landau singularity is obtained by 
replacing Feynman propagators by delta functions for those lines which appear in the Landau diagram 
The general formula is a simple generalization of the unitanty condition. The discontinuity is then 
considered as an analytic function of the momenta and masses; it is shown that its singularities are a^ sub¬ 
class of the singularities of the original amplitude which corresponds to Landau diagrams with additiona 
lines. The general results are illustrated by application to some single loop graphs. In particular, the general 
formula gives an immediate calculation of the Mandelstam spectral function for fourth-order scattering. 
Singularities not of the Landau type are discussed and illustrated by the third-order vertex part. 


I. INTRODUCTION 

K ARPLUS, Sommerfield, and Wichman * 1 and 
Landau 2 have emphasized the importance of 
examining the analyticity of the amplitudes correspond¬ 
ing to Feynman graphs, and have discussed some 
simple graphs in detail. Landau has also given a 
criterion for determining the position of certain 
singularities of the amplitude for an arbitrary graph. 
In this paper we shall derive a formula for the dis¬ 
continuity across a cut starting from any one of 
Landau’s branch points, and shall determine where 
this discontinuity is singular. The result is a very 
natural generalization of the well-known expression, 
given by the unitarity condition, for the discontinuity 
across a cut starting from any physical threshold. 
The general result is extremely useful for analyzing 
spectral representations. For example, it leads im¬ 
mediately to an explicit expression for the Mandelstam 
spectral function for the fourth-order scattering 
amplitude. 3 

Before proceeding with the calculation, let us 
recapitulate Landau’s discussion. He considers the 
amplitude 

F=JBU(d'k)Ar'- ■ -Ay~ l (1) 


(where A i =M l *—q? and B is an arbitrary polynomial) 
corresponding to a graph with N internal lines and n 
independent loops. In (1) and the following we adhere 
closely to Landau’s notation. The q x are linear com¬ 
binations of the ki and the external momenta py On 
its principal branch F has no singularities for sufficiently 
small, real pi*; if the M? are positive, we may take the 


* Supported in part by the U. S. Atomic Energy Commission 
and by the Alfred P. Sloan Foundation, Inc. 
t Alfred P. Sloan Foundation Fellow. 

1 R Karplus, C. M. Sommerfield, and E. H. Wichman, Phys. 

Rev. Ill, 1187 (1958); 114, 375 (1959). ^ J . 

2 L. D. Landau, Nuclear Phys. 13, 181 (1959). Note added m 
proof. Results similar to Landau’s were also obtained by J. C. 
Taylor [Phys. Rev. 117, 261 (I960)], which the author received 
after submission of this paper. 

3 S. Mandelstam, Phys. Rev. 115, 1742 (1959). 


p? to be positive without passing a singularity, and 
begin the investigation with real pu and imaginary pi. 
We denote by z a the independent invariants formed 
from the pi. 

Now introduce the Feynman parametrization 

F= (N- 1) !jnWIK«)£M(l-o), (2) 

where D=^i=i N onAi and a=^on. Let <p— max/c (D) 
(the maximization is carried out with real ku and 
imaginary ki). According to Landau, if min<p>0, F is 
nonsingular, where the minimum is taken with respect 
to nonnegative a’s satisfying «= 1. As the pt are in¬ 
creased, the first singularity of F occurs when min<p —» 0. 
This, Landau shows, means that for each i 

atiAi—0, (3) 

and for each closed loop 

£ai 9 i=0, (4) 

where the sum is extended over all the lines in the 

loop; moreover, (4) must be satisfied with nonnegative 
a’s. Landau pointed out that a singularity exists when 
(4) is satisfied with arbitrary a t -, but did not give an 
explicit proof of this; as this point is important to our 
subsequent discussion we show that this follows from 
an analytic continuation in the internal masses, and 
the continuity theorem for singularity surfaces. 4 . 

The following remarks are contained implicitly in 
Landau’s paper. 

Let D m be obtained from D by setting the ai=0 for 
i>m, and let <p m =msiX k (D m ). If for some on, max* (An) 
occurs for q 2 =Mi 2 (i^ tn), then for any other non¬ 
negative <p m ^ 0. Now, we may choose the 

Mi 2 for i>m so large that <p m is the minimum of <p for 
nonnegative a’s. For any a;>0(i^ ra) and p?>0 we 
determine q x which satisfy (4) (this is just the maximi¬ 
zation problem) and define for i^m masses M x by the 
equation q?=M x 2 . Hence masses exist such that any 

4 H. Behnke and P. Thullen, Theorie der Fimctionen Mehrerer 
Komplexer Veranderlichen (Springer-Verlag, Berlin, 1934), p. 49. 
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“Landau diagram” corresponds to the first singularity. 
There are two cases to be considered, which can easily 
be distinguished upon inspection of the Landau 
diagram. If some of the masses obtained by the pro¬ 
cedure described are constant, or satisfy a relation 
independent of the a’s and the z’s, then we do not in 
general have either a solution to (4) or a singularity. 
Otherwise, as the a’s and z’s are varied these masses 
take on all possible values, in which case it follows 
from the continuity theorem that for any internal 
masses there is always a singularity when Eqs. (3) and 
(4) are satisfied, although this singularity might not 
appear on the principal sheet of the Riemann surface. 

In order to discuss the analytic continuations of F, 
we eliminate the delta function from (2), by replacing 
the oa by Aa t , multiplying by a suitable entire function 
of X (say e~ x ) and integrating over X. This gives the 


H. DISCONTINUITIES OF FEYNMAN AMPLITUDES 

A. Calculation of the Discontinuity 


We shall prove the following theorem: Let F denote 
the amplitude defined by Eq. (1), and let F m denote 
the discontinuity of F across a branch cut starting 
from a singularity defined by Landau’s conditions (3) 
and (4) in which A { =0 for then 


= (27 ri) m 


<f 




1* • ’.4# 


( 6 ) 


equation 


(The notation implies a particular ordering of the 
lines.) The subscript p on the delta functions means 
that only the contribution of the “proper” root of 
q?=M x 2 is to be taken. Equation (6) is a simple 
r generalization of well-known results, and follows 

F~ (N 1)! J IIWII {d A k)BD~ K a~ x exp (—or 1 ). (5) directly from the Hadamard-Eden analysis. 

J Consider the contracted Feynman graph obtained by 

fusing the vertices connected by the lines i>m. Let v 
be the number of independent loops in this contracted 
graph. We can choose the kj so that the q x (i^.m) 
depend only on those kj for which j ^ v. If the mX4v 
matrix 

Ji.i^dqf/dkjp 


In (5), the a x vary independently over any suitable 
contours from 0 to qo . We may use this equation to 
interpret Landau’s conditions in the complex region. 
We use an idea introduced by Hadamard, 5 which has 
already been exploited in a similar problem by Eden. 6 
If we first integrate over the k XM , we obtain an integrand 
which is singular when p vanishes, where in the general 
case ip is an extremum of D. The singularities of F 
occur when some of the a, are fixed at the lower limit 
of integration, while the contours over which the 
remaining a* are integrated are trapped between 
coalescing singularities. In other words, <p must have a 
double zero with respect to each of the free variables, 
which leads directly to Landau’s conditions (3) and 
(4). It is also necessary that for z a in the neighborhood 
of a singularity of F , the contours actually pass between 
these nearly coalescent zeros. We know that this 
occurs when we consider the first singularity; we 
obtain an illustration of the continuity theorem if 
we note that when the M x are varied, if the z a are 
simultaneously varied so as to keep the zeros in a 
nearly coalescent configuration, the contours must 
remain entrapped. 

Since the integrand in (5) is always singular when 
if D vanishes for d=0 the condition of a double 
zero with respect to the free variables is relaxed. In 
this case we might have a singularity even if conditions 
(3) and (4) do not hold, although such a singularity 
could never appear on the principal sheet. We shall 
show, in Sec. Ill, that an “anomalous” singularity of 
this type actually occurs in the third-order vertex. 


is of rank m, we may choose as integration variables 
for and 4 j >-m additional variables. The 

q x 2 are the squared distances between certain points in 
momentum space, and the £* for tn*C.i^Av may be 
interpreted as related angle variables. We shall discuss 
later the circumstance that J ijM has a rank smaller 
than m for all kj M . If the rank is too small only when 
the kj M satisfy particular relations, these exceptional 
points may in general be avoided by appropriate 
indentations of the contours. We therefore obtain 


r bi 

F= I dq{‘ 
Ja\ 


• CdqJ 

J dm 


X 


where 


/ 


IIm<t< 4 »(d£i)IL>,(d 4 kj) 


JA\' • • An 


( 7 ) 


7=det (d£,-/ dkjft ). 


The limits of integration ( dj f b } ) for the q 2 integration 
are the extrema of q 2 for fixed q?(i<j). This leads to 
the equations (for each loop of the contracted graph) 

«< })0iqifi ~ 0 , ( 8 ) 


6 J. Hadamard, Acta Math. 22, 55 (1898). 

6 R y J- Eden, Proc. Roy. Soc. (London) A210, 388 (1952). Note 
added in proof. After submission of this paper, the author re¬ 
ceived two papers containing a similar discussion of the complex 
singularities: J. C. Polkinghorne and G. R. Screaton, Nuovo 
cimento 15, 289 (1960); J. Tarski, J. Math. Phys. 1, 154 (1960). 


where the fa are Lagrange multipliers. From (8) for 
j=m we see that Landau’s conditions (3), (4) imply 
that when a singularity develops, the point where the 
A x =0 for lies on the boundary of the region of 
integration. Equation (8) also shows that the rank of 
J t-.j> is always too small on the boundary of the inte¬ 
gration region, but this gives no difliculty. In certain 
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cases each set of the q z corresponds to two points in 
momentum space; in these cases we interpret the 
qj integration as being taken over the closed contour 
which encloses the two points dm and b m where J is 
singular. 7 

For brevity we denote by z a point in the (many- 
sheeted) space of the invariants. Let z 0 denote any 
point on the singularity surface m question which does 
not also lie on some other singularity surface. 

We first suppose that all the integrations in (7) 
have been performed, except that over qi 1 . Then we 
write & 

F= f ' dqXlff-tty+Fmiqi*). (9) 

J a\ 

Now, by hypothesis, (A) F is singular when z -> z 0 , 
and (B) F would not be singular at z 0 if the factor 
(M, 2 -?i 2 ) -1 were absent or if the mass Mi were 
changed. Therefore, the contour of the qi integration 
must pass between the pole qi=M { 2 and a singularity 
of F a) (qi) at qi 2 =Q 2 , where Q 2 -^Mi when z-> z 0 . 
We may replace this contour by one on the other side 
of the pole qi—Mi and a very small circle enclosing 
this pole, where the contour which avoids the pole 
gives a contribution to F which is regular in the 
neighborhood of Zo. The singular part of F is therefore 

F a =±27riF (1) (ilfi 2 ). (10) 

The argument given is not sufficient to determine the 
sign. 

After applying the foregoing argument in succession 
to the variables qi 1 - • -q™- 1 2 , we obtain 

J r*bm 

dqJ(.MJ-qJ)-'F fm) (qJ). (11) 

<hn 

In (11), Om and b m are the limits calculated with 
qi=M? for i<m. When z~>z 0 , it follows from (8) 
that one of these limits coincides with the point 
q m 2 =M m 2 . It is obvious that the discontinuity across 
a branch cut starting from z 0 is 2iriF( m )(Mj). When 
the qj integration is taken over a contour enclosing 
the points <z™ and b m , the two branches of F t are deter¬ 
mined by whether the pole q m 2 =M m 2 lies inside this 
contour or not, so we obtain the same result. 

We now define the sign of F m by analytic continuation 
from the case where the masses are such that the 
singularity in question is the first encountered as the 
z a are continued through real values from the 
singularity-free region, and z is a real point just beyond 
this singularity. It was shown in the Introduction that 
it is possible to do this. We define the discontinuity 
F m (z) to be the difference between F(z) as calculated 
by giving the masses small negative imaginary parts 
and that calculated with small positive imaginary parts; 

7 For some graphs with more than one loop, several of the qi 1 
integrations need to be interpreted in this way. 


that is, 

F m {z)=F- it (z)-F+ it (z). (12) 

Now consider the qj integration: Equation (12) im¬ 
plies that the discontinuity is given by a clockwise 
contour around the pole. But the same result must 
hold for all q?. This proves Eq. (6) for the case that 
the rank of the matrix dqifdk^ is equal to m, except 
that in transforming back to the k itl we must be careful 
to keep only the contribution from the proper root 
of q?=Mi Z . 

There are two cases in which the rank of is too 
small; either this happens only for z which satisfy 
some particular relation, which restricts these z to lie 
on some surface, or else it occurs identically, for all z. 
In the first case, (6) is valid for all nonexceptional z, 
but the discontinuity might be singular when /<,/„ is 
singular. If the rank is always too small, as when 
m> 4v, we consider the singularity obtained by 
eliminating a sufficient number of lines (say for 
ni<i^m) that the rank of the reduced matrix dq, z /dk^ 
is m f . The singularity of the larger matrices implies 
that the eliminated qi 1 can be expressed in terms of the 
q? for i^m'. Hence when we evaluate the discontinuity 
F m > by Eq. (6), we find that F m > has not a branch point 
but a pole when one of the eliminated Ai vanishes. 
These exceptional cases will be illustrated in Sec. III. 

B. Singularities of the Discontinuity Function 

We may think of F m (z ) as the difference between 
the values of F(z) on two different sheets, so the 
singularity surfaces of F m (z) will be contained among 
those of F{z). We discuss these singularities by intro¬ 
ducing N—m Feynman parameters ai(i>m ) and 
repeating Landau’s calculation. When we integrate 
over the k t >, we obtain a singularity for those values 
of the a* for which 

<p= Extremum* (Sc>ma^4i) 

vanishes. However, the variables k ifl are not all in¬ 
dependent, because they satisfy the constraints 4 t -=0 
for i^tn. These constraints are introduced into the 
extremization by using m Lagrange multipliers, which 
we also call a»(i^w). This leads to the equation 
which is identical to (4). The integration 
over the Feynman parameters is singular when some 
of them are zero, and <p is a vanishing extremum with 
respect to the rest. This leads to Eq. (3) for i>m. We 
are not allowed to omit any of the conditions Ai=0 
for i^m, so the singularities of F(z) which are also 
singularities of F m (z) correspond to Landau diagrams 
in which lines have been added to the Landau diagram 
which defined the original singularity. The other 
singularities of F necessarily appear on both sheets 
and cancel when we calculate the difference. As we 
have pointed out before, there is also a possibility of 
non-Landauian singularities. 
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Let us denote by F m<m '^ m {z) the discontinuity of 
F m (z) across a branch cut starting from the branch 
point for which A t =0 for md^m’. We calculate 
Fmjm'—m by the same method used to calculate F m \ we 
use the q? as variables for It is clear that all 

the steps in the proof (except for determination of the 
sign) are identical. Moreover, we find that 




(13) 


[We use Eq. (13) to define the sign of It 

may be noted that it can be proved independently 
(by extending the argument in the Introduction) that 
the singularity of F which corresponds to A»=0 for 
only appears on one of two adjacent sheets 
connected by the branch point corresponding to A t =0 
for 

C. Unitarity Condition 


where A i —M l 2 +ie—q t 2 for lines belonging to the graph 
F, and Ai=M t 2 —ie—q 2 for lines belonging to the 
graph G. 

Equation (17) is just a special case of the general 
discontinuity formula ( 6 ) for the graph obtained by 
joining the graphs F and G by the m common lines. 
In (17) the analytic continuations have been defined 
in a particular way (by the ±ie rule), while in ( 6 ) the 
masses may be considered to be arbitrary. The dis¬ 
cussion in Sec. II.B of the location of the singularities 
of F m (z ) applies without modification to r rs(m) . 

The correspondence between the unitarity condition 
(17) and the general discontinuity formula ( 6 ) suggests 
that the general discontinuity may be looked on as a 
pseudounitarity condition. The particles, instead of 
being divided into the two groups of “initial” and 
“final” particles, may be divided into three or more 
groups. 


Consider two graphs, each with m outgoing lines, 
and with r and s incoming lines, respectively. Let F 
and G denote the corresponding amplitudes. The 
unitarity of the S matrix implies that these two graphs 
give a contribution to the imaginary part of the T 
matrix (for r outgoing and s incoming particles) which 
is, apart from numerical factors and with neglect of 
the spins of the particles, 


,) = J dr m F*G, 


(14) 


where dr m is the volume element in the phase space of 
in particles. Let q t - and Idenote the momenta and 
energies of these m particles. As a consequence of 
momentum conservation, the q t depend linearly on 
m—1 integration variables k t . With a covariant 
normalization of states, we have 


dr m = 


d?k i - • 'd?k m -i 


(21Lj)- • • (2W m ) 


HZWi-E), 


(15) 


where E is the total energy. We may introduce m — 1 
new integration variables k i4 and write (15) as follows: 

dr m =d%-- •^ TO _ 1 ^( 9 l 2 -M'i 2 )- • -bMJ-MJ). (16) 


In (16) the q i4 are the same functions of the k i4 as the 
q t - are of the k t . The subscript p means that only the 
“proper” root of q?=M?, that for which q i4 is positive, 
is to be considered when the integrations are carried out. 

Equation (14) is first obtained for real momenta. 
To continue it to the complex region we introduce the 
explicit forms of G and F, with the notation that q { is 
the momentum of any internal line, and k{ is any 
integration variable. Then (14) becomes 


■-/ 


U(d'k)Bl p ( q ?-M?)-■ -6 p (q m 2 —M m 2 ) 

* -Atf 


( 17 ) 


IE. ILLUSTRATIONS 

In this section we illustrate the results derived in 
Sec. II by applying them to the three graphs shown 
in Fig. 1. 


A. Fourth-Order Scattering 

The singularities correspond to the vanishing of the 
following combinations of the An (13), (24) ( 12 ) (23) 
(34), (41), (123), (134), (124), (234), and (1234). The 
ordinary threshold is the (13) singularity. The cor¬ 
responding discontinuity is obtained by replacing A r 1 
and A 3 1 by 2TtS p (Ai) and 27ri8 p (A3)> The discussion 
in Sec. II.B shows that this discontinuity has only the 
singularities (13), (123), (134), and (1234). The 
Mandelstam spectral function 3 is, apart from a factor 
of four, the discontinuity of this discontinuity function 
across the (1234) singularity, which is 

F,= f■ -KW-M?). (18) 

Reverting to the variables used in the proof of ( 6 ), 



Fig. 1. Feynman graphs considered in Sec. III. 
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we have 

F=fj-'d qi >- ■ -dqttW-M?)---Siqf-MS) 

=J~\ 

where J=detdq l 2 /dk> i =2 i detq ilt is evaluated for q? 
= M l 2 . The result of Mandelstam 3 and Kibble 8 is 
obtained from (18) by noting that [detg l >] 2 =det^,^i. 

The reader will recognize det<? lM as the volume of the 
four-dimensional parallelepiped constructed with the 
qi as edges. The vectors <7* have lengths Mi, and they 
have such directions that when drawn from a common 
vertex Q, their ends are vertices of the tetrahedron 
constructed from the external momenta (see Fig. 2). 
Complex vectors are to be used in drawing the figure, 
when necessary. This figure (a simplex) is one corner 
of the parallelepiped; its volume V is 1/4! times the 
volume of the parallelepiped. Hence J=2 4 4!V. 

Landau’s condition for the location of the (1234) 
singularity is that the point Q should lie in the hyper¬ 
plane of the tetrahedron. In this case F=0. It should 



be noted that the transformation from the k p to the 
q 2 - is singular when the tetrahedron degenerates to a 
planar figure. But 4F is the product of the volume of 
the tetrahedron and the altitude of the point Q from 
the hyperplane of the tetrahedron, and when the 
volume of the tetrahedron vanishes, the altitude, for 
fixed lengths of the q i} becomes infinite in such a way 
that V~ l is analytic. 

B. Third-Order Vertex 
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Fig. 3. Geometrical con¬ 
struction associated with 
the third-order vertex. 



where / 3 =8detg ia is a 3X3 determinant. Hence we 
obtain 

F z =KJf 1 . ( 22 ) 

Now det q ia is 3! times the volume of the tetrahedron 
in Fig. 3, which in turn is |«a, where GL is the area of 
the triangle. Therefore, 

F 3 =2- 4 a~ 1 

= \{pa A +p^+p^-2p 2 p^-2p a ^-2pWrK (23) 

We see that F z , and therefore also F on at least one 
sheet, is singular when Ct=0. In this example, a 
singularity of the matrix dq 2 /dk p actually is associated 
with a singularity of F. The singularity can be shown 
to correspond, in terms of the Feynman parametrization 
discussed in the Introduction, to the case ai+o!2+a3=0. 

C. Example of Redundant Lines 

Consider the graph shown in Fig. 1 which has five 
lines in one loop. Landau’s procedure shows there is a 
singularity when all five A »=0, but this is not a branch 
point. The discontinuity across the (1234) branch cut 
is shown by the method of Sec. III.A to be 

Fi=J~ l (qs 2 —M 5 2 ) -1 , (24) 

where J and ? 5 2 are functions of the external momenta 
and of Mi, • • • ,M 4 . When the external momenta are 
such that q^=M£, F 4 has a pole. Since F 4 is the differ¬ 
ence between values of the amplitude F on two adjacent 
sheets, and since the (12345) singularity only appears 
on one of them, F also has a pole. The location of the pole 
corresponds to the possibility of drawing the Landau 
diagram with four-dimensional vectors; the nonexistence 
of a branch cut corresponds to the impossibility 
of buckling the diagram into an extra dimension. 


The discontinuity across the (123) branch cut is 
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F z =— fd 4 k8 p (qi 2 -Mi 2 )8 p (q2 2 -M2 2 )8 p (qz 2 -M z 2 ). (20) 
2irJ 

Consider the point Q whose squared distances from 
the vertices of the triangle ( p a , pb, pc) are q? (see Fig. 3). 
The locus of Q in four-dimensional space is a circle 
whose radius k is the altitude of Q from the plane of 
the triangle. Transforming to new variables, we have 

d 4 k=Kd(pd?k=Kd(pl\{dqF)Jz~ 1 , (21) 

8 T. W. B. Kibble, Phys. Rev. 117, 1159 (1960). 
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Determination of the Pion-Nucleon Scattering Amplitude from Dispersion 
Relations and Unitarity. General Theory 

S. Mandelstam* 

Department of Physics, Columbia University, New York, New York 
(Received June 27, 1958) 

A method is proposed for using relativistic dispersion relations, together with, unitarity, to determine the 
pion-nucleon scattering amplitude. The usual dispersion relations by themselves are not sufficient, and we 
have to assume a representation which exhibits the analytic properties of the scattering amplitude as a func¬ 
tion of the energy and the momentum transfer. Unitarity conditions for the two reactions ir+N -» H-2V 
and N+N > 2tt will be required, and they will be approximated by neglecting states with more than two 
particles. The method makes use of an iteration procedure analogous to that used by Chew and Low for the 
corresponding problem in the static theory. One has to introduce two coupling constants; the pion-pion 
coupling constant can be found by fitting the sum of the threshold scattering lengths with experiment. It is 
hoped that this method avoids some of the formal difficulties of the Tamm-Dancoff and Bethe-Salpeter 
methods and, in particular, the existence of ghost states. The assumptions introduced are justified in per¬ 
turbation theory. 

As an incidental result, we find the precise limits of the region for which the absorptive part of the scatter¬ 
ing amplitude is an analytic function of the momentum transfer, and hence the boundaries of the region in 
which the partial-wave expansion is valid. 


1. INTRODUCTION 

I N recent years dispersion relations have been used 
to an increasing extent in pion physics for phe¬ 
nomenological and semiphenomenological analyses of 
experimental data, * 1 and even for the calculation of 
certain quantities in terms of the pion-nucleon scatter¬ 
ing amplitude. 2 It is therefore tempting to ask the 
question whether or not the dispersion relations can 
actually replace the more usual equations of field theory 
and be used to calculate all observable quantities in 
terms of a finite number of coupling constants—a sug¬ 
gestion first made by Gell-Mann. 3 At first sight, this 
would appear to be unreasonable, since, although it is 
necessary to use all the general principles of quantum 
field theory to derive the dispersion relations, one does 
not make any assumption about the form of the Hamil¬ 
tonian other than that it be local and Lorentz-invariant. 
However, in a perturbation expansion these require¬ 
ments are sufficient to specify the Hamiltonian to 
within a small number of coupling constants if one 
demands that the theory be renormalizable and there¬ 
fore self-consistent. It is thus very possible that, even 
without a perturbation expansion, these requirements 
are sufficient to determine the theory. In fact, if the 
“absorptive part” of the scattering amplitude, which 
appears under the integral sign of the dispersion rela¬ 
tions, is expressed in terms of the scattering amplitude 
by means of the unitarity condition, one obtains equa¬ 

* Now at the Department of Physics, University of California, 
Berkeley, California. 

1 Chew, Goldberger, Low, and Nambu, Phys. Rev. 106, 1345 
(1957). This paper contains further references. 

2 Chew, Karplus, Gasiorowicz, and Zachariasen, Phys. Rev. 

110, 265 (1958). 

3 M. Gell-Mann, Proceedings of the Sixth Annual Rochester 

Conference High-Energy Physics, 1956 (Interscience Publishers, 

Inc., New York, 1956), Sec. Ill, p. 30. 
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tions which are very similar to the Chew-Low 4 equations 
in static theory. These equations have been used by 
Salzman and Salzman 5 to obtain the pion-nucleon 
scattering phase shifts. 

It is the object of this paper to find a relativistic 
analog of the Chew-Low-Salzman method, which 
could be used to calculate the pion-nucleon scattering 
amplitude in terms of two coupling constants only. As 
in the static theory, the unitarity equation will involve 
the transition amplitude for the production of an 
arbitrary number of mesons, and, in this case, of nucleon 
pairs as well. In order to make the equations manage¬ 
able, it is necessary to neglect all but a finite number of 
processes; as a first approximation, the “one-meson” 
approximation, we shall neglect all processes except 
elastic scattering. 

The equations obtained from the dispersion relations 
and the one-meson approximation differ from the static 
Chew-Low equations in two important respects. 
Whereas, in the static theory, there was only P -wave 
scattering, we now have an infinite number of angular 
momentum states, and the crossing relation, if ex¬ 
pressed in terms of angular momentum states, would 
not converge. Further, in the relativistic theory, the 
dispersion relations involve the scattering amplitude in 
the “unphysical” region, i.e., through angles whose 
cosine is less than —1. For these reasons, the method 
of procedure will be more involved than in the static 
theory. We shall require, not only the analytic prop¬ 
erties of the scattering amplitude as a function of energy 
for fixed momentum transfer, which are expressed by 
the dispersion relations, but its analytic properties as 
a function of both variables. The required analytic 
properties have not yet been proved to be consequences 
of microscopic causality. In order to carry out the proof, 

4 G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 

K G. -Salzman and F. Salzman, Phys. Rev. 108, 1619 (1957). 
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one would almost certainly have to consider simul¬ 
taneously several Green’s functions together with the 
equations connecting them which follow from uni- 
tarity. It is unlikely that such a program will be carried 
through in the immediate future. However, if the solu¬ 
tion obtained by the use of these analytic properties 
were to be expanded in a perturbation series, we would 
obtain precisely those terms of the usual perturbation 
series included in the one-meson approximation. The 
assumed analytic properties are, therefore, probably 
correct, at any rate in the one-meson approximation. 

As we have to resort to perturbation theory in order 
to justify our assumptions, we do not yet have a theory 
in which the general principles of quantum theory are 
supplemented only by the assumption of microscopic 
causality. Nevertheless, the approximation scheme used 
has several advantages over the approximations previ¬ 
ously applied to this problem, such as the Tamm- 
Dancoff or Bethe-Salpeter approximations. It refers 
throughout only to renormalized masses and coupling 
constants. The Tamm-Dancoff equations, by contrast, 
are unrenormalizable in higher approximations and the 
Bethe-Salpeter equations, while they are covariant and 
therefore renormalizable in all approximations, present 
difficulties of principle when one attempts to solve them. 
Further, we may hope that the one-meson approxima¬ 
tion is more accurate than the Tamm-Dancoff approxi¬ 
mations. The latter assumes that those components of 
the state vector containing more than a certain number 
of bare mesons are negligibly small—an approximation 
that is known to be completely false for the experi¬ 
mental value of the coupling constant. The one-meson 
approximation, on the other hand, assumes that the 
cross section for the production of one or more red 
mesons is small except at high energies. While this 
approximation is certainly not quantitatively correct, 
it is nevertheless probably a good deal more accurate 
than the Tamm-Dancoff approximation. Finally, the 
one-meson approximation, unlike the Tamm-Dancoff 
or Bethe-Salpeter approximations, possesses crossing 
symmetry. Now it is very probable that the ghost 
states” which have been plaguing previous solutions of 
the field equations are due to the neglect of crossing 
symmetry. As evidence of this, we may cite the case 
of charged scalar theory without recoil, for which the 
one-meson approximation has been solved completely. 6,7 
The solution obtained with neglect of the crossing term 
possesses the usual ghost state if the source radius is 
sufficiently small. The Lee model, 8 which has no crossing 
symmetry, shows a similar behavior. If the crossing 
term in the charged scalar model is included, however, 
there is no ghost state. 

It has been pointed out by Castillejo, Dalitz, and 
Dyson * 7 8 that the dispersion relations, at any rate in the 
charged scalar model, do not possess a unique solution. 


* T. D. Lee and R. Serber (unpublished). 

7 Castillejo, Dalitz, and Dyson, Phys. Rev. 101, 453 

8 K. W. Ford, Phys. Rev. 105, 320 (1957). 


(1956). 


This might have been expected, since it is possible to 
alter the Hamiltonian without changing the dispersion 
relations. One simply has to introduce into the theory a 
baryon whose mass is greater than the sum of the 
masses of the meson and nucleon. Such a baryon would 
be unstable, and would therefore not appear as a sepa¬ 
rate particle or contribute a term to the dispersion 
relations. In perturbation theory, the simplest of the 
solutions found by Castillejo, Dalitz, and Dyson, i.e., 
the solution without any zero in the scattering ampli¬ 
tude, agrees with the solution obtained from a Hamil¬ 
tonian in which there are no unstable particles, and the 
more complicated solutions correspond to the existence 
of unstable baryons. We shall assume that this is so 
independently of perturbation theory, and shall con¬ 
cern ourselves with the simplest solution. There is no 
physical reason why one of the other solutions may not 
be the correct one, but it seems worthwhile to try to 
compare with experiment the consequences of a theory 
without unstable particles. It should in any case be 
emphasized that the ambiguity is not a specific feature 
of this method of solution, but is inherent in the theory 
itself. The difference is that, in other methods, it occurs 
in writing down the equations, whereas in this method 
it occurs in solving them. 

In Sec. 2 we shall discuss the analytic properties of 
the scattering amplitude, and, in Sec. 3, we shall show 
how these properties can be used together with the 
unitarity condition to solve the problem. We shall in 
this section ignore the “subtraction terms” in the dis¬ 
persion relations. As in the corresponding static prob¬ 
lem, we have to use an iteration procedure in which the 
crossing term is taken from the result of the previous 
iteration. The details of this solution will be entirely 
different from the static problem, the reason being that 
the part of the amplitude corresponding to the lowest 
angular momentum states, which is a polynomial in the 
momentum transfer, actually appears as a subtraction 
term in the dispersion relation with respect to this 
variable and has thus not yet been taken into account. 
In this and the next section we shall also be able to 
specify details of the analytic representation that were 
left undetermined in Sec. 2, in particular, we shall be 
able to give precise limits to the values of the momentum 
transfer within which the partial-wave expansion con¬ 
verges. In Sec. 4 we shall investigate the subtraction 
terms in the dispersion relations. W e shall find that, in 
order to determine them, we shall require the unitarity 
condition for the lowest angular momentum states, not 
only in pion-nucleon scattering, but also in the pair- 
annihilation reaction N -J-AT —* 2t, which is represented 
by the same Green’s function. The coupling constant 
for meson-meson scattering is thus introduced into the 
theory; as its value is not known experimentally it will 
have to be determined by fitting one of the results of 
the calculation, such as the sum of the 5-wave scattering 
lengths at threshold, with experiment. The calculations 
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of these low angular momentum states would be done 
in the same spirit as the Chew-Low calculations, and 
the details will not be given in this paper. We thus 
have a procedure in which the first few angular mo¬ 
mentum states are calculated by methods similar to 
those used in the static theory, while the remaining 
part of tiie scattering amplitude, which will be called 
the “residual part,” is calculated by a different pro¬ 
cedure which does not make use of a partial-wave 
expansion. Needless to say, the two parts of the calcu¬ 
lation become intermingled by the iteration procedure. 

It is only in the calculation of the subtraction terms 
that u-c has to be made of the unitarity condition for 
the pail-annihilation reaction. For the residual part, it 
is only necessary to use the unitarity condition for pion- 
nucleon scattering. Had it been possible to use the 
unitarity condition exactly instead of in the one-meson 
approximation, the result would also satisfy the uni¬ 
tarity condition for the annihilation reaction in a 
consistent theory. As it is, we find that the residual part 
consists of a number of terms which correspond to* 
various intermediate states in the annihilation re¬ 
action. In Sec. 5 it is pointed out that the calculation is 
greatly simplified if we keep only those terms of the 
residual part corresponding to pair annihilation through 
states with fewer than a certain number of particles. 
Such an approximation has already been made in 
calculating the subtraction terms. The unitarity condi¬ 
tion for pion-nucleon scattering is no longer satisfied 
except for the low angular momentum states. However, 
the terms neglected are of the order of magnitude of, 
and probably less than, terms already neglected. The 
two reactions of pion-nucleon scattering and pair 
annihilation are now treated on an equivalent footing. 

It will be found that the unitarity condition, in the 
one-meson approximation, cannot be satisfied at all 
energies if crossing symmetry and the analytic proper¬ 
ties are to be maintained. The reason is that the uni¬ 
tarity condition for the scattering reaction is not 
completely independent of the unitarity condition for 
the “crossed” reaction with the two pions interchanged, 
and they contradict one another if an approximation is 
made. There is, of course, no difficulty in the region 
where the one-meson approximation is exact. For 
sufficiently small values of the coupling constant, we 
shall still be able to obtain a unique procedure. For 
values of the coupling constant actually encountered, 
one part of the crossing term may have to be cut off at 
the threshold for pair production in pion-nucleon scat¬ 
tering. It is unlikely that the result will be sensitive to 
the form and the precise value of the cutoff. 

2. DISPERSION RELATIONS AND ANALYTICITY 
PROPERTIES OF THE TRANSITION 
AMPLITUDE 

The kinematical notation to be used in writing down 
the dispersion relations will be similar to that of Chew 


etaV- The momenta of the incoming and outgoing pions 
will be denoted by q x and q 2 , those of the incoming and 
outgoing nucleons by p x and p 2 . We can then define 
two invariant scalars 

*'= ~ (P 1 +P 2 ) (qi+q*)/4M, ( 2 . 1 ) 

i=-(qi~q 2 ) 2 . (2.2) 

The latter is minus the square of the invariant mo¬ 
mentum transfer. The laboratory energy will be given 
by the equation 

a>=v-(l/4M). (2.3a) 

It is more convenient to use, instead of the laboratory 
energy, the square of the center-of-mass energy (in¬ 
cluding both rest-masses), which is linearly related to 
it by the equation 

s=M 2 +n 2 +2Mco. (2.3b) 


The Green’s function relevant to the process under 
consideration, 


fl'l+A 7 ' 1 —> T 2 +A r 2, 

(I) 

also gives the processes 


^2+^1 —* Ti-\-N 2 

(II) 

and 

—*■ 7T1+7r 2 . 

(III) 


The matrix elements for the process II can be obtained 
from those for the process I by crossing symmetry; the 
laboratory energy and the square of the center-of-mass 
energy will now be 

<*> c = - p- (t/4M)=-a- (t/2M), (2.4a) 

s c —M 2 -\-h 2 -\-2Mq) c =2M 2 -\-2/j?-- s— t. (2.4b) 

The square of the momentum transfer will be —t as 
before. For the process III, the square of the center-of- 
mass energy will be i. The square of the momentum 
transfer between the nucleon N x and the pion t 2 will 
be s c and that between the nucleon N x and the pion 
7 Ti will be s. 

The kinematics for the three reactions are represented 
diagrammatically in Fig. 1 in which t has been plotted 
against v. AB represents the line s= (Af+/i) 2 , or co=/z, 
and lines for which s is constant will be parallel to it. 
The region for which the process I is energetically 
possible is therefore that to the right of AB. However, 
only the shaded part of this area is the “physical re¬ 
gion” ; in the unshaded part, though the energy of the 
meson is greater than its rest-mass, the cosine of the 
scattering angle is not between —1 and +1. The 
physical region is bounded above by the line t=0, i.e., 
the line of forward scattering, and below by the line 
of backward scattering. Similarly CD is the line s c 
= the region for which the process II is 

energetically possible is that to the left of CD, and the 
shaded area represents the physical region for this 
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reaction. Lines of constant energy for the reaction III 
are horizontal lines. The reaction will be energetically 
possible above the line EF, at which t=AM\ and again 
the shaded area represents the physical region. 

We now examine the analytic properties of the 
scattering amplitude. To simplify the writing, we shall 
first neglect spin and isotopic spin; the transition ampli¬ 
tude will then be a scalar function A(v,t) of the two 
invariants v and t. Its analytic properties as a function 
of v, with t constant, are exhibited by the usual dis¬ 
persion relations 


g 2 / 1 1 \ 1 

A(v,t)= -(-1—--)+-( dv 

2 M\v b —v v B -j~v/ 7r*'„+( t /4jlf) V 


v' 

1 r -»^«/4AO A 2 (v',t ) 


T 

irJ —« 


dv'~ 


, (2.5) 


where Vb =-<ji 2 /2 Jf)+(*/4Af). In this and all subse¬ 
quent such equations, the energy denominators are 
taken to have a small imaginary part. A x and A 2 are 
the “absorptive parts” associated with the reactions I 
and II, respectively, and are given by the equations 


(27r) 4 Ai(v,l)8(pi+qi— pi~ qz) — (2*) 6 ^- 


/ 4/>oi/>02^01^02\ * 


M 2 


-) 



XIWi)t(?i) I n)(n\N(p 2 )Tr(q 2 )), (2.6) 

( 4 /> 01 ^ 02 ^ 01^02 

/ 

Xjl(N(pi)Tr(-q 2 ) | n){n\ N(p 2 )ir(-qi)). (2.7) 


The symbol (N (pi)ir(qi) | denotes a state with an in¬ 
going nucleon of momentum pi and an ingoing pion of 
momentum qi. The sum is to be taken over all 
intermediate states. A x and A 2 are nonzero to the right 
of AB, and to the left of CD, respectively. 

Equation (2.5) indicates that A is an analytic func¬ 
tion of v in the complex plane, with poles at ±v B , and 
cuts along the real axis from n+ (i/4M) to and from 
— oo to — n~ 

On Fig. 1, (2.5) will be represented by an integration 
along a horizontal line below the v axis. The poles will 
occur where this line crosses the dashed lines; apart 
from them, the integrand will be zero between AB and 
CD. Except for forward scattering, the region where 
the integrand is nonzero will lie partly in the unphysical 
region, where the energy is above, threshold but the 
angle imaginary. 

Equation (2.5) is only true as it stands if the func¬ 
tions A, A h and A 2 tend to zero sufficiently rapidly as 
v tends to infinity; otherwise it will be necessary to 
perform one or more subtractions in the usual way. 
Whenever such a dispersion relation is written down, 


the possibility of having to perform subtractions is 
implied. 

We next wish to obtain analytic properties of A as a 
function of i. In order to do this we shall write the 
scattering amplitude, not as the expectation value of 
the time-ordered product of the two meson current 
operators between two one-nucleon states, as is done 
in the proof of the usual dispersion relations, 9 - 10 but as 
the expectation value of the product of a meson current 
operator and a nucleon current operator between a 
nucleon state and a meson state. Thus 

( 2poiqo 2 \* . r 
/ J 

Xe~ iq i^^'(Nipi) | T{j(x)d(x n )}\Tr(q 2 )), (2.8) 


where a(x') is a nucleon current operator. From this 
expression, we can obtain dispersion relations in which 
the momentum transfer between the incoming nucleon 
and the outgoing pion, rather than between the two 
nucleons, is kept constant—the proof is exactly the 
same as the usual heuristic proof of the ordinary dis¬ 
persion relations. 9 * 10 As this momentum transfer is just 
s e , we obtain dispersion relations in which s e is kept 
constant; if A is written as a function of s e and t, they 


» M. L. Goldberger, Phys. Rev. 99, 979 (1955). 

10 R. H. Capps and G. Takeda, Phys. Rev. 106, 1337 (1956). 
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take the form 


A(s e ,t) = 


S 2 

s c +t-M 2 - 2 M 2 


- dt' 

tJ oo 


A&J) 

t'-t 



AsM 

t'-t 


• (2.9) 


The absorptive parts in the integrand are as usual 
obtained by replacing the time-ordered product in 
(2.8) by half the commutator. The first term, in which 
the operators are in the order j(x)a(x'), is exactly A h 
and will therefore be nonzero to the right of AB and 
have a 5 function along IK. The second term, however, 
in which the operators are in the order d(x')j(x), will 
now be related to the process HE. It will be given by 
the equation 

\ M 2 / 


XT,(N(pi)N ( —p 2 ) | n)(n | t(— qjir(q 2 ) ). ( 2 . 10 ) 

* 


The state n of lowest energy will now be the two-meson 
state. A 3 will therefore be nonzero above the line t=4n 2 , 
represented by GH in Fig. 1 (since t is square of the 
center-of-mass energy of the process III). The dis¬ 
persion relation ( 2 . 10 ) is represented by an integration 
along a line parallel to CD and to the right of the line 
s e =0. It implies that A is an analytic function of t for 
fixed s e , with a pole at t=M 2 -\- 2fA—s c , and cuts along 
the real axis from — oo to (M— m) 2 — s e and from V 
to oo. 

As in the usual dispersion relation, part of the range 
of integration in Eq. (2.9) will lie in the unphysical 
region. This region now includes, besides imaginary 
angles at permissible energies, the entire area between 
the lines i=4n 2 and t=4M 2 , where there are contribu¬ 
tions to A 3 from intermediate states with two or more 
pions. The rigorous proof of (2.9) is therefore much 
more difficult than that of (2.5), and probably cannot 
be carried out without introducing the unitarity 
equations. 

By interchanging the two pions in the expression 
( 2 . 8 ), we can obtain a third dispersion relation in which 
s is kept constant : 


A(s,t)= - 

sA-t—AI 2 — 2n 2 


~ / dt' 

TT*' —oo 


A 2 {s,t') 

t'-t 



Ai(s,t') 

t'-t 


( 2 . 11 ) 


On Fig. 1, this would be represented by an integration 
along a line parallel to AB, and to the left of the line 
s=0. 


Let us now try to obtain the analytic properties of A 
considered as a function of two complex variables. The 
simplest assumption we could make is that it is analytic 
in the entire space of the two variables except for cuts 
along certain hyperplanes. We can then determine the 
location of the cuts from the requirement that A must 
satisfy the dispersion relations ( 2 . 5 ), ( 2 . 9 ), and ( 2 . 11 ); 
there will be a cut when s is real and greater than 
{M+n) 2 , a cut when s c is real and greater than (Af+/*)?' 
and a cut when t is real and greater than 4 m 2 . The dis¬ 
continuities across these cuts will be, respectively, 2A h 
2A 2 , and 2^4 3 . In addition, A will have poles when 
s=M 2 and when s e =M 2 . By a double application of 
Cauchy’s theorem, it can be shown that a function with 
cuts and poles in these positions can be represented in 
the form 


A=- 


ir 

• AP-s AP-s c 7 r 2 J {M+ll )* ‘V (j'-j) {t'-t) 

+Y 

* a -'<ir+*>* J W (Sc—Sc) (t'-t) 

, 1 r ,, f 00 ,, a 12 (s',s c ') 

+—I ds I ds e -. ( 2 . 12 ) 

(S'—S)(s c ' — Sc) 


This is a generalization of a representation first sug¬ 
gested by Nambu . 11 While we have for convenience 
used the three variables s, s c , and t, which are the en¬ 
ergies of the three processes, they are connected by 
the relation 

s+s c +t=2(M 2 +S), (2.13) 

so that A is really a function of two variables only. 
An, A 23 and Ai 2 , which will be referred to as the 
“spectral functions,” are nonzero in the regions in¬ 
dicated at the top right, top left and bottom of Fig. 1. 
The precise boundaries Cn, C 2Z , and C 12 of the regions 
will be determined by unitarity in the following sec¬ 
tions; from the reasoning given up till now, all that 
can be said is that the regions must lie within the 
respective triangles as indicated, and that the boundary 
must approach the sides of the triangles asymptotically 
(or it could touch them at some finite point). The 
spectral functions are always zero in the physical region. 

As in the case of ordinary dispersion relations, the 
representation ( 2 . 12 ) will not be true as it stands, but 
will require subtractions. The subtractions will modify 
one or both of the energy denominators in the usual 
way and, in addition, they will require the addition of 
extra terms. These terms will not now be constants, 
but functions of one of the variables, e.g., if there is a 
subtraction in the s integration of the first term, the 
extra term will be a function of t. These functions must 
then have the necessary analytic properties in their 

11 Y. Nambu, Phys. Rev. 100, 394 (1955). 
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variables, so that they will have the form 

jds') , i r _ . Ms') 

J (M+»)* S' — S 7T+Af+M)* 


where 


i r r s > ftM 

- I ds - 1 — I ds c f 

%'s' — S 7T^(Jlf+M) ! Sc —S c 


1 r « 

— I ds ' I 

tAJ t M Xul * oc 


dt > - 

W(jif+ M )* J -<* (j r — j)(^—/) 


1 r » /. 

— I ^ 

7T 2 ^(M+u) s * / -« 


«2(«c) A\l(Scf) 
dt’~ 


It then follows that 


A=- 


M 2 -s M 2 


iUif 

r 2 — 5 C TT 2 *' (M 


ds' 


Ai(s',t) 


1 f 06 i4i«(j,0 

—J i( 

,1 “ > 1 fAu(*,0 „ 

*'-, (2.16) 

f~t 

1 /•* i423(^cjO 

24 2 (W)=-| dt> . 

TT" 2l(*e) * * 


+ ifV^. (M 

TT d ifi* t’—t 

If more than one subtraction is involved, we may have 
similar terms multiplied by polynomials. Even if the 
spectral functions in (2.12) tend to zero as one of the 
variables tends to infinity, so that no subtraction m 
that variable is necessary, it is still not precluded that 
the corresponding term in (2.14) does not appear, as 
the function still has the required analytic properties. 
For pion-nucleon scattering, however, there is no un¬ 
determined over-all term, independent of both variables, 
to be added, as the requirement that the scattering 
amplitude for each angular momentum wave have the 
form e i6 sin5/&, with Im5<0, forces A to tend to zero 
in the physical region when both 5 - and t become infinite. 

The Nambu representations for the complete Green’s 
functions are known to be invalid, even in the lowest 
nontrivial order of perturbation theory. The representa¬ 
tion quoted here, however, restricts itself to the mass 
shells of the particles, and has not been shown to be 
invalid. In fact, in the case of Compton scattering, the 
fourth-order terms, which have been worked out by 
Brown and Feynman, 12 are found to have this repre¬ 
sentation, and, as we have stated in the introduction, 
all the perturbation terms included in the one-meson 
approximation can be similarly represented. 

The dispersion relations are an immediate conse¬ 
quence of the representation (2.12). To obtain the 
usual dispersion relation (2.5), the third integral in 
(2.12) must be written as 13 


(.Sc’-ScW-t) 


1 r i,(,t) ai*(j«o 

— I dt -. (2.17) 

TT^—oa t' — t 

Equation (2.15) is, however, just the dispersion relation 
(2.5), since s, s e , and v are connected by the relations 
(2.4) and t is being kept constant. We also see that the 
absorptive parts Ax and A 2 themselves satisfy disper¬ 
sion relations in t , with 5 (or j c ) constant, the imaginary 
parts which appear in the integrand are now simply the 
spectral functions. Equation (2.16) will be represented 
in Fig. 1, by an integration along a line parallel to AB 
and to the right of it. The limits h and t<i are the points 
at which this line crosses the curves C 13 and C 12 . They 
satisfy the inequalities 


fi>4ju 2 , 

t 2 <{M—fj) 2 —s. 


(2.18a) 

(2.18b) 


Ai will be nonzero for s> (AT+m) 2 , as it should, as long 
as the curves C13 and C12 approach the line AB at 
some point and do not cross it. 

The dispersion relations (2.9) and (2.11) can be 
proved from (2.12) in a similar way; the absorptive 
part A* will then satisfy a dispersion relation in ^with 
5 constant: 


1/•» AuVA 1 r~’ M At t(r’A 

,=- — - * — - 

ird vz {t) v —v ttJ-x, v v 


(2.19) 


1 r* At(s e ',t) 

+— j dsj ~ ~~j (2.15) 

_ 7T 2 *'(M+m) 1 Sc—s e 

12 L. M. Brown and R. P. Feynman, Phys. Rev. 85, 231 (1952). 

13 When we make a change of variables, we imply of course 
that the spectral functions still have the same value at the same 
point, and not that we must take the same function of the new 
variables. 


This dispersion relation will be represented by an in¬ 
tegration along a horizontal line above GH. v 3 and — v 3 
will be the points at which the line of integration 
crosses C 13 and C 23 . 

Finally, then, the scattering amplitude A satisfies 
dispersion relations in which any of the quantities t, s c , 
and j are kept constant. Further, it follows from (2.12), 
by the reasoning just given, that the values of the 
quantity which is being kept constant need no longer 
be restricted in sign. Thus, for example, we now know 
the analytic properties of A , as a function of momentum 
transfer, for fixed energy greater than (as well as less 
than) (M+m) 2 . They are given by the dispersion rela¬ 
tion (2.11), so that A is an analytic function of the 
square of the momentum transfer, with a pole at 
t=M 2 +2n 2 —s, and cuts along the real axis from 
/=4ju 2 to °° and from t— — 00 to (M—v) 2 —s. For 
s> (M+ju) 2 , these cuts and poles are entirely in the 
nonphysical region. It has already been shown rigorously 
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by Lehmann 14 that .4 is analytic in t in an area including 
the physical region. The absorptive parts A h A 2 and 
A 3 will themselves satisfy dispersion relations, pro¬ 
vided that the correct variable be kept constant (j, s e , 
and t for A h A 2 , and A 3 , respectively). The weight 
functions for these dispersion relations are entirely in 
the nonphysical region, and the boundaries of the areas 
in which they are nonzero are yet to be determined. In 
particular, we see that the absorptive part A x has the 
same analytic properties as a function of the mo¬ 
mentum transfer [for j constant and greater than 
(Af+At) 2 H as the scattering amplitude, except that there 
is now no pole, and the cuts only extend from t x to °o 
and from — °o to t 2 . According to the inequalities 
(2,14), these cuts do not reach as far inward as the 
cuts of A considered as a function of the momentum 
transfer. This agrees with another result of Lehmann 14 
who showed that the region of analyticity of A i as a 
function of t was larger than the region of analyticity 
of A as a function of t. 

The modifications introduced into the theory by 
spin and isotopic spin are trivial. The transition ampli¬ 
tude will now be given by the expression 


order to determine the scattering amplitude. We shall 
again begin by neglecting spin and isotopic spin; the 
unitarity condition (2.7) then becomes, in the one- 
meson approximation, 


1 q r 

Ai(s, cos 0 i)=-I smd 2 dd 2 d<j> 2 A*(s, cos 0 2 ) 

32-7r 2 WA 

X4(j, cos(0i,e 2 )), 

or 

1 q r 1 r 2ir 

Ai(s,zi)= -I dz 2 I d4>A*(s,z 2 ) 

32+ WJ-! J 0 


X4{j, ziz 2 +(l—Zi 2 )*(l—z 2 2 )* cos <f>), ( 3 . 1 ) 

where z=cos 0 and 0 <(i=l, 2 ) is a unit vector in the 
direction. W is the center-of-mass energy (equal 
to \/s ), and q is the momentum in the center-of-mass 
system, given by the equation 

fl*- {*” (M+tf) {s- ( 3 . 2 ) 

z is related to the momentum transfer by the simple 
relation 

z-l+(//2g*). (3.3) 


— A+hiy(qi+q*)B, (2.20) 

and both A and B will have representations of the 
form (2.12). There will, further, be two amplitudes 
corresponding to isotopic spins of § and §. It is some¬ 
times more convenient to use the combinations 

A(+>=$(AM+2AM), ( 2 . 21 a) 

4<-> = ±(4<»-4<*>), ( 2 . 21 b) 

and similar combinations B (+) and B ( ~K We then have 
the simple crossing relations 


The unitarity requirements only prove that Eq. 
(3.2) is true in the physical region. A x must then be 
obtained in the unphysical region by analytic continua¬ 
tion. In order to do this, A can be expressed as an 
analytic function of t or, equivalently, of z, by means 
of Eq. (2.11), in which the energy is kept fixed. Equa¬ 
tion (3.3) shows that we can simply replace / by z in 
( 2 . 12 ), so that we may write 



^2*(*,z 2 ')+4 3 *(*,z 2 ') 

_ / _ 

z 2 z 2 


(3.4a) 


4<±>M = ±4<±>(-^), ( 2 . 22 a) 

(v,t) = =FS<±> (- v,t), ( 2 . 22 b) 

or, in terms of the spectral functions, 

A i 3 (±) (s,i) = ±A 23 (±) (j., 0, (2.23a) 

A i 2 (±) (s,s e ) = d=i4i 2 t±J (s e ,s), (2.23b) 

Bis (±) (s,t) = =F B 23 m ( s e ,t ), (2.23c) 

£i 2 (±) M = =F£ 12 <±> (s e ,s). (2.23d) 

The poles in (2.12) and in the dispersion relations will 
only occur in the representation for B<& (in pseudo¬ 
scalar theory), and the second term will have a minus 
or plus sign in the equations for £<+> and B<~>, 
respectively. 

3. COMBINATION OF THE DISPERSION RELATIONS 
WITH THE UNITARITY CONDITION 

The dispersion relations given in the previous section 
must now be combined with the unitarity equations in 
14 H. Lehmann (to be published). 


^4{j, ZiZ 2 +(l — Zi 2 )*(l — z 2 2 )* cos4 >} 



A 2 (s,z 3 ) -j-A 3 (s,z 3 ) 

Z 3 —Z\Z 2 — (1— Zi 2 )*(l — z 2 2 )* cos <J) 


(3.4b) 


For simplicity we have included the absorptive parts 
^4 2 and ^4 3 under the same integral sign, but they will 
of course contribute in different regions of the variable 
of integration. A 2 (s,z) will be nonzero only if z<l 

— {s— (M—n) 2 }/2<f, apart from a 8 function at z=l 

— (s—M 2 —2fi 2 )/2q 2 , and A 3 (s,z) will be nonzero only if 
z> 1+2The dispersion relations have been written 
down on the (incorrect) assumption that there are no 
subtractions necessary; we shall see in the following 
section how the theory must be modified to take them 
into account. 

On substituting (3.4) into (3.2) and performing the 
integrations over z 2 and 0 , we are left with the equation 


^i(^,zi)=- f dz 2 f dz 3 

16tt 3 WJ J 


1 Zi — Z 2 Z 3 -\~\/k 

-In-- 

\/k Z\ Z 2 Z 3 — y/k 


X{^2*(5,Z 2 ')+^3*(^Z20}{^ 2 (W)+^3(W)}, (3.5) 
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The use of Eq. (3.9), together with the dispersion 
relations, in order to determine the spectral functions 
is greatly facilitated by the fact that K is zero, unless the 
variables satisfy certain inequalities; for all s, 

Ki(s-, h,t 2 ,tz) =0 unless /i* >tj+h h , (3.10a) 
iCi(j;fi,W<*) = 0 unless h* >^*+^ 3 *, (3.10b) 

K 2 {s\ 5 c i,M<*) = 0 unless 5 rf *> * 2 *+s C 3 *. (3.10c) 

(For any particular 5 , the restrictions on the variables 
could be strengthened.) Equations (3.10) are true as 
long as j c2 , * c3 , * 2 , and *, are in the regions 5 C > M\ t> 4/x, 
outside which A 2 and Az vanish. It follows from (3.9) 
that, for any given value oft {or s c ), Ai 3 ( 5,0 L or >4 i 2 (j, 5 c )_| 
can be calculated in terms of Az{sf') and A 2 (5,5 C ), where 
the values of t' and sf involved are all less than t {or s c ). 
On the other hand, by writing the dispersion relations 
(2.17) and (2.19) in the form 


where , , ,, 

£ = z x 2 +z 2 ,2 +z 3 /2 —1—2 ziz 2 23 • (3-0) 

We must take that branch of the logarithm which is 
real in the physical region — 1 <z x < 1. Equation (3.5) 
then gives the value of A 1 in the entire complex z x plane. 

According to Eq. (2.16), A{s,z 1 ) must be an analytic 
function of t, and therefore of z, with discontinuities 
of magnitude 2A 13 and 2 An as z x crosses the positive 
and negative real axes. It is easily seen that the expres¬ 
sion for A 1 in ( 3 . 5 ) has this property, and, on identifying 
the discontinuities along the real axis with An and A 12 , 
we arrive at the equations 

1 q 


(s,zA = -— fdz 2 f dz 3 i£i(zi,z 2 ,z 3 ) 

8 tt 2 WJ J 


87T 2 W* 

X {A 3 * {s,z 2 ) A z{s,z 3 ) +A* {s,z 2 )A 2 {s,z 3 ) }, (3.7a) 
8tt 2 W ‘ 


Ai 2 {s,Zi)=- -— fdz 2 f dz 3 K 2 {z h z 2 ,z 3 ) 

8 tt 2 WJ J 


A 12 {s',s c ) 


1 /■" An{s'., 

A 2 (s,s t )=- ds '—— 

X*'«2(«e) 5 — 


X{A 2 *(5,Z 2 )A3(5,Z 3 )+A3*(5,Z 2 )A 2 (5,Z3)}. (3.7b) 

+-! 

r°° A 2 z{s c /) 

I df — - -, 

The primes on z 2 and z 3 have been suppressed. Kx and 


«l(*c) t'~t 

K 2 are defined by the equations 

ifi(zi,z 2 ,z 3 ) 

= — \/[_k{zi,z 2 ,zz)'] h , zi>z 2 z 3 +(z2 2 -l) i ( z 3 2 -l) i (3 t 8 a ) 
=0 zi<z 2 z 3 +(z 2 2 — 1 )K z 3 2 — 1 )* 

1 c* Aiz{s',t) 

A 3 (s,l)— is' 

TrJszit) s —5 

1 

+- 

r * A 2Z {s\t) 

I ds' -; 

iT 2 (zi,z 2 ,z 3 ) 

7T 

*"3(0 Sc S c 


, (3.11a) 


(3.11b) 


= 1/[*(Z1,Z1,*3)]*, Zl<Z 2 Zz- 1)HZ3‘- i) 5 (3 8b) 

= 0, Zi>Z 2 Z 3 — (z 2 2 — 1 )K z 3 2 — l) 4 - 

The points Zi=z 2 Z 3 =b(z 2 2 — l)*( z 3 2 ~ 1)* are the points 
at which k changes sign. 

Let us now transform back from z to our original 
variables. As we shall use the dispersion relations (2.17) 
and (2.19), it is convenient to express A 2 and A 12 as 
functions of 5 and s c and A 3 and A 13 as functions of s 
and t. Equations (3.7) then become 


A 13 ( 5,0 =-[ U fdtz 

32*WIV J 


+ 


32ir 2 gWl 

XKi{s\ t h t 2 ,tz)Az*{s,t 2 )Az{s,tz) (3.9a) 

\-^ds c2 J * ds c z -Ki{s> ti } s c2 )Scz)A 2 *( 5 , 5 C 2 ) A 2 ( 5 , 5 C 3 ) 

A X2 (5,5 c l) =- f dt 2 f ds c z K 2 {s; Scl,h,Scz) 

32ir><?WJ J 

XtAz*{sf 2 )A 2 {s,s c z)+A 2 *{s,s c z)Az{s,t 2 )l- (3.9b) 

Note that s is fixed in these equations, while s c and t 
vary. K must be re-expressed as a function of the new 
variables by (3.3) and (2.13). 


it is evident that > 13 ^, t) ana uc 

terms of A 12 {s',s c ) and A u {s'A if for the moment we 
neglect the second term in these equations. We can 
therefore calculate A 13 , A 12 , A 3 , and A 2 for all values 
of 5 and successively larger values of s c and t. The 
lowest value of s c or t for which either A 2 or Az is non¬ 
zero is s c =M 2 , at which there is a contribution of 
g 2 d{s c —M 2 ) to A 2 from the one-nucleon state. From 

( 3 . 9 ) and ( 3 . 10 ) it follows that A 13 and A 12 are zero if t 
and 5c are less than 4 M 2 \ for a range of values of t 
above this, A 13 is nonzero and can be calculated by 
inserting the 5-function contribution to A 2 into (3.9a). 
The rest of A 2 and A 3 will still not contribute owing to 

(3.10) . Once we have the procedure thus started, we 
can proceed to larger and larger values of * and 5 C by 
alternate application of (3.9) and (3.11). 15 

Before discussing how to take the second terms of 

(3.11) into account, let us study in more detail the 
form of the functions An and A 12 calculated thus far. 
In order to do this, we require the precise values of t 
and 5c, at a given value of 5, for which the kernels K 
vanish; we find that 

16 It wilfbe noticed that, though we have brought the pole in 
the crossing term from the one-nucleon intermediate state into 
our calculations, we have not yet introduced the pole in the direct 
term. This pole is actually a subtraction term of Eq. (2.11) and 
will be treated in the following section. 
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Fig. 2. Properties of the spectral functions. 


Ki(s] t h t 2 ,iz )=0 unless 

<i t ><! i (H-<j/4« 2 )t+/,t(l+W)f, (3.12a) 

Ki(s; ti,S'2,s ci )=0 unless 

<i*> (*. 2 —»)>{l+ta—«)/V)t 
+ (i«i - «) 1 (1 + (s a —u)/Atf ) 1, ( 3 . 12 b) 

2^a($; i«i,( 2 ,i e i)=0 unless 

(*i-«0‘>li*{l+(*,-*)/4j«}» 

+ (S' 1 -u)l(l+l z /4f)i, (3.12c) 

where 

u=(AP-h 2 ¥/s. (3.13) 

As the smallest value of s e or t which contributes to the 
integrand in Eq. (3.9a) is s e =AP, where A 2 has a 
6 -function singularity, it follows from ( 3 . 12 b) that the 
smallest value of t for which Ai 3 (r,/) is nonzero (for any 
given value of s) is given by 

t*=2(AP-u)*{l+(AP-u)/4<?}i. (3.14) 

For very large s, this value of t approaches 4 M 2 , but, as 
s decreases, i becomes larger and larger until, at s 
= (M+n) 2 , it becomes infinite. Equation (3.14) has 
been plotted as C x in Fig. 2. A 13 .will be nonzero above 
Ch and, near it, it will behave like (/—/<>)“*, where to is 
the value of t given by (3.14). It follows from (3.11b) 
that A 3 (r,f) is nonzero if *>43f 2 , and behaves like 
(t— 4M 2 )* just above this limit. The value t=4AP is 


precisely the threshold for the process tTT J and we 
would have obtained the same results from our general 
reasoning in the previous section if we had - neglected 
intermediate states containing two or more mesons but 
no nucleon pairs. This indicates that our assumptions 
are probably correct, as we have not considered the 
process m explicitly in this section. When we treat the 
subtraction terms in the dispersion relations, we shall 
see that ri x3 is also nonzero between t=4/j . 2 and t=4M 2 , 
and that the region in which A u is nonzero must be 
enlarged. The curve C x is therefore not yet the curve 
C x3 of Fig. 1 . 

For a range of values of / above the curve Cj, the 
entire contribution to the integrand in ( 3 . 9 a) comes 
from the 5 function in A 2 . At a certain point, however, 
the other terms in A 2 and A 3 begin to contribute. If 
for the moment we neglect the second term in ( 3 . 9 a), 
the new contribution begins at the value of t obtained 
by putting t 2 =t 3 =4AP in (3.12a), since this is (at the 
present stage of the calculation) the lowest value of t 
for which A 3 is nonzero. The result has been plotted 
against s in Fig. 2 to give the curve C 2 . As this curve 
approaches the line t— 16Af 2 asymptotically, there will 
be a corresponding new contribution to A 3 above this 
value, and, near it, the new contribution will behave 
like (/—16 M 2 )K The value t= 16 \P is just the threshold 
for the production of an additional nucleon pair in the 
process HI, and A 3 would be expected to show such a 
behavior at this threshold. 

We find similar discontinuities in the higher deriva¬ 
tives of A i 3 at series of curves (there will now be more 
than one for each threshold) approaching asymptotically 
the lines t=4n 2 M 2 , so that A 3 will have the expected 
behavior at the thresholds for producing n nucleon pairs. 

The functions A x2 and A 2 will exhibit the same sort 
of characteristics. In Eq. (3.9b), the lowest values of 
t 2 and s C 3 which contribute to the integrand are t 2 =4AP, 
s e 3 =AP, so that the boundary of the region in which 
A 12 is nonzero is obtained by inserting these values 
into (3.12c). The result is represented by the curve C 3 
in Fig. 2; it approaches the line s e =9AP as r tends to 
infinity. As with A x3 , the region in which A 12 is nonzero 
will be widened in the following section. From (3.19a), 
it follows that A 2 will (at present) be nonzero for 
s c >9\P, which is the threshold for pair production in 
the reaction II. A 12 will also have discontinuities in the 
higher derivatives at series of curves such as C A which 
approach asymptotically the lines s e = (2n+l) 2 AP. 
Finally, it can be seen that the second term of (3.9a) 
will give rise to further curves at which the higher 
derivatives of A 13 are discontinuous, but these curves 
will all approach asymptotically the lines t= 4 n 2 AP. 

We must now return to the second term in the Eq. 
(3.11), which we have so far neglected in the calcula¬ 
tion. It can be taken into account by introducing the 
requirement of crossing symmetry; which has not yet 
been used. As in the static theory, one now has to use 
an iteration procedure. The function A 23 , which only 






7fca£/Lc##ta£ZciiZ “Pky-Aicu 












127 


PION-NUCLEON SCATTERING AMPLITUDE 


1353 


affects the crossing term in the dispersion relation (2.5), 
is first neglected, and the calculation done as described. 

A 23 is then found from the calculated value of An and 
the crossing-symmetry relations (2.23), and inserted 
into Eq. (3.11) for the next iteration. However, the 
scattering amplitude calculated by this procedure 
would still not satisfy the equations of crossing sym¬ 
metry since, while An and A 23 are connected by (2.23a), 
An does not satisfy (2.23b). We have seen that the 
dispersion relations together with the equation of 
unitarity determine An uniquely, and the result is not 
a symmetric function of 5 and s c ; even the region in 
which it is nonzero is not symmetric. It therefore ap¬ 
pears that we cannot satisfy simultaneously the 
requirements of analyticity, unitarity (in the one-meson 
approximation), and crossing symmetry. 

The reason why this is so is easily seen in perturbation 
theory. Among the graphs included in the first iteration 
of the one-meson approximation is Fig. 3(a). The 
topologically similar graph Fig. 3(b) will also be in¬ 
cluded, since Fig. 3(a) by itself would have square 
roots in the energy denominators and would not have 
the necessary analytic properties. If, therefore, cross¬ 
ing symmetry is to be maintained, Fig. 3(c) must also 
be included. In this graph, however, there is an inter¬ 
mediate state of a nucleon and a pair, so that the uni¬ 
tarity condition in the one-meson approximation is not 
satisfied. 

This example also indicates how we should modify 
our iteration procedure. In addition to inserting a term 
A 23 , obtained by crossing symmetry from the previous 
iteration, into (3.11), we must insert a term An (s,s c ) 
equal to i 4 12 (jc,j) as calculated in the previous iteration. 
The contribution from this term is to be added to the 
contribution from .< 4 i 2 ($,Jc) calculated in the normal 
way. An will be nonzero above the curve C 6 in Fig. 2 , 
and, in particular, it will be zero for all values of s c if s 
is less than 9 M 2 . Complete crossing symmetry is now 
maintained, but the addition of An violates the uni¬ 
tarity condition (in the one-meson approximation) for 
values of 5 greater than 9M\ and a perturbation ex¬ 
pansion would include graphs such as Fig. 3(c). As 
these graphs will appear in higher approximations, the 
fact that we are forced to include them here should 
not be considered a disadvantage of our method. In 
any case, the unitarity condition is only violated where 
the one-meson approximation is far from correct. 

The iteration procedure is found to give rise to 
further curves, like C 2 and C 4 (Fig. 2), at which the 
higher derivatives of the spectral functions are dis¬ 
continuous. These new discontinuities correspond to 
the production of mesons together with nucleon pairs. 
We still do not have discontinuities at all possible 
thresholds. 

The inclusion of the spin does not change any of the 
essential features of the theory, though the details are 



(a) (b) (c) 


Fig. 3. Graphs which bring in intermediate states with pairs. 

rather more complicated. Following Chew ei al ., 1 we 
write the pion-nucleon T matrix in the form 

2tW 

T= -(a+cr- q 2 <r- <Ji&), (3.15) 

Ew 


where E is the center-of-mass energy of the nucleon and 
w that of the pion. a and b are related to the quantities 
A and B in the expression (2.20) by the formulas 

.-W y-KB'-W y (J1W 

2W \ 4t r / 

E-M/-A + (W+M)B\ 

b= -(---). (3.16b) 

2 W V 4tt / 

The unitarity condition corresponding to (3.7) can now 
be worked out in terms of a and b\ the equation ob¬ 
tained is 

013(12)(Vl) = X) “ U f dz 3 *l( 2 )(Zi,Z 2 ,Z 3 ) 
a flV d 

I Z2 —Z 3 Z 1 
0 a* O*^) 0 a (s,Zs) ~| b a * (s,Z 2 ) O a 

1 —Zi 2 


Z 3 — Z 2 Zi , 

+-- a a *(s,Z2)b a (s,Z3) |, (3.17a) 


1 -Zi 2 


&13(12) (*,Zl) = X) ~Jdz 2 J* dZ 3 * 1 ( 2 ) (Zl,Z 2 ,Z 3 ) 


Z 3 — Z 2 Z 1 z 2 —Z 3 Z 1 

■&a*Cs,Z2)0a(j,Z3)+- 


1-Z ! 2 


1-Z ! 2 


Xa a *(s,Z2)b a (s,Z3)-\-b a *(s,Z2)b a (s,z 3 ) J, (3.17b) 


where £ a indicates that terms of the form a a *a a are to 
be replaced by 02 * 02 + 03*03 in the calculation of 013 
and 613 and by 02*03+03*02 in the calculation of an 
and bny exactly as in (3.7). a 2 and b 2 , 03 and b 3 , an and 
bn, and an and bn are related respectively to A 2 and 
B 2 , A 3 and B 3 , An and Bn, and .4 13 and Bn by Eqs. 
(3.16). The unitarity condition (3.17) can be rewritten 
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in terms of A and B\ it then becomes 

^4i3(i2)(j,Zi)=E — — f dz 2 f dz 3 Ki (2 )(z 1} Z 2 ,Z 3 ) 
a 47tW*^ J 


4tt 2 WJ 

1 —Z 2 — Z3+Zl\ 

-—- )A a *(s,z 2 )A a (s,z 3 ) 

l+zi / 

OJ 1 — Z 2 +Z 3 —Zi Mw 1 — Z 2 —Z 3 +Zi\ 


x|(l-— 

l\ 2 W 

( ii) 1 — z 2 -j- 
— 


-+- 


2 W 1+Zi > 

’O) 1+Z2— Z 3 — Zi 


( 0 ) l+z 2 — z 3 
— 

2 1- Zl 

Mw 1—z 2 —Z 3 +Z 1 


+ 


2 W 1 + Zl 


h\ 


(S,Z 2 )A a (s,Z 3 ) 


W 2 —M 2 1 — Zz — Z3 + Zl 

H-—-- B«*(s,z 2 )B a (s,z 3 ) \, (3.18a) 


2W 


l+zi 


-Sl3(12)(j,Zi) = ^ - f dz 2 f dz 3 ^ 1 ( 2 )(Zi,Z 2 , Z3 ) 

« 4ir^WJ J 

h 

-A a *(s,z 2 )A a (s,z 3 ) 


4 TT^WJ 

E 1 — Z2 —Z3—f—2?1 


2MW 


l+zi 


which has been proved rigorously . 14 The absorptive 
part A 1 (and hence, by crossing sy mm etry, A 2 ) is 
known, since it is determined by unitarity in terms of 
lower order perturbation terms in the physical region, 
and by analytic continuation (with j constant) out¬ 
side it . 14 

(ii) For a fixed value of s, A (n > is an analytic function 
of the momentum transfer throughout the physical 
region . 14 

As the functions calculated by our method certainly 
fulfil these requirements, they must generate the cor¬ 
rect perturbation series. 

However, our result does not satisfy the unitarity 
condition in the one-meson approximation at all 
energies, and we must examine more closely how A x is 
to be determined. Let us assume that our method gives 
the correct perturbation series up to the (n— l)th order. 
The reasoning developed in this section then shows 
that the »th-order contribution to Ai will be of the form 


ttJ tf—t tJ t'—t 


(3.19) 


where ^i 3 (n) and A 12 w are certainly zero below Ci and 
above C 3 , respectively, in Fig. 2. Inserting this expres¬ 
sion into (2.5), we find that 


+ 


/l~hz 2 z 3 Z\ 

E 1 —Z 2 — Z 3H-Zi^ 

A d M 

V 2 ( 1 — Zl ) 

2 W 1 + Zl / 







XA S(s A )B a (s,z a )+( — 2+23 Zl 

V i- Zl 

E 1—z 2 — Z 3 + Zl \ 

~m~ 1 +* )*•*<***■<'*> 

/ _^ _AP ) £1 ~ Z 2~ Z 3+2l\ 

\ 2 MW 1 + Zl / 



^ 12 ( »W) 


(3.20) 


The suffix d indicates that we are considering the direct 
and not the crossing term. The second term of (3.20) 
will not be an analytic function of t in the physical 
region, but it will have a branch point at the largest 
value of t for which A 12 is nonzero. We can make it 
analytic by adding to ^4 2 the expression 


XB*{s,z 2 )B a (s,z 3 ) . (3.18b) 


Equations (3.17) and (3.18) will hold separately for the 
amplitudes corresponding to isotopic spin \ and f. 

It remains to justify the claim that the result calcu¬ 
lated by our procedure, if expanded in a perturbation 
series, would give a subset of the usual perturbation 
series. The proof is somewhat awkward because we 
were unable to satisfy the unitarity condition in the 
one-meson approximation at all values of the energy. 
Let us first ignore this. The »th term in the perturbation 
series A (n) is then determined uniquely in the physical 
region by the following two requirements: 

(i) For sufficiently small values of the momentum 
transfer {less than 2 m[| (2M+fi)/{2M— m)D*}, ^ (n) 
must satisfy the dispersion relation ( 2 . 5 ), a result 


1 r jt A a ™ ( j .,0 

I dl -- 

tJ t'-t 


(3.21) 


which we would expect from (2.17), if our representa¬ 
tion is correct. By inserting this into (2.5) and adding 
the result to the second term of (3.20), we obtain 


W J ( s'-s)(s e '-s c ) 


(3.22) 


which is analytic in the physical region. The contribu¬ 
tion (3.21) to ^4 2 (n) is uniquely determined from the 
requirement that A< n) be an analytic function of the 
momentum transfer in the physical region, and is 
nonzero only for s c >9M 2 . It corresponds to adding a 
graph such as Fig. 3(b) to Fig. 3(a); as .4 1 for Fig. 3(c) 
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is nonzero for s>9M 2 , A 2 for Fig. 3(b) will be nonzero 
for s c > 9M 2 . 

Finally, then, the wth-order perturbation term can 
be determined from the lower order perturbation terms 
without using any unproved properties of the scattering 
amplitude as follows: 

(i) Calculate A x by unitarity, and extend it into the 
nonphysical region for momentum transfers less than 
2/i[f (2M+n)/(2M— m)]* by analytic continuation. 

(ii) Calculate a contribution A 2d {n) to A 2 (n) , for 
s e >9M 2 , from the requirement that if it, together with 
Ai, be inserted into (2.5), the resulting function A d (n) 
must be an analytic function of the momentum transfer 
in the physical region. By doing this we partially in¬ 
clude intermediate states with nucleon pairs, which is 
necessary if we are to maintain the required analytic 
properties and crossing symmetry. 

(iii) Now calculate A 2 W and the extra contribution 
to v4i (n) by crossing symmetry from AP n) and the 
extra contribution to A 2 (n) . 

(iv) Find A (n) from (2.5) for values of the momentum 
transfer less than 2^t[[f (2M+/*)/(2Af—/*)]*, and calcu¬ 
late it in the rest of the physical region by analytic 
continuation in t. 

This procedure defines a one-meson approximation in 
perturbation theory. From what has been said, it is 
clear that our solution will give precisely this perturba¬ 
tion expansion, so that our assumptions are justified in 
perturbation theory. 

4. SUBTRACTION TERMS IN THE 
DISPERSION RELATIONS 

We have thus far assumed that the dispersion rela¬ 
tions are true without any subtractions. As we have 
pointed out in the first section, by doing this we neglect 
what is physically the most important part of the 
scattering amplitude. In this section we shall investigate 
how many subtractions are necessary for each disper¬ 
sion relation and shall outline how they-can be calcu¬ 
lated, leaving the details for a further paper. 

Let us first consider Eqs. (2.11) and (2.16), which 
were used in obtaining the unitarity condition (3.9) [or 
(3.18) for nucleons with spin]. Even if these dispersion 
relations are written with subtraction terms, it is found 
that (3.9) is unchanged, so that the subtraction terms 
are only needed in the final evaluation of A from A 2 and 
A 3 by means of (2.11), or of A x from Au and Au by 
means of (2.16). The number of subtractions will de¬ 
pend on the behavior of A X2 , Au, A 2 , and A 3 , as calcu¬ 
lated by our procedure, as s c and t tend to infinity—we 
shall have to perform at least enough subtractions for 
(2.11) and (2.16) to converge. 

It is difficult to make an estimate- of the behavior of 
these functions at infinite values of s c and t from the 
equations determining them, and we shall use indirect 
arguments which, though not rigorous, are very plau¬ 
sible. We shall find that, if the coupling constant is 


small enough, the functions tend to zero at infinity, 
so that one can write the dispersion relations without 
any subtractions. For larger values of the coupling 
constant, more and more subtractions will be needed. 
The reader who is prepared to accept this may omit 
the following two paragraphs. 

We consider only the first iteration, since subsequent 
iterations proceed in a similar way and the results are 
unlikely to be qualitatively different. The result can 
then be expanded in a perturbation series. If the solu¬ 
tions obtained for this problem by other methods, such 
as the Tamm-Dancoff or Bethe-Salpeter methods, are 
expanded in a perturbation series, it is found that the 
series for each angular momentum state converges as 
long as the coupling constant is within a certain radius 
of convergence, and that this radius of a convergence 
tends to infinity with the angular momentum. 16 Our 
perturbation series would be different from the per¬ 
turbation series obtained by these methods, partly 
because the intermediate states with pairs which we 
include are not the same as those included by either of 
them, and partly because, in calculating the subtraction 
terms (other than those at present under discussion), 
we shall not take into account terms corresponding to 
all graphs included by these approximations. Such 
differences would not be expected to affect qualita¬ 
tively the convergence properties of the angular 
momentum states, and we shall assume that the results 
quoted above are true for our perturbation series too. 

The transition amplitude for the state of total angular 
momentum j and orbital angular momentum j±.\ can 
be shown to be 


fi± = J dz a(s,z)P J± i(z)+J dzb(s,z)PjTi(z), (4.1) 

where a and b are the functions defined in (3.15) and 
(3.16). Now it is easily seen that each term in the 
perturbation series for a 2 (s,z), a 3 (s,z ), b 2 (s,z), and b$(s,z) 
tends to zero like 1/z as z tends to infinity, so that the 
dispersion relation (2.11) for each term can be written 
down without any subtractions. Hence 






a 2 <“>(s/)+«3<”>(i,20„ ,, 

--- Pi± »(*) 

z—z 


+---iW*) 

z —z 


(4.2) 


= f dz'{[a 2 < n) (s,z')+a 3 <n) (s,z')]0/±§(z') 

_ +[^2 (n) (j,z , )+&3 (n) (v , )] < / , iTi( z/ )}> (4.3) 

18 Note that the “potential” in the Tamm-Dancoff or Bethe- 
Salpeter equation involved includes only the crossing term and 
not the direct term, which has still to be brought into the 
calculation. 
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where 

T 1 F n(z) 

0n(s') = I dz — 

J -1 z'-z ( 4 . 4 ) 

= 1/V n+1 as z'—> oo. 

Let us suppose that the value of the coupling constant 
is such that the perturbation series for states of angular 
momentum j\ converges. If each term in the perturba¬ 
tion series for this angular momentum state is ex¬ 
pressed by (4.3), and if we assume that we can inter¬ 
change the order of summation and integration, we 
arrive at the equation 

fn±~ J* dz'{£ n [a<z (n) (s,z')-ha 3 (n ) (s,z')]<f>n±i (z') 

+£ JV* M +*. 00 (5, 2 ')>/i=f 1 (z ')}. (4.5) 

In order for the integrand to exist, we see from (4.4) 
that a and b must be smaller than at infinite z. 
The dispersion relations can therefore be written down 
with not more than j—\ subtractions. In particular, if 
the coupling constant is small enough the dispersion re¬ 
lations can be written down without any subtractions. 17 

If the coupling constant is such that n subtractions 
are required, the unitarity condition for the states of 
angular momentum § to n-\ will have to be applied 
separately. The wave functions for these states are 
polynomials of degree not greater than n— 1 in the 
variable z (or s e and t ), and are not determined from the 
absorptive parts in the dispersion relations (2.11) and 
(2.16). 

The calculation must be done after each iteration, as 
the result will be needed for the next iteration. The 
details of the calculation will not be discussed here, 
but they will in principle be similar to those of Chew 
and Low 4 and Dalitz, Castillejo, and Dyson, 6 and will 
involve considering the reciprocal of the scattering 
amplitude. The analytic properties of the individual 
angular momentum states are not as simple as in the 
static theory, but they can be determined from the 
assumed analytic properties of the transition amplitude, 
and, as in the static theory, the singularities not on the 
positive real axis can be found from the previous 
iteration. 

The precise number of subtractions required cannot 
be determined without calculating the result, but it is 
almost certainly not less than two. It is difficult to see 
how the observed resonant behavior of the P* state 
could be reproduced by means of the calculations de¬ 
scribed in the last section, whereas it follows quite 

17 We should emphasize that it is only in the first iteration that 
we relate the number of subtractions needed to the convergence 
of the angular momentum states. We say nothing at all about the 
convergence of the perturbation series in subsequent iterations 
but assume simply that the behavior of the spectral functions at 
infinite values of z is not likely to be qualitatively different from 
their behavior in the first iteration. 


naturally from a Chew-Low-type calculation. If the 
coupling constant were large enough to bind the (3,3) 
resonance state, and for a certain range of values of the 
coupling constant below this, we would definitely have 
to perform two subtractions. The precise range involved 
is difficult to determine, but it would be expected to 
include those values of the coupling constant for which 
the (3,3) state still has the appearance of an unstable 
isobar. Until we state otherwise, however, we shall 
suppose that the coupling constant is sufficiently small 
for the functions A (s,z) and B(s,z) to tend to zero at 
infinite z, as the situation with regard to the other 
subtractions is much simpler in this case. Even then, 
we would have to perform one subtraction for each of A 
and B , since the calculations of the previous section 
did not include the pole of the scattering amplitude 
from the one-nucleon intermediate state; only the pole 
in the crossing term was included. The pole affects the 
states with j=\ alone, so that, if we apply the uni¬ 
tarity condition for these states separately by the 
Chew-Low method, we can include it correctly. We 
thereby change A and B by a quantity independent of z. 

When we calculate the scattering amplitudes for the 
states with /=£, we find a ghost state in the first 
iteration, just as in all other models. In subsequent 
iterations, however, where the crossing terms con¬ 
tribute, it does not follow from the form of the equations 
that we shall necessarily find a ghost state, and, judging 
from the charged scalar model, we may hope that the 
ghost state does not in fact occur. 

We now turn to consider the subtraction terms in the 
other dispersion relations used in the calculations, Eq. 
(3.11). By putting the 5-function contribution to A 2 
into (3.18), it can be seen that the lowest order term 
in ^4 13 CM) tends to a constant as s tends to infinity, 
whereas the lowest order term in B u (s,t) behaves like 
1/ s. For a certain range of values of t, only the lowest 
order term contributes to ^i 3 and B u , so that there 
will certainly be one subtraction in Eq. (3.11b) for A 3 , 
while the equation for B 3 could be written down without 
any subtractions. We find similarly that both ^4 12 (j,s c ) 
and Bi 2 (j,j c ) tend to zero like 1/s as s tends to infinity. 
It would therefore appear that the dispersion relations 
(3.11a) did not require any subtractions. However, we 
have seen that -4 i(j,.s c ) and Bi(s,s e ) behave like a con¬ 
stant for large s e with s constant, even for small values 
of the coupling constant, so that, by crossing sym¬ 
metry, ^4 2 (j,j c ) and B 2 (s,s e ) will behave like a constant 
for large s. There will therefore be one subtraction 
term in Eqs. (3.11a) for both ^4 2 and B 2 . 

The determination of the subtraction terms in Eq. 
(3.11a) is not difficult, since the contributions to ^4 2 
and B 2 from the states with j=\ (with the energy s e 
of the reaction II kept constant) can be found by 
crossing symmetry from the corresponding contribu¬ 
tions to A i and B\ in the previous iteration. However, 
for the subtraction terms in Eq. (3.11b), we require 
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the unitarity condition for A 3 , which involves the re¬ 
action III. As there is one subtraction, only the 5 
waves will be involved. Again we have to limit the 
intermediate states considered; in this first approxima¬ 
tion we would consider the two-meson states (“two- 
meson approximation”) and perhaps the nucleon- 
antinucleon intermediate states (“two-meson plus pair 
approximation”) as well. We shall then require the 
meson-meson scattering amplitude (and the nucleon- 
antinucleon scattering amplitude if nucleon-antinucleon 
intermediate states are being considered). The deter¬ 
mination of these scattering amplitudes would be as 
extensive a calculation as the determination of the pion- 
nucleon scattering amplitude, but neglect of the crossing 
term would probably not give rise to too great an error in 
our final result, in which case the 5-wave amplitudes 
could be written down immediately in the two-meson 
or two-meson plus pair approximations. The meson- 
meson coupling constant is thereby introduced into the 
calculation, as has been mentioned in the introduction. 
Once the meson-meson and nucleon-antinucleon scat¬ 
tering amplitudes are known, the transition amplitude 
for the reaction III can be calculated. Since the integral 
equation is now linear, the details will be different from 
those of the Chew-Low calculations, but, as in their case, 
the solution could be written down exactly if there 
were no other singularities of the transition amplitude, 
and we can use an iteration procedure for the actual 
problem. The iterations will again be interspersed 
between the iterations of the main calculation. The 
5 -wave portion of A a , as calculated by this procedure, 
will be nonzero for *>V, so that the scattering ampli¬ 
tude now has the expected spectral properties. The 
boundaries of the regions in which the spectral functions 
are nonzero will thereby also be changed; this will be 
discussed in more detail at the end of the section. 

We have seen that, as long as the coupling constant 
is sufficiently small, we require one subtraction for each 
of the dispersion relations except the dispersion relation 
(3.11b) for 2 * 3 , for which we do not require any sub¬ 
tractions. It is also easily seen that this behavior is 
consistent—the functions as calculated in the last sec¬ 
tion, with the calculations modified by the subtraction 
terms, will not at any stage become too large at infinity. 
If, however, one were to make any additional subtrac¬ 
tions, one would find that, on performing the calcula¬ 
tions, one would need more and more subtractions as 
the work progressed, and one could not obtain any 
final result. The number of subtractions to be per¬ 
formed is therefore determined uniquely. There is one 
exception to this statement: we could perform one 
subtraction in Eq. (3.11b) for B a . Such a subtraction is, 
however, excluded by the requirement that the theory 
remain consistent when the interaction with the electro¬ 
magnetic field is introduced. If one were to make this 
subtraction, the scattering amplitude would behave 
like /Wt(<?i+<? 2 ) for large values of s. It then follows 


from gauge invariance that the matrix element for 
the processes 

ir^+n+v or T°+p—>Tr°+p-\-v 

will contain a term which behaves like f(t)y for large s, 
where t is now minus the square of the momentum 
transfer of the neutral particle. 18 The contribution to 
B x and Bn from the t—N—j intermediate state 
therefore tends to infinity at least as fast as 5 for infinite 
s, so that one would require two subtractions for the 
dispersion relation in question and the theory would 
not be consistent. 

Since the unitarity conditions for the two j=\ states 
of the pion-nucleon system, and for the 5 state of the 
pion-pion system, have to be applied separately by the 
Chew-Low method, there will be Castillejo-Dalitz- 
Dyson ambiguities associated with these states. The 
ambiguities will of course affect all states in subse¬ 
quent iterations. They correspond to the existence of 
unstable baryons of spin \ and either parity, or of 
heavy unstable mesons of spin zero. There are no 
ambiguities associated with states of higher angular 
momentum; this is in agreement with perturbation 
theory, according to which it is impossible to renor¬ 
malize systems containing particles of spin 1 or more. 
Had there been no interaction with the electromagnetic 
field, we could have introduced a further subtraction 
term which would have necessitated a separate applica¬ 
tion of the unitarity condition for the P state of the 
pion-pion system. The resulting Castillejo-Dalitz-Dyson 
ambiguity would have been associated with a heavy 
unstable meson of spin 1. This corresponds to the 
Bethe-Beard mixture of vector and scalar mesons, which 
can be renormalized in perturbation theory as long as 
there is no interaction with the electromagnetic field. 

Now let us consider the situation that occurs in 
practice, when the coupling constant is sufficiently 
large for the scattering amplitude and its absorptive 
parts to tend to infinity with z (or s c and t) when s 
remains constant. The function A l2 which, according 
to our procedure, must be added to A i2 in iterations 
other than the first, will now tend to infinity with s, 
so that A 2 , as calculated from (3.11a), would show a 
similar behavior. In practice, when the unitarity con¬ 
dition for states with j =f as well as with j—\ must be 
applied separately, A i 2 ' (s,s c ) and A 2 z{s c ,t) will tend to 
infinity faster than j or t, and the dispersion relation 
(3.11a) will require two subtractions. The subtraction 
terms can be determined by crossing symmetry as 
before. However, we have seen that, if A 2 tends to 
infinity with s, we cannot consistently perform the 
calculation, so that we shall have to introduce some 
further modifications. 

The reason for the difficulty is probably the in¬ 
is This can be shown by using a generalization of the Ward 
identity due to H. S. Green, Proc. Phys. Soc. (London) 66, 873 
(1953), and T. D. Lee, Phys. Rev. 95, 1329 (1954), and proved 
by Y. Takahashi, Nuovo cimento 6, 372 (1957). 
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adequacy of the one-meson approximation. The break¬ 
down occurs just at the value of the coupling constant 
for which the contribution to the scattering amplitude 
from A u is comparable to the remainder of the scatter¬ 
ing amplitude when s is large. Since that part of A i 
calculated from A i2 represents a partial effect of states 
with one or more pairs, the contribution of these inter¬ 
mediate states is now important at high energies and 
it seems reasonable that, if one could take them into 
account properly, one could still perform the calcula¬ 
tions for large values of the coupling constant. In the 
one-meson approximation, one would have to make 
some sort of a cutoff to the contribution to A 2 from the 
crossing term above s=9M 2 . As this entails modifying 
the unitarity condition in the region where it is in any 
case inaccurate, it is consistent with our approxima¬ 
tions, and it may be hoped that the theory is not very 
sensitive to the precise location and form of the cutoff. 
If one were to go to further approximations in which 
intermediate states with pairs were included, the cutoff 
would always be applied only at or above the threshold 
for processes which were neglected. 

Once we are prepared to introduce cutoffs into our 
approximations, we might legitimately ask whether or 
not we should perform more than one subtraction in 
Eq. (3.11b). This could only be determined by ex¬ 
amining the behavior of the scattering amplitude and 
its absorptive parts at large values of s when we go 
beyond the one-meson approximation. However, if A 
and B have the behavior assumed thus far (A remains 
constant and B behaves like 1/s), the cross section 
would tend to zero like 1/s at large s, whereas the ex¬ 
perimental results indicate that the cross section re¬ 
mains constant. It therefore may be necessary to per¬ 
form an additional subtraction and to introduce the 
unitarity condition of the reaction III in P states. 

At first sight it would seem as though there were 
Castillejo-Dalitz-Dyson ambiguities associated with all 
states for which the unitarity condition has to be 
applied separately, not only with the j=\ states. 
However, it is also possible that only the solution 
without any of the extra terms in the higher angular 
momentum waves would converge as we introduced 
more and more states into the unitarity equations. This 
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Fig. 4. Graphs involving the pion-pion interaction. 


solution would be an analytic continuation of the 
solution obtained for small values of the coupling con¬ 
stant, whereas the other solutions could not be con¬ 
tinued below a certain value of the coupling constant 
and would have no perturbation expansion. While we 
can by no means exclude such a behavior, it neverthe¬ 
less gives us grounds to suppose that the ambiguity 
exists only for meson-nucleon states with j=\ and for 
5-wave meson-meson states, even when the coupling 
constant is large. 

Before leaving this section, let us state the boundaries 
of the region in which the spectral functions A n , A 23 , 
and A 12 are nonzero, i.e., the position of the curves 
C 13 , C 2 3 , and C 12 in Fig. 1 . Since A 3 is now nonzero for 
^>4/i 5 , C i 3 in the one-meson approximation is ob¬ 
tained by putting t 2 =t 3 =^ 2 in (3.12a), so that 


tia=- 


/ 1 o *= 4 m ( I+mW)*, 
16 Ms-AP+n 2 ) 2 


[.-(M-fM) 2 l.-(M-/z) 2 ] 


(4.6) 


For any given value of s, A 13 will be nonzero if t>h a . 
We notice that, as s tends to infinity, h a approaches the 
value 16ju 2 . This is not the expected result—we have 
shown in Sec. 2 that it should approach the value 4 p 2 . 
The reason for the discrepancy is that, in our approxi¬ 
mation, the reaction III takes place purely through S 
waves for 4/i 2 </<16/x 2 , and A 3 will be a function only 
of t in this region. Had it been possible for the reaction 
III to go through an intermediate state of one pion, 
A 3 would have had a 8 function at t=n 2 , and, on putting 
this value into (3.12a), we would have obtained the 
expected result. As it is, however, we shall have to go 
beyond the one-meson approximation to get the correct 
boundary of A i3 . 

The reaction N+N —* 3x can go through a one-pion 
intermediate state by means of the process represented 
in Fig. 4(a). If, therefore, we treat the outgoing pions 
in the reaction iY+7r->W-l-27r as one particle with fixed 
energy and angular momentum, and represent the tran¬ 
sition amplitude in the same way as we have represented 
the transition amplitude for pion-nucleon scattering, the 
absorptive part corresponding to A 3 will have a 5 function 
at t=n 2 . We can work out the resulting contribution 
to A i 3 (of the pion-nucleon scattering amplitude) by 
unitarity in the same way as we worked out the con¬ 
tributions from the one-meson approximation. z 2 and 
z 3 in Eqs. (3.4)-(3. 8 ) will now refer to the center-of- 
mass deflection of the nucleon in the production re¬ 
action, and will be connected with the momentum 
transfer by the relation 


{<?+q?+t- l(M 2 +<?)i- (M 2 + qi 2 )iJ}/2qq h 


where q h is the center-of-mass momentum of the out¬ 
going nucleon. The value of qi will depend on the rela¬ 
tive energy of the two pions; we shall require the 
maximum value of q\ (for a fixed s), which occurs when 
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the pions are at rest with respect to one another and 
is given by 


?lm 2 = {s- (M+ 2m) 2 } { s- (M— 2m) 2 }/^. (4.7) 


We then find that the boundary of this contribution to 
An has the equation 


±H* (s-M 2 -2nY 
[ 5 - (M+ 2 //) 2 ][>- (M- 2 aO 2 ]' 


(4.8) 


The curve represented by (4.8) approaches asymp¬ 
totically the lines *=4/x 2 and s=(M+ 2 m) 2 - Thus, as 
would be expected, this contribution to A 13 only occurs 
above the threshold for pion production. 

A 13 is therefore nonzero for t>h, where 

h=ha, (M+m) 2 <*<(^+ 2 m) 2 ; (49) 

/ 1 =min(/ia,^i&), (M+2 m 2 )<^< 00 5 

and t=h is the curve Cn of Fig. 1. We cannot be sure 
that contributions from other intermediate states will 
not extend beyond this curve, but this is unlikely 
owing to the greater mass of these states. 

The curve C 23 is obtained from C n simply by chang¬ 
ing s to s c . C 12 can be calculated in a similar way; we 
find that 

{M+tf<s<(M+ 2 nf (4>10) 
= min(j C 2a,^ C 2&), (M-\- 2 y) n <s< °°, 


We may note finally one interesting point concerning 
the spectral properties of the scattering amplitude. The 
unitarity condition should, strictly, be used in the 
physical region only, and the results extended to the 
unphysical region by analytic continuation. This has 
actually been done for the reaction I, as well as for the 
reaction III with *>4M 2 . For the reaction III in the 
region 4 /z 2 </< 4 M 2 , we should apply the unitarity 
condition with the nucleon masses taken, not on the 
mass shell, but at some smaller value where all the 
momenta would be real. The result should then be 
continued analytically onto the mass shell. In our case 
this is found to make no difference, but if, in addition 
to the nucleon, we had a baryon whose mass Mb 
satisfied the inequality 

Mb 2 <M 2 -ul 2 , (4.14) 

it would be necessary to do the calculation in this way. 
On making the continuation to the mass shell, it would 
be found that the absorptive part A 3 extended below 
the limit tf 2 =4/x 2 . It has been shown by several workers 19 
that, if an inequality such as (4.14) is satisfied, the 
vertex function would show similar spectral properties. 
The simplest graph to exhibit them in our case would be 
Fig. 4(d), which will obviously have properties similar 
to those of a vertex graph. It is thus seen that these 
spectral abnormalities would not limit the applicability 
of our method, but, on the contrary, follow from it. 


_ [ s 2 —$ (3M 2 + 2 /x 2 )+2 (M 2 —m 2 ) 2 1 * 

(*„*,-«)»= 2m| [>-(ilf+*«[>- (M-ufl I 

| QPs- (M 2 W)+(i^ 2 - 

+ i j[j-(M+m) 2 ][j-(M-m) 2 ] 


S c 2b(s)=s(s c ^- 


M 2 ) 2 ] j* 

(4.11) 

(4.12) 


The equation s c =s C 2 b represents in fact the boundary 
of the region in which An is nonzero. We observe that, 
once the pion-pion interaction has been included, this 
region approaches asymptotically the line s= (M+ 2 /x ) 2 
rather than the line s=9M 2 . The reason is that processes 
represented by graphs such as Fig. 4(b) are now in¬ 
cluded in our approximation, so that the crossing term 
will include the contribution from Fig. 4(c), the inter¬ 
mediate state of which involves a nucleon and two pions. 

For a given real value of s, the absorptive part A 
of the scattering amplitude will be an analytic function 
of the momentum transfer as long as 

t 2 <i<h, (4.13a) 

where h is given by (4.9), and t 2 by (4.10) and (2.13). 
The expansion in partial waves will converge if 

-h-±(?<t<h, (4.13b) 

as — h— 4^ is always 'greater than t 2 . 


5 approximation scheme for obtaining 

THE SCATTERING AMPLITUDE 

In the methods developed in the previous sections, 
the unitarity condition for the reaction I is satisfied 
for all angular-momentum states in the one-meson 
approximation. The unitarity condition for the reaction 
III is satisfied only for S states in the two-meson or 
two-meson plus pair approximations. The unitarity 
condition for higher angular momentum states of the 
reaction III is not satisfied, but the scattering ampli¬ 
tude shows the expected behavior at the threshold for 
competing real processes. 

These properties suggest immediately a further 
approximation which would be consistent with our 
other approximations. The major portion of the work, 
and certainly the major part of the computing time, 
would be employed in calculating the spectral functions, 
as this involves finding double integrals which are 
themselves functions of two variables. The calculations 
would therefore be simplified if we neglected those con¬ 
tributions to the spectral functions which begin at the 
threshold for processes involving more than two par¬ 
ticles. The only contributions to A 1Z and A 22 left would 
be those beginning at rf=4M 2 , and they could be ob¬ 
tained by inserting the 5-function contribution to B 2 


w Karplus, Sommerfield, and Wichman, £J 1 /s• R ® v \ 111 > 187 

(1958) • Y. Nambu, Nuovo cimento 9, 610 (1958 ); R. Oehme, Phys. 
Rev. Ill, 1430 (1958). 
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into (3.18). The spectral function A 12 would be zero in 
this approximation. 

The unitarity condition for the higher angular mo¬ 
mentum states of the reaction I is no longer satisfied. 
However, the terms neglected appear by their form to 
arise from intermediate states of the. reaction III with 
more than two particles, so that the approximation is 
in the spirit of the approximations already made. We 
have in fact made precisely this approximation in the 
unitarity condition for the S waves of the reaction III. 
The unitarity condition for the low angular momentum 
states of the reaction I, and in particular for the states 
with j= 2 or f, is still satisfied, as it has been introduced 
separately. The present approximation treats the re¬ 
actions I, II, and III on the same footing. 

To summarize, then, our method of procedure will 
be the following: The first few angular momentum 
states of A\ and A 3 are found on the assumption that 
each angular momentum state is an analytic function 
of the square of the center-of-mass energy except for the 
perturbation singularities and the cuts on the positive 
real axis. This calculation can be done exactly if the 
discontinuity across the cut along the positive real axis 
is determined by unitarity (complications arise, as the 
relations connecting a and b with A and B involve 
square roots of kinematical factors, but the methods 
can be modified accordingly). A u and A u are also found 
as just described. The analytic properties of the low 
angular momentum states are now determined from the 
analytic properties of the scattering amplitude given by 
(2.12). The singularities can be calculated in terms of 
A h A 2 , A 3 . These absorptive parts can in turn be 
found from A i 3 and A 23 by means of the dispersion rela¬ 
tions (2.16), (2.17), (2.19), with subtraction terms 
which can be obtained from the low-angular-momentum 
states. In the next iteration, all the singularities of the 
low. angular momentum states except that along the 
positiye real axis are found from the quantities calcu¬ 
lated in the first iteration, and the singularity along the 
positiye real axis is redetermined from the unitarity 
condition. The iteration procedure is repeated until it 
converges. As in the calculations of Sec. 4, it is found 
necessary to cut off the absorptive parts A h A 2 and A 3 
at high energies, before calculating the singularities of 
the low angular momentum states in the next iteration. 
However, the cutoff is only applied above the threshold 
for processes neglected in the unitarity condition, and 
in particular, above the threshold for pair production in 
the reaction I. 

This approximation could be regarded as the first of 
a series of approximations in which more and more of 
the contributions to the spectral functions are included, 
until we ultimately reach a solution in which the unitar¬ 
ity condition in the one-meson approximation is satisfied 
for every angular momentum state. In the higher ap¬ 
proximations the spectral functions are no longer deter¬ 


mined by perturbation theory, but, once the contribu¬ 
tion from the crossing term enters, they will have to 
be recalculated after each iteration. However, it would 
be more worthwhile to go beyond the one-meson 
approximation at the same time as we took the higher 
contributions to the spectral functions into account. 
In other words, we continue to put the reactions I, II, 
and III on the same footing, bringing in the higher 
intermediate states of all three together. If the approxi¬ 
mation scheme converged, the exact unitarity condition 
of the three reactions would finally be satisfied for all 
angular momentum states. Needless to say, one would 
not in practice be able to go beyond the first one or two 
approximations. 

The number of angular momentum states for which 
the unitarity condition is applied separately will, as 
has been explained in the last section, depend on the 
behavior of A and B as t (or s c ) tends to infinity with j 
constant. However, in our first approximation, it 
should be sufficient to treat separately only states with 
i =2 and j= f, as the other angular momentum states 
will not be important below the threshold for pion 
production. If we went beyond the one-meson approxi¬ 
mation we would probably have to treat some higher 
angular momentum states separately in any case, since, 
for instance, two pions both in a (3,3) resonance state 
with a nucleon could form a Z)f state. For reaction III, 
one would have to treat separately S states and possibly 
P states as well. 

If one neglected the nucleon-antinucleon intermediate 
state in the reaction in and only took the two-pion 
intermediate state into account, all three spectral func¬ 
tions Au, A 2 z, and A 12 would be zero, since they all 
begin above the threshold for processes which are 
being neglected. The entire scattering amplitude would 
then consist of “subtraction terms” for one or other of 
the dispersion relations. This may be the best first 
approximation from the point of view of the amount 
of work required and the accuracy of the result, as the 
nucleon-antinucleon intermediate state is a good deal 
heavier than multipion states which are being neglected. 
Though the spectral functions are not now brought in 
at all, it will of course be realized that the only justifi¬ 
cation for the approximation is that it is the first of a 
series of approximations which do involve the spectral 
functions. In this approximation, if the crossing term 
is neglected in the calculation of the pion-pion scattering 
amplitude, only intermediate S states oocur in reaction 
III, so that the unitarity condition for the P states will 
not enter. 
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The kinematics of an arbitrary process involving two incoming and two outgoing particles brtated in 
terms of the invariants used in Mandelstam’s representation, treating the three processes described by t e 
same Green’s function simultaneously. It is shown that the physical regions for these processes are bounded 
bv a cubic curve in the plane of the two independent invariants. The umtanty conditions are discussed in 
the approximation of neglecting intermediate states of more than two particles. The formulaTorThe spectral 
functions of the double dispersion relation is obtained explicitly in terms of the invariants chosen. 


1. INTRODUCTION 

M ANDELSTAM * 1 has recently proposed a repre¬ 
sentation of the scattering amplitude for meson- 
nucleon scattering, which is obtained from a plausible 
assumption about its behavior as an analytic function 
of two variables, the energy and momentum transfer. 
He has also been able to show, 2 for a more general 
process, that the representation is satisfied by the lower 
orders of the perturbation series, and that this series 
can actually be constructed from the representation 
and the unitarity relations, 3 in a two-particle approxi¬ 
mation. In this paper we shall discuss certain aspects, 
mainly kinematical, of the extension of this represen¬ 
tation to a general process. We consider together the 


* Present address: Department of Mathematics, Imperial 
College, London, England. 

1 S. Mandelstam, Phys. Rev. 112, 1344 (1958). 

2 S. Mandelstam, Phys. Rev. 115, 1741 (1959). 

* S. Mandelstam, Phys. Rev. 115, 1752 (1959). 


three processes 

I: 1+2 —> 3+4, 

II: 1+3—> 2+4, 
in: 1+4—> 2+3. 

The complications of spin and isotopic spin will be 
ignored, and all the particles will be assumed to be 
stable. 

In Sec. 2 we shall find the physical regions for the 
three scattering processes in terms of the three invari¬ 
ants r, s, t, whose sum is equal to the sum of squared 
masses of the four particles. These invariants may be 
regarded as homogeneous coordinates in a plane, and 
the physical regions are then bounded by a cubic curve 
in this plane. The curve has three branches correspond¬ 
ing to the physical regions for the three scattering 
processes, and also a closed branch within the rst - 
triangle. The interior of this closed curve would 
correspond to the physical region for the decay process 

IV: l-> 2+3+4 


~Pu*ix± 7^oi/iei#ia£LcaZ 
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if this were possible. The form of the double dispersion 
relation for such processes has been given by Mandel¬ 
stam . 2 

In Sec. 3 we shall discuss the unitarity condition for 
a typical process in the two-particle approximation. 
By making use of the determinant of scalar products of 
the independent momenta, the unitarity condition can 
be written in the form of an integral over the invariants. 
From this we are able to derive the relation giving the 
spectral functions in terms of the absorptive parts, in 
a similar form. The boundaries of the regions where 
the spectral functions are nonzero will be given by the 
vanishing of the determinant. 

2. KINEMATICS 

For convenience, we shall assume that the masses of 
the four particles involved in the processes I, II, III 
satisfy the inequalities 

^ mi>m 2 >ni 3 >m 4 >0. ( 1 ) 

Wi>w 2 +i» s +ot 4 , (2) 

then the decay process IV is also energetically possible 
(although in that case we assume that it has vanishing 
probability). We shall choose the momenta of the 
incoming and outgoing particles to be pi and -p i} 
respectively, so that the conservation equation is always 

pi+p2+p2+pi=0. (3) 

The metric is chosen so that p?=m?. 

In addition to the masses, there are two independent 
scalar products. It is, however, convenient to use the 
three invariants 


r = (Pl+Pi) 2 = (p2+pi) 2 , 

S = ( Pl+P3)*= (p2+pi)\ (4) 

t=(pi+ptf=(p 2 +p 3 y, 

which satisfy 

r+s+t=K=m l 2 +m 2 2 +tn 3 2 +m 4 2 . (5) 

In the center-of-mass system for process I, the mo¬ 
menta are p x = (E h q0, p 2 = (E 2) - qi ), p 3 = (-E 3) - q 3 ), 
p\- (—Ei, q 3 ). The invariant r is then the square of 
the total energy, 

r= W 2 , W = E x +E 2 = E 3 +E 4 . 

The magnitudes of the spatial momenta are given by 
4 rq x 2 =[r- {m x +m 2 ) 2 Jr- {m l -m 2 ) 2 ~], 

4 rq 3 2 = [r— (m 3 +m\) 2 l[r— (m 3 — w 4 ) 2 ], 

and the invariants * and t may be related to the scat¬ 
tering angle by 

25 = ^“H" 4 ?i? 3 Z— (mi 2 - m 2 2 )(m 3 2 —m?)/r, 
2t—K—r— ^q x q 3 z-\- (mi 2 — m 2 2 ) (m 3 2 —m 4 2 )/r, 
where z=cos(qi,q 3 ). 


The conditions for a physical scattering process may 
now be expressed in terms of r, j, t. The necessary 
condition 

±pi- pj>m t -mj 

yields 

r>{mi+m 2 ) 2 or r<(mi— m 2 ) 2 , ( 7 ) 

and similar inequalities for other pairs of masses. The 
requirement that the scattering angle be real can be 
stated in the form 

Pi 2 Pi'Pi pi-ps 
prp\ P2 2 p 2 'p 3 > 0 . 

prp\ p 3 % p 2 p 3 2 

This may be written as a homogeneous inequality in 
r, s, t, 

rst> ( r+s+t) 2 (ar+bs+ct) (8) 

where the dimensionless constants a , b, c are given by 
K z a = (m 4 2 m 2 2 —m 3 2 m 4 2 ) (mf+mS—ma 2 — w 4 2 ), 
m = (mMf-mJnu 2 ) (m x 2 + m 3 2 - m 2 2 -m 4 2 ), 

K 3 c= (m x 2 m 4 2 - m 2 2 m 3 2 )(nh 2 +m 4 2 -m 2 2 -m 3 2 ). 

The variables r, s, and t may now be regarded as 
homogeneous coordinates in a plane, in which the line 
at infinity is r+s+t=Q. The region ( 8 ) is bounded by 
a cubic curve in this plane, whose asymptotes are r= 0 , 
j =0 and /= 0 . Moreover, the curve intersects its 
asymptotes on the line 

ar+bs+cl= 0. (9) 

The shape of the curve is shown in Fig. 1 , in which the 
regions marked I, II, and III are the physical regions 
for the corresponding processes. We note that, by the 
assumed inequalities for the masses, the constants a, b 
and c satisfy 

a>b>c, 

and that a and b are necessarily positive, although c 
may have either sign, If c is negative, the line (9) 
passes within the rj/-triangle, and therefore the region 
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III in Fig. 1 includes part of this triangle. In other 
words, all three invariants can be positive for this 
process. 

The bounding lines of the region defined by (7) can 
be shown to be tangential to the curve, so that the 
entire boundary of each of the physical regions is a 
part of the curve. 4 If the condition (2) is satisfied, then 
the excluded strips 

(j»i- m 2 ) 2 <r< (wi+m 2 ) 2 , 

(m 3 —w 4 ) 2 <r< (w 3 +w 4 ) 2 

do not overlap, so that the region IV is allowed kine¬ 
matically, as we should expect. If (2) is not satisfied, 
however, the strips (10) overlap, and the region IV is 
excluded. 

3. MANDELSTAM REPRESENTATION AND 
UNITARITY CONDITIONS 

We shall assume that for the processes in question 
the ordinary dispersion relations are valid. Thus for a 
fixed value of t, say, one can write a dispersion relation 
which will be an integral along a line such as AB in 
Fig. 1. The poles will occur on lines r=r b and s=s b , 
and the continuous integrals will begin on lines r—r a 
and s=s«, as indicated. Here r b and r a are the squared 
masses of the single-particle 6 and lowest two-particle 
intermediate states in the process I, respectively. Using 
the same assumptions as in his treatment of meson- 
nucleon scattering, 1 Mandelstam 2 has given a double¬ 
variable representation for these processes, involving 
three spectral functions, here denoted 6 by A r », A r t, and 
A lt . The function A r „ for example, will be nonzero in 
a region lying within the triangle defined by r>r B , 
s>s a . To find the exact boundary, C r „ of this region, 
as shown in Fig. 2, we must use the unitarity relation. 
We shall assume that intermediate states with three or 


more particles may be neglected in this relation, and 
further that only one pair of particles contributes to 
the two-particle intermediate states. If there is more 
than one such pair, we have only to. sum the contri¬ 
butions from each. In this approximation, the unitarity 
condition for the process I is 

AUrsJ = h(2ir)-* f 

X>6(Pto)8(pr^~pt~~P\~ p 2 )A z *(rs z )A 2 (rs 2 ), (11) 


where A 1} A 2) and A z now refer to the processes 
I i: 1+2 3+4, 

I 2 : 1+2—>5+6, 

I 3 : 3+4—>5+6, 


respectively. The invariants are defined 7 as in Sec. 2. 
We now wish to convert (11) into an integral oyer 
invariants. To do this, we perform the ^-integration 
using the 6-function, and convert the ^-integration 
into one over p£> (ps— d) 2 , (p&—b) 2 , (p&~ c ) 2 > where a, 
b and c are any three fixed timelike vectors. The 
Jacobian for this transformation is 




where 


d 2 


A (a,b,c,p) = 


b-a 

c-a 

p-a 


a-b 
b 2 
c-b 
p'b 


a-c 

b-c 

c 2 

p-c 


(L’p 

b'p 

c-p 

f 


( 12 ) 


It is convenient to choose a=pi+pi, b—pi, c— pi, 
so that 


(pt-d) 2 =p 6 2 , (ps-b) 2 =s 2 , (p b -c) 2 =s z . 

Then, using the definitions of invariants, we find 


A(a,b,c,p)=T§ 


2 r 

r+wi 2 — m 2 2 
r+w 3 2 —w 4 2 
r+w 5 2 —w 6 2 


r+w i 2 —w 2 2 
. 2wi 2 
Wi 2 +W 3 2 - Si 
Wi 2 +W6 2 — *2 


r+w 3 2 —w 4 2 
m i 2 +m 3 2 —Si 

2 w 3 2 

7W 3 2 +W 6 2 —$3 


r+Ws 2 —We 2 
Wi 2 +w 6 2 — s 2 
W 3 2 +W & 2 S 3 

2w 6 2 


= A(r; J 1 S 2 S 3 ), say. 


(13) 


This transformation is not one-to-one, since the scalar 
products are unaltered by changing the sign of the 
component of p b perpendicular to a, b and c. This 
introduces an extra factor of 2. Finally, we obtain 

Au(rsi) = (1/64+0 Jds^sz [-A(r; Wa)]”* 

X4 3 *(rs 3 M 2 (™2), (14) 


The function A can of course also be expressed in 
terms of Ji, t 2 , t z by interchanging m b and w 6 in (13), 
and similarly it can be expressed in terms of h, s 2 , t z 
or h, t 2 , s z . 

Now, in order to find an expression for the spectral 
functions, we have to substitute in (14) the ordinary 
dispersion relations for A 2 and A z in which r is held 
fixed. If we choose the value of r to be such that 


where the integration is over the region where A is 
negative. 

4 In the case of elastic scattering, the curve degenerates into a 

straight line and a hyperbola. 

6 Of course there may be more than one such particles and 

hence more than one pole, or there may be none at all. 

e Mandelstam denotes the corresponding functions by An, A 13, 
and A 2 3 . That notation would, however, be likely to cause con¬ 
fusion with the Ax, At, and A% introduced below. 


r> (wi+w 2 ) 2 , r> (w 3 +w 4 ) 2 , r> (w 8 +w 6 ) 2 , (15) 

and take si to be in the physical region for the process 
Ii, then it is easy to see that the condition A<0 implies 

7 Note that if we define the signs of the momenta in Ii and I 2 
according to the convention (3), then two of the momenta m l* 
have the “wrong” sign. Thus we must define, for example, 
Si = (pi—plf- 
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that J 2 and s, are in the physical regions for the processes 
I 2 and I 3 , respectively. Thus the denominators of the 
dispersion integrals for A 2 and A 3 will never vanish in 
the region of integration in (14), and we may ignore 
their small imaginary parts. For values of r which do 
not satisfy (15) we must have recourse to analytic 
continuation in the masses. 8 

It is now possible to perform the s 2 and j 3 integrations 
in (14) explicitly. This can be done most simply by 
introducing the center-of-mass variables 

Zi=cos(q!,q 3 ), z 2 =cos(q 1 ,q 5 ), z 3 =cos(q 3 ,q B ), 

which are linearly related to s lt s 2 , s 3 by the analogs 
of (6), as is done by Mandelstam. 2 We find by combining 
the rows and columns of the determinant (13) in a 
suitable way that 


expression for A lr „ obtained by evaluating the discon¬ 
tinuity along FD, may be concisely expressed in terms 
of the original invariants. It is 10 

A ir.(rji) = (1/327T 2 ) | J*ds-zdsz £A(r; Ji.s 2 .s 3 )j-* 
XA 3 ,*(rs 3 )A 2 g(rs 2 )-i-J ' dt^dtz EA (r; Jif 2 f 3 )j~i 

XA 3 t *(rl3)Au(rt2) 1. (16) 


Here the region of integration in both terms is part of 
the region where A>0, and is bounded by one branch 
of the curve A=0. In the first integral, * 2 and * 3 are 
always positive, and in the second, t 2 and t% are. There 
are of course two other branches of the curve, corre¬ 
sponding to positive h rather than s h which bound the 
regions where A lrt is nonzero. 

It should be remarked that Eq. (16) is remarkably 
similar to the relation (14) for A lr itself, except for the 
fact that (14) is an integral over the physical region, 
whereas (16) is entirely over part of the unphysical 
region. 

The boundary C rt of the region where A lr , is nonzero 
will clearly be given by the appropriate branch of the 
curve A=0, in which the arguments S 2 and s 3 are given 
their minimum values, provided that these are attain¬ 
able simultaneously. In the general case, we must 
consider all those four-cornered diagrams which are 
such that none of the four internal masses (of one or 
more particles) can be decreased. 


A(f J S1S2J3) = rq?qiq?k{z x Z 2 Z^, 

where 

k (Z1Z2Z3) = Z 1 2 -f-Z 2 2 +Z 3 2 — 1 — 2Z1Z2Z3. 

Thus the j 2 and s 3 integrations reduce to an integral 
already evaluated by Mandelstam. 9 The values of the 
spectral functions A i„ and A i rt may now be found from 
(14) by evaluating the discontinuity across the real 
Ji-axis. The function A lr is easily seen to be an analytic 
function of for fixed real values of r, except for these 
cuts, indicated by the lines CE and FD in Fig. 2. The 

8 This situation is discussed in detail in reference 2. 

9 See reference 1, Eq. (3.5). 
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k « j- . 1 . j? 1DU H on . to A » ma y be alternately 
evaluated by finding the discontinuity in A, on crossing the real 
r-axis (see reference 3). The consistency of the two methods of 
calculation is assured by the invariance of A under the simul- 
taneous interchange mf <-► m, 8 , m 5 2 *-> s 2 , m 6 2 <-► i 3 , r <-► ^ In 
tact A has a great deal more symmetry than this. It is invariant 
under a transitive permutation group on its ten arguments r, s u 
si, s 3 , mi, • • - we, isomorphic to the symmetric group of degree 5. 
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Mandelstam Representation for Potential Scattering 
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S. B. TREIMANf 
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A proof of the Mandelstam representation for the scattering amplitude in 
the case of nonrelativistic potential scattering is given for a certain class of 
potentials. Fredholm theory and the Lehmann representation are employed in 
the proof. The unitarity condition is used to provide an iteration procedure 
for the exact determination of the weight function appearing in the Mandel¬ 
stam representation, independent of the number of subtractions required in 
the latter. The analytic properties of the partial wave amplitudes can be easily 
read off from the Mandelstam representation. It is shown that in cases where 
the partial wave amplitudes can be represented by dispersion integrals with¬ 
out subtractions, they are uniquely determined, together with the energies 
of any bound states, in terms of the first Born approximation and the Mandel¬ 
stam weight function, which is in principle known. In these circumstances, 
in effect, the Mandelstam representation and unitarity, together with the first 
Born approximation, completely define the nonrelativistic scattering problem 
in a way which replaces the Schrodinger equation. Some approximation meth¬ 
ods are discussed and compared with exact solutions for s-wave amplitudes. 

I. INTRODUCTION 

Field theoretic proofs of dispersion relations for scattering processes have so 
far been given only for restricted values of the momentum transfer. Two ques¬ 
tions which naturally arise are as follows: is the scattering amplitude analytic 
in the momentum transfer variable in some larger region so that the above men¬ 
tioned restriction may be lifted? Is it then possible to express the combined 

* On leave of absence from the American University of Beirut, Beirut, Lebanon. 

f Alfred P. Sloan Foundation Fellow. 
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analyticity in both energy and momentum transfer in a single two-dimensional 
repre^ntation? The first question has been studied by Lehmann (1) He shTwed 
that the imaginary part of the scattering amplitude is analytic in a certain com- 
plex domain in the momentum transfer plane but this region extends no farther 
than the limitation already present in the derivations of the dispersion relations 

N ° n f rous results are known about the second question. An intuitively 
very appealing conjecture has been made by Mandelstam (3), however who 
assumes that the scattering amplitude is (essentially) an analytic function of 
both energy and momentum transfer variables with singularities only on the real 
axes of these two variables. This leads to a rather simple integral representation 
of the scattering amplitude. Mandelstam finds that the first few orders of per- 
turbation theory indeed have this representation. 

The present paper deals with the Mandelstam representation for the case of 
nonrelativistic potential scattering. One would hope that in this problem where 
so much is known, a rigorous derivation can be carried out and various approxi¬ 
mation methods tested against exact solutions. Another question of interest is to 
ask whether such a representation coupled with unitarity and perhaps certain 
reasonable rules can be regarded as a replacement for the Schrodinger equation. 

In the ^case of nonrelativistic scattering by a potential with an exponential 
range m , it has been shown by Khuri U) (hereafter referred to as K) that a 
dispersion relation in the energy holds for valuesof the squared momentum trans¬ 
fer less than or equal to 4 m . In Section II we show first by an adaptation of 
Lehmann s method that the scattering amplitude, aside from the first Born ap¬ 
proximation, is m fact analytic in t regular inside an ellipse in the <-plane which 
intersects the real axis at values of 1 1 1 not less than 4m 2 . Using the Fredholm 
solution of the scattering problem it is then shown that in fact the amplitude is 
(again excluding the Born term) analytic in the entire t plane cut from - » to 
4m . From this analyticity and that already known for the energy dependence 
a two-dimensional (Mandelstam) representation is established. At the end of 
this section the case of exchange potentials is discussed and both two dimensional 
and one dimensional representations established. 

In Section III the two-dimensional representation is used in conjunction with 
unitarity to determine the weight function appearing therein by an iteration 
procedure. This leads to a method of approximating, to arbitrary accuracy, the 
subtracted scattering amplitude by a finite polynomial in the coupling constant, 
the sequence of polynomials thus obtained always converges provided we have 
supplied enough subtractions, its convergence being unaffected by the conver¬ 
gence or the lack of convergence of the Born series. 

In Section IV the question of unitarity and bound states is considered. In the 
case of one bound s-state, and under the assumption that Im —>■ g($) ^ 0 

as t-> oo, some interesting methods for calculating both the residue and the 
binding energy are discussed. 
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The analytic properties of the partial wave amplitudes are determined in Sec- 
tion V. At the same time we give an answer to the question posed earlier in this 
introduction, namely: are the Mandelstam representation and unitarity enough 
to rj pfmp the nonrelativistic scattering problem? The answer to the above ques¬ 
tion is as follows. We show in this section that all the partial waves 
with l ^ n + 1, where (n + 1) is the number of subtractions in the Mandel¬ 
stam representation, are determined by an integral over the in principle known 
weight function. For l < n + 1 we write the partial wave amplitudes as a ratio 
of two functions and then obtain a nonsingular Fredholm type equation for 
these functions. The kernel in these equations is given in terms of the Mandel¬ 
stam weight function; but we cannot rule out that undetermined subtraction 
constants will appear. The weight function is determined in principle by the 
method of Section III. When no subtractions are required for the partial waves 
all the phase shifts are uniquely determined no matter what n is. 

II. ANALYTICITY IN MOMENTUM TRANSFER AND THE 
MANDELSTAM REPRESENTATION 

A. Restrictions on Potentials 

Our discussion will be limited to static central potentials. Certain assumptions 
have already been made about the potential, V, in K and these we retain; 
namely, 

| V(r) | < M/r 2 , 

2 dr | F(r) | < (2.1) 

/ dr r | F(r) | < °°, 

Jo 

where M, M', M" are finite positive numbers. These restrictions suffice to guaran¬ 
tee that V has a three-dimensional Fourier transform and that the Fredholm 
series solution developed in K shall apply. There is one further assumption which 
plays a critical role in our work, namely, that our potentials have the representa¬ 
tion 

rV(r) = f d/i a(n) e l ‘ r . (2.2) 

If V(r) has a range m _1 ; namely, if ^ drr\ V(r) | e ar < <», for 0 ^ a ^ m; 
then (t(m) is zero for n < m. The conditions on rV which insure the possibility 
of the representation (2.2) are (5) (assuming <t(m) bounded almost everywhere 
except perhaps for 5-function singularities): (i) rV(r) has derivatives of all 
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orders (0 < r < °° ) and (ii) | d\rV)/dr k \ < (const.) k\/r k+1 for 
k = 0, 1, 2, ••• (0 < r < oo). 

The second and third inequalities in (2.1) imply, respectively, that *(n)fr _» o 
as ^ > 0 and that <r(/i) —> 0 as /u —> oo. -> u 

In discussing the analytic properties of the scattering amplitude it is conveni- 

gi\^en°by ° ^ ^ B ° rn approximation and discuss it separately. This is 

fM - SJP, (2.3, 

" ^® re ^ ~ k/ — k t -, f = A , and k/ , k,- are the final and initial wave number 
vectors respectively; M is the reduced mass of the system. Regarded as a func¬ 
tion of t, f B {t) is evidently analytic in the t plane cut along the negative real axis 

T V" 7” ’ Whgre We recaU that the effective lower limit on the second 
integral in (2 3) is m ^ 0. In exceptional cases, where <r( M ) is a linear combina¬ 
tion of 5-functions or derivatives thereof, } B (t) may have isolated poles on the 
negative real axis rather than a branch cut. Since <r(n) —» 0 as /i —> °o,f B (t) —> 0 




as t 


OO . 


B. The Lehmann Method in Nonrelativistic Theory 

It is convenient to choose units such that tf/2M = 1, so that the energy be¬ 
comes simp y k which we designate by s. The scattering amplitude is then a 
function of the two scalar variables s = A ; 2 and t = A 2 and is called f(s,t) Us¬ 
ing Lehmann’s method we shall show that f(s,t) = f( s ,t) - f B (t) is, for fixed 
real s > 0, analytic in an ellipse m the t plane which includes the physical region. 

s m the derivation of the usual dispersion relation in K causality plays no evi¬ 
dent role, in contrast to the field theoretic situation. Here the result emerges al- 
most kinematically. 

The scattering amplitude satisfies the familiar Lippmann-Schwinger integral 
equation & 

/(k/, ki) = f,( k/ - ki ) - [** T 7 (k/-k')/(k',k,) 

J (2ir) 3 k ' 2 - k 2 - it ’ U A > 

where V is the Fourier transform of the potential; in the present notation and 
units the first Born approximation (2.3) is given b y f B (q) = ~V(q) /4r We 
may write an explicit formal solution to this equation, namely 

f(k/, kj) = /s(k/ , k.) + J dqi J dq 2 f(k, - qi)G(qi, q 2 ; k 2 )?(q 2 - k<), (2.5) 
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where (?(qi, q 2 ; k 2 ) is essentially the Fourier transform of the full Green's func¬ 
tion: 


r»( t 2 \ _ 1 f ^ r i f 

«(qi, q»;*) - *- J ( 2T yJ (2 *) 3 

< n 


2 g —mji -ri 


W + it + V 2 - V 


( 2 . 6 ) 


r 2 > e 


M2 -T2 


Using our representation for the potential we see that the difference / f b f 

may be written as 


/(k/,k t ) = j dm J rfju2 o-(mi)o’(m2) f d<h f dfy 

; <?(qi, q 2 ; * 2 ) 


(2.7) 


Ml 2 + (k/ - qi ) 2 UV41 ’ ** ’ " ' M 2 2 + (q 2 - k 2 ) 2 ‘ 

Following Lehmann, we choose a special coordinate system to effect some of 
the integrations in (2.7): 

ki = *(1,0, 0), 

kf = *(cos 6, sin 0, 0), (2-8) 

3i = Qi ( s i n Pi cos a i > S ^ n Pi s ^ n a i ’ C0S ^ ’ 7 = 

Evidently 0 is the scattering angle given by cos -1 (krk//* 2 ). We now introduce 
the new variables 


X = ai — a 2 ; 


m/ + fc 2 + gl 

1 2 kq, sin ft 


j = 1,2. 


(2.9) 


It is easy to show that for fixed k the minimum value, X 0 , of X,-, taken where 
m/, Qi > and ft* vary over their respective domains of integration in (2.7), is given 

by 

X 0 = (1 + m 2 /kY\ 


( 2 . 10 ) 


where again rrT 1 is the “range” of our potential. With these new variables we 
may obtain from (2.7) the following representation for/' (k/ , k,), 


poo p°o /*2ir 

/'(*, cos 0) = dXi dX 2 dx 

f 2,r , w(Xi ,X 2 ,*,x) 

■J, *"RTW — 


( 2 . 11 ) 


[Xi — cos(0 - <*i)][X 2 - cos(ai — x)J ’ 
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where w is a weight function which need not be specified further here. The inte¬ 
gration over ai may be carried out easily and we find 

/ (k, cos e) = 2tt / d\i / d\ 2 / d x w(xi,\i,k,x) 

J \o ^Xo 

._ Xl/\/Xl 2 — 1 + X 2 /\/A 2 2 — 1 _ 

XiX 2 + (Xi 2 — 1) 1/2 (X 2 2 — 1) 1/2 — cos(0 — x) * 

Finally we introduce y = XiX 2 + [(Ai 2 — 1)(X 2 2 — 1)] 1/2 as a new variable and 
obtain 

f'(k,cosd)=J dy J d x — W(y> fc ’ x) , (2.13) 

J vo J o y — cos(0 — x) 

with w a new weight function and yo the minimum value for y for fixed k. It is 
evident that 

yo = 2A 0 2 —1 = 1 + 2 m 2 /k 2 . 

Since an identical representation holds for/'*, we may express both Re/' and 
Im/' in a similar manner. Lehmann’s argument may be taken over bodily at this 
point and it leads to the following conclusion. Both Re/' and Im/' are, for given 
real k 2 ^ 0, analytic functions of cos 0 regular inside an ellipse in the cos 0 plane 
centered at the origin with semi-major axis y Q = 1 + 2 m 2 /k 2 and semi-minor 
axis (y 0 — 1) 1 . In terms of 2 = 2k 2 (1 — cos 6) one has analyticity inside an 
ellipse which intersects the real axis at t = —4m 2 and t = 4m 2 + 4 k 2 . The ab¬ 
solute minimum, 4m , is just the value below which the proof of the ordinary dis¬ 
persion relation given in K holds. 

It is interesting to note that our results hold for both the real and imaginary 
parts of /' whereas Lehmann found a larger region for Im /' than for Re /'. It is 
possible that use of the analog of (2.5) in field theory, which would be the Low 
equation written out as a sum over states, would yield a similar result. 

C. Analyticity in the Cut 2-Plane 1 

We now show that the domain of analyticity in the 2-plane is larger than that 
obtained in the previous section. To do this we have to look in more detail at the 
structure of the full Green’s function. The procedure consists of studying the 

1 Preprints of the first three main sections of this paper were completed and first circu¬ 
lated in the summer of 1959. After that we learned that the analyticity in the cos 0-plane 
has also been proved by T. Regge independently. His technique involves the use of complex 
angular momenta, and his proof establishes the absence of essential singularities at infinity 
m cos 0-plane, a fact that we have assumed in our paper. J. Bowcock and A. Martin 
have also independently shown the analyticity in cos 0 but only for each term in the Born 
series. 
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Fredholm series solution of the scattering integral equation (2.4). Each term is 
shown to be analytic in t regular in the cut £-plane with the cut extending from 
__ oo to —4m 2 along the negative real axis. In Appendix I we prove that the series 
converges uniformly in any closed finite region in the £-plane that does not in¬ 
clude a point on the cut. 

The Fredholm solution of (2.4) may be written as 


/(k/.ks) = /*(k/> k») + I j0y N(k D(kY^ fB(v ki) ’ (2 ' 14) 


where N and D are given by uniformly convergent series expansion (6). For 
potentials satisfying (2.1) the series for D(k) converges uniformly and for real 
values of k 2 > 0 never vanishes. Since D(k) does not depend on the directions of 
k f and k ; it plays no role in our proof of the analyticity in t. 

The numerator N has the well-known expansion 


iV(k/,p;fc) = 


F(k/,p) 


^ + Z (-D 


n (27t) 


x fn , t; — 

J i=i V i 2 - k 2 - 


(2ir) 3 p 2 - k 2 - it ' ' ' n\ p 2 - k 2 - it 

F(k/, p) F(k/, pi) ••• F(k/, p„) 

F(pi,p) 0 F(p 1; p2) 

: 0 


l€ 


V (Pn , p) F(p„,Pl) 


0 


, (2.15) 


where ?(p,-, p,-) = f(p,- - py). This series converges uniformly for physical 
k f , p, and k as can be seen by converting it term by term into the a;-space series 
of Jost and Pais ( 6 ). Consider now the nth term in the above expansion. The 
general term in the development of the determinant will, after relabeling of the 
indices, have the general form 


iVi (k/,p; k) 


= /n 

J y_ l 


dVi 


Pi 


j 2 — k 2 — ie 


(2.16) 


f(k / ,p 1 )F(p 1 ,p 2 ) ••• F( P i-i, Pi) F( Pj ,p), 

p 2 — /r — ie 

where l ^ n and F[ n) (k) is obtained from the integrations over the remaining 
variables, p* + i, Pz+ 2 j * * * > Pn • 

Inserting for the F’s our representation we find that (2.16) leads to a contribu¬ 
tion to /' = / — f B which may be written as follows: 
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f‘, M nr, ua = _J_ [ TT *(>«) dindpi <7 (m +2 ) dn l+2 

(2t)» D ( k ) J & 2W - V - U ] - 2 ¥ - 

x / dn i • • • <^+i [Xi - 4 -pi] _1 [x 2 - Pi • hV ■ ■ • [x, +2 - p l+1 4 t ]-\ 

where ky , k,, and p y are unit vectors and the Ay are defined by 


Ay = 


2 ■ 2 , 2 
N + Pi-i + Pi 


ZPi-iVi 


1 < j <1 + 2, 


, _ A, 2 + k 2 + p 2 
1 2kp x 

2 i 2 , ,o 

\ _ Vl+2 + Pl +1 + k 

-2,^3-• 


69 


(2.17) 


(2.18) 


The next step is to carry out the angular integrations. Here one encounters 
the basic integral 


I - J dQ$ [n - pi-p] *[t 2 - pp 2 ] (2.19) 

with n , r 2 ^ 1. This may be evaluated (for example by Feynman methods) and 
the result written as 


where 


r 00 1 

I = (4 7r) / dry-——— 

J V0 V ~~ Pl*P2 


K( v )’ 


( 2 . 20 ) 


i»o = t i t 2 + (n - 1) 1/2 (t 2 2 - 1) 1/2 , 

K(x) = [(nr 2 — x) 2 — (n 2 — l)(r 2 2 — 1)] 1/2 . 

By repeated integrations we see that (k, cos 6) can be brought to the form 

fi M (k, cos 6) = [” d v 

J,’;> v ~ cos 6 

and it is readily seen that 

2 to 2 


( 2 . 21 ) 


( 2 . 22 ) 


’7o? ) ^ 1 + 


k 2 ' 


(2.23) 


This same result could have also been obtained by using the Lehmann tech¬ 
niques which we employed in getting from (2.7) to (2.12). A similar analysis 
and representation holds for the complex conjugate of/ , , <n) . Hence the representa- 


PiiYc Tfeaf/tejKtifieqf Vi 


















147 

j j. . 7 . ■). w+ ^+j.j.Jl.l.l.l.l.l.************************************** 

70 blankenbecler, goldberger, khuri and treiman 

tion (2.22) holds for the real and imaginary parts separately of each term in the 
Fredholm expansion. 2 From (2.22) one can easily conclude that, for fixed k, each 
term in the Fredholm expansion for /' ( k , cos 0) is analytic in cos 6 regular m 
the whole cos 0-plane except for a cut on the positive real axis extending from 
cos e = 1 + 2m 2 /k 2 to infinity. 

The remainder of the argument hinges on the uniformity of convergence of 
the Fredholm series for any finite region in the cos 0-plane not including the cut. 
This is taken up in Appendix I, and we conclude here that the whole f = / — Jh 
is analytic in the cut cos 0-plane. Finally, regarding f as a function of k = s 
and t = 2s (1 — cos 0) we conclude that it is analytic in the /-plane cut from 
/ = — oo to Z = —4m 2 . 


D. The Mandelstam Representation 

It is now a relatively simple matter to extend the ordinary dispersion relation, 
proved in K only for real Z ^ 4m 2 , to all finite complex t anywhere in the cut 
plane excluding the cut. The Mandelstam representation will then follow from 
an application of Cauchy’s theorem in the /-plane. 

The familiar dispersion relation for the scattering amplitude f(s,t) [recall 
s = A: 2 , Z = 2s (1 - cos 0)] is 


/(s,Z) = fn(t) + 


£+- r ds' im / (s —, 

{=& S + Si T Jo s' - s 


Im s ^ 0. (2.24) 


The Si are the (negative) energies of the bound states in our units and the Ti(t) 
are polynomials in Z, the degree being U , the angular momentum of the ith 

We have shown, however, that Im /(s', Z) for real s S 0 is analytic in the 
/-plane cut along the negative real axis from - « to -4m [note that /*(/) is 
real]. The residues r, are simple polynomials in /. Hence we see that the last 
two terms on the right in (2.24) can be extended into the cut /-plane to define 
an /'(s,Z) which will be an analytic function of two complex variables, s and /, 
regular in the region defined by the topological product of the two cut planes 

2 Actually the situation is slightly more complicated because of the singular nature of 
the Green’s functions [p 2 - fc 2 - u]~ 1 . For example in the case of the second Born approxi- 
mation for a Yukawa potential of range mr 1 one has 


/, 


l+2m2/s+mV2s 2 ^ _1_ 

!+(*»«/.) v - cos 6 K - 2 s{ s („ - 1 ) - 2 m 2 ]] 1/2 


+ ‘f 


dtj 


l+2m 2 /s+m 4 /2s 2 


77 — cos Q [2$ {s (t; - 1) - 2m 2 } - mV* 1 


with $ = fc 2 . Thus the cut for the real part extends over the real axis from 1 + ( 2 m 2 /s) to 
1 + 2 m 2 /s + m 4 / 2 s 2 , and that for the imaginary part picks up where the real part leaves off. 
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(except, of course, for the poles in the s-plane at the bound states, s,). That the 
f(s,i) thus obtained by continuation of the right side of (2.24) is identical with 
the actual f(s,t ) can be easily ascertained when m ^ 0. From the definition of 
the original f(s,t) one can show that there is a domain of the variables st for 
which f(s,t) is regular in both. This domain includes the line 0 im 2 on 

the real axis of the t plane and any line just above the positive s-axis starting at 
Re s > m In that case the two functions are the same in the finite interval 
0- ( - 4m °n the real axis, with any s = s' + is and s' > m 2 , hence by analyt- 
lcity everywhere. The case m = 0 requires special treatment. The main steps are 
sketched in a footnote. The same conclusion obtains, namely, Eq. (2.24) is true 
for all t in the cut plane. 

The remaining step to a definite integral representation for/(s,<) consists sim¬ 
ply in writing for Im/(s', t) a dispersion representation which exhibits the proven 
analyticity in t. The only uncertainty in so doing stems from our lack of knowl¬ 
edge of the asymptotic behavior of Im/(s', t) for large t. The simplest assump¬ 
tion, namely that Im /(s', t) —> 0 as | 1 1 -* =o, is certainly inconsistent with 
unitanty, as we shall show, if there are bound states and maybe even if there are 
not. (All this is in spite of the fact, which one can easily deduce from (2.22), 
that each term in the Fredholm expansion for/'(«,<) vanishes as | 1 1 -> oo.’) In 
order to cover all contingencies we write 


Im/(s', t) = 


.n+1 „ 

(-!)”— / 
7r Jo 


d{ 


p(s,n 


t' n +\t' + t) + Si! 9k ^ S ^ ^ 2 ' 25 ^ 


where n, the degree of the polynomial, is not specified at present and gj(s') is 
the jth derivative of Im /(s', t) evaluated at t = 0. The limit of integration in 
the above integral has been written formally as zero; it in general depends on s' 
but is never less than 4m 2 . The actual domain in the s,t plane over which p is 
nonvanishing will be determined by unitarity. 

A general form for the Mandelstam representation which we study for the rest 
of this paper is 




=f B (t ) + + (_i)t +i r* 

i=i s + Si Jo 'fi¬ 


ds 


Jo IT + <)(«' - S - U) + h l ds s' - s - u‘ 


(2.26) 


3 One starts by defining the function f e as 

/.(k^k.) = f B (t) -1/ '■ x V(x)e-‘*G ( x, r ,k)V(y)e-‘’'e*‘-y. 


for 0 £ t £ 4e 2 . We now use the same reasoning as above to extend (2.24) for all values of 
t m the cut plane. One then has to study the limit of the right-hand side of (2.24) as € 0 

The limit of the residues T u {t) has to be dealt with separately. 
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It is worth noting that there is no need to make, for fixed t, subtractions m s, 
because it has been shown in K that /(«,<) -> f B (t ) as s —► °°. We also remar 
that n ^ k where U is the largest angular momentum appearing m the bound 
states. Otherwise one can easily show that (2.26) will be mconsistent with 

unitarity. 

E. Exchange Potential 

Before going on to consider unitarity and the iteration scheme we wish to show 
how the representation is modified if there are exchange potentials. We shall 
also derive the generalization of the one dimensional dispersion relation for this 
case. We assume now 

V(x ) = V e (%) + Vt(.x) Px . 

a v e (x) + Vo(*), 

where P x is the space exchange operator. Note that (x | V 0 | y) = F 2 (a;)5(x + y)- 
In order to simplify the discussion we shall assume that there are no bound states 
and insert their contribution explicitly at the end. 

As usual the total Green’s function satisfies the following integral equation 

(?(x,y; k) = Sf(x,y;fc) + f g(x,z; k)[V e (z) + V 0 (z)]G (z,y ; Jc) dz, (2.28) 


where 


s (x,y; fc) = 


— 1 e 


ik lx—y 1 


4x | X - y | 

In operator notation we can write (2.28) as 

G = g + g(V e + Vo) G. 

Let us define R as, 

R = (V„ + Vo )<?; 

then R will satisfy the following integration equation 

R — (K e + Ko) + (.Ke + Ko)R, 


with 


We now write 


K e = V e g; Ko = V oS . 


R = R. + Ro, 


(2.29) 

(2.30) 

(2.31) 

(2.32) 

(2.33) 

(2.34) 
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where R e and Ro are defined by the following integral equations: 

R e = K e + ( K e R e + KJfh) 

Ro = Ko + (K e Ro + 2£oR«). 
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(2.35) 


This system of equations is obviously consistent with (2.32). One can resort to 
matrix notation to write (2.35) as one equation, 

Ri = Kf + £ KijRj , (2.36) 

J—l 

where R\ = R e , R 2 = Ro > K[ 0 ^ — K e > K 2 * — Ko , Ku = .K 22 — K e , and 
i£ 12 = ^21 = i?o. Each of the elements Kij and K c ? ) are analytic in k regular in 
the upper half plane. In this case a sufficient condition for the existence of solu¬ 
tions Ri of (2.36) which are regular in the upper half k plane is 


[ Kij{x,z)K n (.z,y) dz 
i =1 J 


^ const. 


Vi(x) 


Im k ^ 0. (2.37) 


For if (2.37) holds, it follows from Ref. K that we can represent Ri by Fredholm 
series which are uniformly convergent in the upper half k plane. The conditions 
(2.1) for both V e and V 2 are sufficient to obtain (2.37) by the methods of Ref. 
K. 

The scattering amplitude is given by 


/(k/,k<) = V e (k/,ki) + — 1 foCk/.k.-) 


+ J e ,XrI ft(x,y; k)[V e (y) + F 0 ( 2 /)]e ,k ‘" y dx dy. 


(2.38) 


We write 

/ = /.+/*, (2.39) 

where 

fe = ^ (k, | F e I k t -> + <k, I ReVe + R 0 V 0 I k,), (2.40) 

/. =-=2 <k , I Fo | k t ) + <k, I RoV e + R t V o I k.->. (2.41) 


It is worth pointing out that the split of the amplitude into an even and an odd 
part as done by Hamilton (7), who was the first to discuss this point, is not cor¬ 
rect in its details. 
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Using (2.35) and the lemma proved in the appendix of Ref. K, one can show 
that for any t there is a k„ such that for any k with | fc | ^ fco and Im k = k ^ 0, 
the following two inequalities hold, 

| R e (x, y; k) - K e (x, y; fc)| < « e^ u ' yl 
| R 0 (x,y, k) - Ko(x,y;k)\ < t e““ lx+yl 


1 7(®)| 

a; ’ 

(2.42) 

| 7(*)l 

(2.43) 


These last two inequalities coupled with (2.40) and (2.41) are enough to show 
that/ e (fc 2 , t) is analytic in k regular in the upper half plane when t = (k/ - k<) 
is fixed and t g 4m 2 . Similarly /„(fc 2 , «) is analytic in k in the upper half plane 
for fixed u = (k, + k ;) 2 and u ^ 4m 2 . Hence we can now write two dispersion 

relations 


, s ,<Bi, \ , 1 r J 1 Im/o(s';w) 

/.(»,«) - fa (u) + - ] # * - 


(2.44) 


As usual no subtractions are needed in this case since as | s | —» » / e (s,0 —*/« (0 

and/o(s,w) —»/o B> («). . . . , , , N 

We now turn to the question of the analytic properties of / e {s,t) .and jo\s,u) 

as functions of « and t for fixed real s. 

If we substitute Eqs. (2.35) in (2.40) and (2.41) we obtain the following m- 
tegral equations for / e and /o in momentum space 


Ukf,K) =/' B, (k / ,k i ) +J [I? e (k/, p)/ e (p,ki)+ A„(k / ,p)/o(p,k i )] dp, 
/„(*,, k,) =/o B, (k / ,k l ) + J [iUkj, p)/o(p,k t ) + Ao(k/, p)A(p,k,)] dp, 

where 


£..o(k/, P ) = 


1 f e ,o(k/,p) 


(2x) 3 p 2 - k 2 - w ‘ 
As in (2.36) we can rewrite Eqs. (2.45) in matrix notation 

/,■ = /, w + t R*fi, 


(2.45) 


(2.46) 


(2.47) 


with /i =/.,/*-/» > Ku = Kn = R ., Kn = Rn = Ro • We can now follow 
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the arguments of part C and write the Fredholm solution for each f x . Noting 
that 


Fo(pi,p 2 ) = f -. 

VeiPuPi) = f 


o-o 


(jll) djl 


2 + (Pi + p 2 ) 2 ’ 

<7 e (/z) d\X 


(2.48) 


“ 2 + (Pi - P2) 2 ’ 

one can easily check that each term in the series for/'^/c, cos 6) has a representa¬ 
tion corresponding to (2.22) 

<f>i n \v,k) 


r 00 j (^) 

/'i n) (fc, COS d) = / drj-^— 
J VQ V — 


cos 0 9 


Vo = 1 + ^ . (2.49) 


On the other hand each term in the series for /' 2 will have the representation 


f 2 n) (/c, COS 0) = f drj- 
J vo V 


+ cos 6 ' 


(2.50) 


The difference between (2.49) and (2.50) arises from the fact that the integrand 
on the right-hand side of (2.17) will have only an even number of factors 
[\j + p/-i * P/] -1 when we consider the series for f\ , whereas an odd number of 
factors [\j + py-i * py] 1 will appear when we consider each term for/' 2 . 

The argument given in the Appendix will still hold for this case. We then con¬ 
clude that f e (k, cos 0) is analytic in cos 0 regular in the cut plane with the cut 
extending from cos 0 = 1 + (2 m 2 /k 2 ) to + oo, whereas f 0 (k 9 cos 0) has the cut 
on the negative real axis from cos 0 = — (1 + 2 rri/k 2 ) to — oo. The same result 
holds for both the real and imaginary parts of f e and/'o. Assuming that there are 
no essential singularities as | cos 0 | —> <x> we can apply the Cauchy theorem in 
both the t and u plane and obtain from (2.44) 


where 


fe(s,t) 
fo(s,u) 

t = 2s(l — cos 0); u = 2$(1 + cos 0); 
u + t — 4s = 0. 


= /f’(0 +1 f°ds’ f dt'- -^ 

7r Jo J Am 2 (s — s — 


Pe(s, t ) 


= friu) + 


1 f da f , 

TT Jo Jim 2 


du 


+ t) 

Po(s, u) 


(s' — s — ie) (u' + u) 9 


(2.51) 


(2.52) 


In (2.51) we have not written down subtractions in both t and u which might 
appear. 
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The bound-state terms appear in the final amplitude from the discrete poles 
of the total Green’s function for negative energy. The same poles appear for both 
f e (s,t) and fo(s,u). The easiest way to see this is by noting that these poles will 
arise from the zeros of the Fredholm denominator in the solution of (2.47). 
That denominator is the same for both f e and fo . The final representation has 
the form (aside from subtractions terms which must appear but which we don’t 
write explicitly for the moment) 


f(s,t,u) = ff\t ) +/o B> (w) + X) TV — 

i o T 

+ rds_ r d{_ P .(8,t') 

J o 7T J 4m 2 7T (s' — S — 


+ t) 


(2.53) 


+f-7 

Jo 7T J 4 

where the residues I\-(0 are defined by 

r ' (1) - h {[/ 


du 


Po(s, u ) 


0 x Jim* X (s' — S — ie)(u' + u ) 


dx e~ ikrx (V e + 7„)fc(x)J 

•[dx ^i*(x)(F e + Fo)e’ ki ' x ] 


(2.54) 


We are regarding u( = 4s — f) as an auxiliary variable; hence the residues F; are 
functions of t alone. 

Our final task is to find the one-dimensional dispersion relation which is satis¬ 
fied in this case. To do this one expresses the second denominator in terms of s 
and t, using t + u = 4s. Then make a partial fraction decomposition: 


_i_ = r_j_ , _1_i_. 

(s' — s) ( u' + u) — s u f + 4s — tj u' — t + 4s' 


(2.55) 


The first term is then of the standard form, whereas the second one is something 
new. After several trivial variable changes we obtain 


(s', t) 


/(,«> - /no + -«+e +/; % 

Jm 2 7T S 


P-U, t) 


(2.56) 


+ s - t/ 4 ’ 

where the weight functions p+ , p_ are given by 

, r dt! Pt (8, q r dr_ poil , 4 /) 

P+ S> hm* X (t' + t ) Jm* x t' + s' — t/ 4’ 

p_(s', 0 = Po(t ' 4s,) 

Jo 


(2.57) 


7T S 


' + / - f/4 • 


PiiYe Tfeqf/tejKtif leaf PfcyiieJ. 
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The fear that one encounters trouble when t > 4m in that the cut which for 
smaller t lies on the negative s axis crosses over to +s is groundless. The apparent 
complexity of p+ is just cancelled in this case by a contribution from p_ . If we 
limit ourselves to ordinary Yukawa potentials for both V e and V 2 then (2.56) is 
almost identical with the nonrelativistic form of the nucleon-nucleon dispersion 
relations derived from field theory by Goldberger et al. ( 8 ). Note that in this 
paper our units are such that ff/2M = 1 with M the reduced mass of the system. 

III. THE UNITARITY CONDITION 

The simplest case to be considered is that of no bound states. We shall now 
show how unitarity can be used to determine the weight function p of (2.26). 
The procedure that we shall go through does not change with the number of 
subtractions in t. Hence for simplifying the algebra we shall assume that 

Im/(s,2)—>0 as | ^ | —> oo. 

This assumption is at least consistent with unitarity when there are no bound 
states. 

In this case the Mandelstam representation becomes 


M)-fM+ /■- r~T' —— 

J 0 W Jo 7T \S — S — 

where we recall that 


s,t) 


fs(t) — — [ d/j,- t 

J 0 /X‘ 


(s' — s — ie)(t' + t) 9 

cr(p) 


+ t 


(3.1) 


(3.2) 


Since the analyticity properties have been specified completely and the po¬ 
tential has been given, we would expect the unitarity condition to enable us to 
find the weight function p and thus the solution to the problem. We write this 
condition as 

Im f(s,t) = ^fdti f*[s, (k, - k') 2 ]/[-s, (k' - k s ) 2 ], (3.3) 

where t — (k f — k*) 2 , k/ = k/ = k' 2 = s. Obviously this relation is valid only 
in the physical region t ^ 4s and must be given meaning for larger t by analytic 
continuation. When (3.1) is substituted into (3.3) we encounter in every term 
the integral 

1 (3.4) 


= 4s 2 J dil' 


[h + (k, - k') 2 ][^ + (k' - k ; ) 2 ] ’ 


with the notation n = 1 + (ti/2s), r 2 = 1 + t 2 /2s , and k' = ketc., we 
can write 


“ / d9 ' In - k r k'][r 2 - k'-kj • 


(3.5) 
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This integral is then the same one encountered in Section II and for our purposes 
is most conveniently written as 


T _ A _ f°° dt' 1 

~ Jt o t' + tK(l + t'/2s)’ 


(3.6) 


where to = 2 s[nr 2 — 1 + {(ti 2 — 1 )(t 2 2 — 1)} 1/2 ] and K is defined in (2.21). 
From (3.1) we have 


Im 


A*> - i f 

7 r Jo 


di 


t p(s/) 

t f + t 


(3.7) 


Using (3.6), we find from (3.3) an equation for p(s,t): 


p(s,t) = J dm<r(/ii) J dp 2 a(ii2)K(s,t; mi 2 , /z 2 2 ) 

- 2 P f — f * [ d m Am)KU,t; h ,»’> 

J 0 7T v o I Si -’ S J 

r <fei r dh r & 2 r p(«i,<x)p(<i,fa) 

Jo x Jo x Jo x Jo x [si — s + ie][s 2 — s — le] 


(3.8) 


where 


#($,$; h,k) 

8 ^ — 2i — £2 — ^ — {16s 2 + 4s(4 + ^ 2 ) + 4^2} 1/2 J 

= l [s{t - (t\' 2 + ^ /2 ) 2 }{* - (tf /2 - ^ /2 ) 2 } - ^ 2 ] 1/2 


(3.9) 


The function K(s,t; t x , fe), regarded as a function of s,£, fails to vanish in a region 
bounded by the curve UU/s, for small s, and the line t = ( t\ 12 + ^ /2 ) 2 for large s. 

It is evident from (3.8) and (3.9) that if there is no lower limit on the p;, 
i.e., m = 0, p(s,0 will be different from zero in the entire first quadrant of the 
Sjt plane. This follows from the fact that the first term in (3.8) [which is the 
second Born approximation for p] already shows this. We shall not consider the 
m = 0 problem any further. 

Consider the case m ^ 0. It is easy to see that the true limiting curve in the 
s,t plane (i.e., the curve below which p(s,t ) vanishes) is determined by the sec¬ 
ond Born approximation. This term is nonvanishing when K(s,t; m 2 , m 2 ) ^ 0. 
This leads to the condition 

t > 4 m + in/s. (3.10) 


The second and third terms on the right-hand side of (3.8) contribute to p only 
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in a region entirely inside that determined by (3.10), since in those terms h and 
t 2 are always greater than m 2 . With these observations in mind we can see how in 
this case of m ^ 0 one can construct p in a sequence of well-defined steps. Thus 
(3.10) determines an absolute minimum value of t [below which p(s,t) vanishes] 
given by 4m 2 . The second term in (3.8) will therefore contribute to p only in the 
region where K(s,t ; 4m 2 , m 2 ) ^ 0. This describes a boundary curve asymptotic 
to t = 4m 4 /s (small s) and t = 9m 2 (large s). The third term in (3.8) contributes 
only above a curve asymptotic to t = 16m 4 /$ (small s) and t = 16m 2 (large s). 
There is evidently then a finite region in the s,t plane where p(s,t) is given exactly 
by the second Born approximation. [Mathematically the area lies between the 
curves s(t — 4m 2 ) — m 4 = 0, and s(t — 9m 2 ) ( t — m) = 4 m 2 t.] 

It is clear then that knowing p over this region enables us to construct p in a 
still larger region by substituting into the second term of (3.8) and integrating 
over the region where p is known exactly. There are also contributions from the 
third term which ultimately contribute. Before this happens, however, a new 
region of finite size will be generated over which p is known exactly. At this stage 
p consists of terms proportional to X 2 and X 3 , where we have introduced a coupling 
strength parameter, X, to characterize the number of times the potential enters 
in each term. At the next step we will have terms proportional to X 2 , X 3 , and X 4 . 
What we are doing is gradually filling out the whole allowable s,t plane and ex¬ 
pressing p(Sjt) by a sequence of polynomials in X which increases in order as we 
move out. In any finite region of the allowed s,t plane p is given exactly by a 
polynomial in X of finite degree. The degree of the polynomial increases as the 
region moves out toward infinity. Having obtained p in this manner we can 
imagine substituting it into (3.1) and carrying out the integration over the s,t 
plane at each step integrating over the regions where p is known exactly. 

This leads to an expression for f(s,t) which is the limit of a sequence of poly¬ 
nomials. If our assumption about the behavior of Im/(s,Z) as | 1 1 —» oo is cor¬ 
rect, then the sequence converges. It is not unusual to be able to represent a 
function by a convergent sequence of polynomials even if a power series repre¬ 
sentation diverges. 

If Im f(s,t) does not vanish as | t | —> oo then we have to use a subtracted form 
of (3.1) 

F(s,t ) = f(s,t) - /*(<) -iL 1 -. 9i(s ) 

j=o j ! 


An analogous procedure could be followed to find p in this case and (3.8) would 
again obtain. This allows us to approximate F(s,t) arbitrarily closely by a se¬ 
quence of polynomials in X. This sequence will always converge to F(s,t) pro- 


Jdt' 


p(s, t') 


(3.11) 


(s' — s — ie)t' n+1 (t' + t) 
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viding we have supplied enough subtractions in (3.11). We stress here that this 
convergence does not depend at all on whether the usual Born series for /(s,£) 
converges or not. 

To determine the amplitude /(s,0, we still have to find the functions gfy(s). 
Instead of doing this directly we shall in Section V consider the partial waves 
separately. There we show that for l > n the partial waves are given by integrals 
over p and hence are determined by the iteration outlined above. For l ^ n we 
obtain for the partial wave amplitudes nonsingular integral equations, w T hich have 
unique solutions. The kernels in these equations are determined by p. 

We note here that the procedure outlined in this section for determining p 
could be easily generalized to determine p e and po in the exchange potential case. 
At every step in the iteration one can easily separate the contributions to p e and 
to po. It is worth mentioning that the iterative construction of p is quite analogous 
to, though considerably simpler than, that encountered by Mandelstam in the 
relativistic case. 


IV. UNITARITY AND BOUND STATES 

Before treating the general case in Section V we shall consider in this section 
the case with a bound state where Im /(s', t) —> g(s') 0 as | ^ | —> °°. This 
situation has several amusing consequences. 

In this case we can only have a bound s-state for otherwise our assumption 
about Im/(s', t) would be inconsistent with unitarity. For definiteness we shall 
assume that we have a bound s-state with energy — s 0 . The Mandelstam repre¬ 
sentation in this case will be 


JO 7T Jo 7T (S 


p(s, O 


+ 


(s' — s — fce)(£' + 0 s + So 



g(s) 

— S — ie 


= / (0) (s,0 + L+(s), 


(4.1) 


where 


dt ' 


p(s, ?) 


= +[ * j[ - (S ' _ s _ ie)(t ' + 1 ) ’ 

L + (s) = L(s + ie) = T/(s + so) + J o / g S 


(4.2) 


We note that / (0) —> 0 as | 1 1 —> °o so that L+ is the limiting value of / at in¬ 
finite t. All the partial wave amplitudes obtained from (4.1) by projection will, 
except for the s wave, be the same as those obtained from an unsubtracted repre¬ 
sentation. In the next section we will see that they are determined by quadra- 
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tures when p is known. We wish to emphasize that if r 0, the term involving 
g(s) must be present in order to avoid a blatant violation of unitarity. It may be 
true that g must be present even if there are no bound states. In any case it is 
easy to show that the iterative construction of p given previously is not affected 


by the presence of L. From this it follows that / (0) satisfies unitarity by itself: 


Im/ (0) (s,i) = ~ { dCl' f (0) *[s, (k, - k') 2 ]/ (0, [s, (k' - k,) 2 ] . (4.3) 


If we now substitute (4.1) into the unitarity condition for the full amplitude 
and use (4.3), we find 


Im L+(s ) = 2 Vi Re [f$° L+*] + Vi I L+(s) | 2 , s > 0, (4.4) 

where/o 0> is the s-wave projection of / <0> , namely 



(4.5) 


The fact that/o 0) can be represented this way with a real 5° follows from a compari- 


son between (4:4) and the unitarity condition for the full s-wave amplitude which 
is 


Im /r + Im L+ = 2Vi Re $«!,+*] + Vi I L + | 2 + Vi I f? | 2 ; (4.6) 


thus Im /r = Vi |/r | 2 . If we introduce L_(s) = L(s — it) = L + *(s ), we 
find that it satisfies 


Im L_(s) = -2\/i Re L/o 0) L_] - Vi I L(») | 2 , s > 0. (4.7) 


We are confronted here with a simple mapping problem, namely to find a func¬ 
tion L(s ) which goes to zero at infinity, is analytic in the s plane except for a cut 
along the positive real axis with values on the cut given by (4.4) and (4.7), and 
which has a pole at s = — s 0 . 

To solve this problem it is convenient to introduce L(s) = 1/K(s) in terms 
of which (4.4) and (4.7) become 


Im K+(s) = - Vi - 2Vi Re [f ( 0 0) K + (s)], 
Im K-(a) = Vi + 2Vi Re (fS°K-*(s)J. 


(4.8) 


Using the expression for/o 0) in terms of 5°, we may cast (4.8) into the form 



(4.9) 


which holds along the positive real s axis. This inhomogeneous mapping problem 
may be solved in terms of the solution of the corresponding homogeneous one. 
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We define this lattter problem as 

K±(s) = [l=Fi tan 2 5°] Re K±(s), s > 0, real. (4.10) 
This has the well-known solution 


K.-PM.g-t/V.,^ .1 

L 7T Jo s' — s + — lej 
K± = P(s)e- pW * 2iSHs) , 


(4.11) 


where P(s) is an arbitrary polynomial which is assumed to have no zeros for s 
real and positive and we have assumed 5°(0) S t/2. Further we have defined 


p(s) = p r *'£<•). 

Jo T S‘ — S 


(4.11a) 


Using (4.10) and (4.9) we may write 


K± __ K- 
K+ K_ 


- 2 i Vse pw /P(s), 


s > 0, real. 


The solution to this problem is standard. We find 
K + (s) = —K+(s) f- 

•'O 7T 


Vs'e r(sn 


P(s')(s' - s - m)' 


(4.12) 

(4.13) 


To this solution, of course, may be added any entire function. 

Before discussing this result further let us see that it automatically yields a 
unitary total s-wave amplitude. We define for positive s a real function G by 


e 2iS °K+(s) = -(?(*) - iVs, 


(4.14) 


and recalling that e ,s sin S/\fs = /o 0) + l/K+(s), where 8 is thefull s-wave phase 
shift, using (4.14) we find the manifestly unitary relation 


Ixh 


2 i«o G(s) — i \/i 
G(s) + iy/s 


(4.15) 


In treating the solution to our mapping problem, (4.13), there are two courses 
open to us, one conservative and somewhat unsatisfactory, one daring and rather 
conjectural. The conservative procedure is to choose the polynomial P(s) so as 
to insure the simple pole at s = — so and thus abandon all hope of computing the 
energy s 0 . We write 


K + (s) = - 


(s "4“ So) — p(s)— 2t5° 


/' 

Jo 


ds 


v? 




(s' + So)(s' — s — ie) * 


(4.16) 


From this we see that the residue T and, for example, the exact scattering length 
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a, are given by 


U r 00 

a = a o — — / 

\_7T Jo 


/ y/7 e 


tp(sO—p(— sq)] 


(s' + So ) 2 

<fe' e »>fa'>->w>i 

VV (s' + So) 


r. 


(4.17) 


where a 0 is the scattering length associated with 5°. Thus, given s Q and 5° (the 
latter obtainable in principle from the iteration scheme) we have a complete 
solution to our problem. We have tested these relations by guessing at 8 0 and 
examining the consequences. We try first tan 5° = \/~s a Q . It is easy to show that 

p(s) + 2 i 8°(s) — p(0) = —2 In (1 + a 0 \/~^s) (4.18) 

and the integrals involved in computing r and a are trivial. They lead to 


r = —2\/sq , 


a — clq — 



(4.19) 


The result for r agrees exactly with a direct evaluation from the Schrodinger 
equation with a scattering length potential; that for a is the correct zero range 
limit for the scattering length and amusingly enough has the correct sign inde¬ 
pendent of our guess, do . The Vso dependence of T is a general characteristic of 
our solution (4.17) independent (essentially) of 5° and further this dependence 
on Vi"o is rigorously true for any potential for small $o. 

A slightly more complicated model which has the phase shift behave quite dif¬ 
ferently for large s is tan 5°(s) = aoVs/(l + Mraos), where r is the effective 
range. We find in this case 

p(s) + 2iS°(s) - p(0) = - 2 In p + Wlf l, 

LI + a 0) 8 v — sJ 

2a = 2/3 + 2= (1 + 2r/ao) 1/2 + 1, 

r = -2VFo/(i - V7oR), 

(4.20) 

R = 2ao/V«(l + Q'oP\/so)y 

a = a 0 — (1 + Oool Vso)/Vio(l + ^doy/so/a). 

These results again have forms very close to the rigorous ones and are nearly 
independent of a 0 for reasonable values of r. Thus if /o 0) is known only crudely it is 
possible to calculate with some confidence the residue T and the scattering length 
a, if So is known. 

The conservative treatment given above has one fault (at least!). We have no 


7^ni/ie#iia£t(iaZ 











161 

^ ^ ^a ^^a ^a ^ ^a^a^ ^ ^a ^a ^a ^a^a^a ^ ^a ^ ^a a^a^ ^a n^a a^a^a a^a^a a^a a^aa^aa^aa^a 


84 BLANKENBECLER, GOLDBERGER, KHURI AND TREIMAN 


way of computing the binding energy s 0 • The daring procedure alluded to earlier 
overcomes this difficulty. Consider the case of weak coupling in which the strength 
parameter X is very much less than a critical value X c which produces a bound 
S -state of zero energy. If X < X c then there are no poles in the scattering ampli¬ 
tude for negative energies. The natural choice for P(s) in (4.11) and (4.13) is 
then unity, which leads to 


K + (s) = - 


exp [—p(s) — 2i$°(s)] 


/' 

Jo 


ds 


/ V? e p(8,) 

— $ — ie' 


(4.21) 


If this form for K is infinite, then L = 1/K is zero and the full amplitude / equals 
/ (0) . For a somewhat larger value of X but still less than X c K may be finite, and 
this might correspond to a failure of the Born series in the case where there are 
no bound states. Now imagine that p(s) which has been evaluated for X < X c is 
continued analytically in X to values greater than X c . A bound state will appear 
at an energy — s 0 such that p( — s 0 ) = + <». At this point K has developed a 
zero and thus L now has a pole corresponding to the bound state. 

The requirement that p( — So) = 00 may be expressed in a form which ties in 
quite closely with a method of solving for /o 0) which will be developed in the next 
section. Let us imagine that fo°\s ) can be written in the form N(s)/D(s), where 
D is analytic everywhere in the complex s-plane cut along the positive real axis 
and N(s) is real for positive real s. Then 


A S ) = -iln 


DM 

D*(s) 


(4.22) 


and the integral over 5° which appears in p may be carried out assuming D —> 
D( oo) = constant as s —> <». We find 


p(-s) 


2 In 


D(o o) 

D(-sy 


(4.23) 


Thus if D develops a zero at s = — s Q as X increases then p(— s 0 ) = + 00 and 
/o 0) ($) has a simple pole and hence a bound state at $ = — So has appeared. If 
the procedure outlined here is correct, we see that the entire scattering and 
bound-state problem has been completely solved in terms of the coupling parame¬ 
ter X, which is, of course, our goal. 

To get some slight insight into this method let us return to the example of the 
effective range phase shift (see 4.20). We imagine that an analytic continuation 
in X is performed. If the potential is sufficiently attractive then the originally 
positive scattering length a 0 will become negative and p(s) becomes infinite at a 
negative energy given by 

V=i» = , (4.24) 


which is a reasonable value for such a phase shift: the binding energy is zero 
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for do = cc , as it should be and as we move away from this condition (by in¬ 
creasing the potential strength) the binding energy increases. 

Even though we find these conjectures very attractive we cannot back them 
up in any firm away. If for example one were forced to make a subtraction in the 
dispersion relation for Im /(s,Z) at a finite value of t , say t = 0, nothing like the 
above procedure would work. In that case our representation becomes 


f(s,t) = fait) - t 



P(«V) 

t'(t' 4" t)(s f — s — ze) 


r + f°° ds_ gi(s) 
s + So J o tt s f — s — ie’ 


(4.25) 


where gi is a new weight function to be determined by unitarity. The quantity 
analogous to /o° } in this case is no longer unitary by itself in spite of the fact that 
the iterative construction of p is unaffected by the subtraction, as is easily veri¬ 
fied. The mapping problem for g x to which one is led does not seem to be soluble 
in any direct manner. Rather than discuss the question of finding gi in this form 
we turn to a consideration of dispersion relations for partial wave amplitudes 
which is closely related to the solution of this problem. 


V. DISPERSION RELATIONS FOR PARTIAL WAVE AMPLITUDES 

There are many reasons for discussing the analytic behavior of the partial 
wave amplitudes. One very important one is that the unitarity condition takes 
on a particularly simple form; another is that we know the asymptotic form of 
e b sin 8/\As as s —■> cc, namely that it goes to zero. For this reason we may hope 
that the subtraction question is somewhat less burdensome here than it is for 
the full amplitude. 

The analytic properties of the partial wave amplitudes do not depend on the 
question of subtractions in the full amplitude. In order to make this clear let us 
work with the once subtracted form (4.25) where we assume there is only an s- 
wave bound state. We write the usual expansion 

f(s,t) = g (21 + l)f,(s)P, (l - L), (5.1) 


where in the argument of the Legendre polynomial Pi we have written cos 
# = 1 — t/2s and fi = e xhl sin 8i/\/~s . 

In attempting to project from (4.25) the partial wave amplitudes we encounter 
in f B and in the double integral term the integral Ji , where 


Ji 


1 f +1 

2 J-i 


2s 


Qi 


(* 


PM 

t’ + 2s(l — z) ’ 



(5.2) 


1 
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The Qi s are Legendre functions of the second kind and the only properties of 
them we need can be read directly from (5.2). We find then from (4.25) the 
following set of equations: 


/o(s) = 


fM = 


- f &*(„)£ Qo ( 1 + {r) + -rf- + f — - - gi(s ' ] • 

Jm 2s \ 2 S/ S + So Jo 7 T S — S — li 

+ /* ^ X i k(l + f’/2s) - {*1 

•'O 7T J4m 2 7T S — S — It 2s |_ C J 

-f*.w ±«.( 1 + r) + /'-f - 

J m 2 S \ 2s/ Jo 7T Mm J 7T 


(5.3) 


■ . 1 q,(1 +<72s), 

s — s — te 2s 


Z > 0. 


(5.4) 


From these equations we may read off the analytic properties of / 0 and /* re¬ 
garding them as functions of the complex variable s. We see that in each case 
there is a cut along the positive real s axis from the denominator s' — s. There 
is also a cut in both along the negative s axis coming from the Q’ s. In fact from 
(5.2) we find that 

s {«■ (‘ + 2<7T«) ■ Q ' ( x + 2<rb^)} 

(5.5) 

= ^Pi(l + t'/2s)e(-s-t'/4:). 

Thus from the first Born term we see the cut runs from — m 2 /4 to — oo, and from 
the double integral, from — m 2 to — oo. 

It is easy to show that with the assumption we have made about the representa¬ 
tion in (4.25), namely only one subtraction at t = 0, both / 0 and fi — > 0 as 
| s | —> oo anywhere in the plane. In general when we have (n + 1) subtractions 
in t as in (2.26), one can show that at most n subtractions are required for each 
fM, i.e., fi(s)/s n -> 0 as | s | -> oo. 

We may now write the simple Cauchy formula for / 0 and fi which embodies 
the above analyticity: 


fM - /.(.) + -j- + r*L + r-dl Im (/, - /„) 

S + So Jo 7 T S — S — It J — oo 7T S — S 

/■<«>- fM +.■ „ 7 m/l(,,) ., + * 7 ""’- , 

Jo TT s l (s — S — It) j -oo 7 r s ' 1 (s' — s) 


(5.6) 
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where the Im f t (s) for — oo < $ < — ra 2 may be represented in terms of the weight 
function p(s,t): 


Im (/, - /„) = /" — f - • f P -^-^ Pi(1 + «'/2s)e[-s - <74], 
Jo 7r •' 4 m 2 7T 4s S — S 7 * 


(5.7) 


— oo < s < —m 


This last relation holds for all l and is independent of the number of subtractions 
in t. We note that f iB , the first term in (5.3) and (5.4) also has a negative cut. 
We have in writing the dispersion relation for f t considered instead fi/s l . This 
wasn't necessary but if one at any subsequent stage wants to make an approxi¬ 
mation in the negative cut, it is useful to insure the correct low energy behavior, 
which is s l . A precisely analogous discussion in the field theoretic case has been 
given by MacDowell (5). 

We note that for all l > 0, /* is determined by quadratures assuming p(s', tf) 
is known. The latter statement is legitimate in principle because we have given 
a construction for p. For f 0 , however, we evidently have a nonlinear integral 
equation to solve. It is nonlinear because from unitarity we know Im f 0 (s) = 
Vs | fo(s) | 2 . One method to handle such an equation has been given by Noyes 
and Wong (10). We shall review this procedure because it ties in with our dis¬ 
cussion in Section IV and because we can give a rigorous justification of it in this 
case. We write 


'•<•) = Wry (5 - 8) 

where N(s) is to be real for s > 0 but may have a cut along the negative s-axis; 
D(s) is real for negative s, has a cut along the positive $ axis and further D(s) —> 1 
as | s | —> oo. We may prove easily that N(s) —> 0 as | s | —> oo from our repre¬ 
sentation and the properties of p which we must have assumed, in (4.25). Ex¬ 
cept for the above-mentioned singularities N(s), D(s) are analytic. We may 
then write 

D(s) = 

N(s) = 

Next we remark that Im D(s) 
real in this region. We also know that Im (l// 0 (s)) = — y/s from unitarity. To 
obtain Im N(s) 9 s < — m 2 /4, we use the reality of D in this region together 
with (5.7) with l = 0: 


(5.9) 


^ / as Im D{s ) 

Jo 7r s l — s — ie f 

r mVi ds_ Im Njs) 

J- oo 7r S f — S — ie 

— N(s) Im (l//o($)) for s > 0 , since N(s) is 
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Im7V(s) = D(s) ^|^-/ dna(n)d( — 8 — ^) 

+ r*'f^,(.,.() 1 

Jq 7 r J 4m 2 7T S — S \ 4/J 


We now have 


= 7tZ)(s)q:(s) , S < —^- . 


D( s ) = 1 - I f 

7T */0 

JV(s) - / 


1 r^vtm,') 


t Jo s — s — ie 


(s' - s) ’ 


(5.10) 


(5.11) 


and eliminating N(s) and interchanging the orders of integration we finally 
achieve 


D(-s) 


= 1 



d ,o WWW), 

V s' + v s 


(5.12) 


This may be transformed to a nonsingular integral equation of the Fredholm type 
by the substitution s' = l/% 2 . The bound states, if any, correspond to the zeros 
of D for negative s. The function a is given in terms of p in (5.10). 

It is perhaps worthwhile to point out what would have happened if it had been 
necessary in our original representation (4.25) to make two subtractions. [We 
regard this possibility as intuitively unlikely if there is only an s wave bound 
state although if the p-wave Born series were to diverge, as well as the s-wave, 
it could happen.] All of the phase shifts for l > 1 would be computed by quadra¬ 
tures, but now an integral equation would have to be solved for both s and p 
waves. N 0 (s) would have to have a subtracted dispersion relation and a constant 
Wo(0) would, appear in it. The corresponding quantity Ai(0) is zero for the 
p-wave equations. The solution to the problem would contain A 0 (0) which would 
presumably be determined by the demand that N 0 (s ) —► 0 as s —> + °o along 
the real axis, which is the requirement that the amplitude /o(s) should approach 
zero for large real positive s. 

We now show that, in our case of potential scattering, / 0 (s) indeed has the form 
N(s)/D(s ) with N and D having the required properties. To do this we intro¬ 
duce the Jost (11) function g(k) in terms of which the s matrix takes the form 


s(k) = 


gw 

g(+k)* 


g(k) 
g(-k)' 


(5.13) 


Jost proves that g(k) is analytic in the lower k 


plane. From our discussion it 
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follows that the singularities and branch cuts of this function are restricted to be 
on the positive imaginary &-axis for a suitably restricted class of potentials. 4 
Now the scattering amplitude/(/c) is 


f(k) 


ff(fc) ~ ff(-fc) 

_2 ik _ 

g(-k) 


N(k 2 ) _ N(k 2 ) 
g(-k) ~ D(k) * 


(5.14) 


Evidently N depends on k 2 since it is an even function of k. Also N can have 
singularities and branch cuts, coming from g(k), only for negative k 2 . The corre¬ 
sponding singularities in g{—k) are on the second sheet of the Riemann surface 
in the k plane and hence are irrelevant for our considerations. D(k) will have a 
cut on the positive k 2 axis from zero to infinity because it depends on k = \Zk?. 
It has no singularities for negative k 2 because g(—k) is well behaved for k in the 
upper half plane. Hence the representation we assumed for / is justified. Jost 
also shows that g( oo) = 1 for Im k ^ 0 so we have D(k 2 ) -> l as k 2 -» oo. 
Finally he proves that if g( °o) = 1 the bound states correspond to the zeros of 
g(—k) with k in the upper half k plane. 

We will show how the D equation can be explicitly solved for the case of the 
exponential potential, where the cut on the negative energy axis has degenerated 
into a sequence of poles. These poles are closely related to the so-called redundant 
zeroes of the s-matrix which have been frequently discussed in the literature. 

The residues of the poles on the negative energy axis for the $-wave scattering 
amplitude may be computed from the known solution to this problem. We have 

Im /„( -s') = 2* g Ij -J- ^ S(r 2 - 4s'), (5.15) 


where g is the strength of the potential which we take to have unit range. Insert¬ 
ing this into our N equation, (5.11), we have 


N(s) = -2 T ± D (-r 2 /'l) 

' 7A r\ (r - 1)! 4s + r 2 


(5.16) 


and then find 


J)( s ) _ I _L 2 y (-l) r+ V D ( r*v r _ ds'\/ s' _ , 

+ vf=ir\ (r - l)! fl V 4/ Jo (s' - s - ie)(4s'+ r 2 ) ‘ (5 ' 17) 

(— 1 ) r+1 (fD (— r 2 /4) 


Evaluating the integral, we have 


D{-s) = 1 + E 


i rl (r — 1)! (r + 2\/s ) ‘ 


(5.18) 


4 The analytic properties of the partial wave amplitudes have also been recently studied 
by Martin { 12 ). 
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There is a difference equation which can be solved by standard methods. The 
answer, which can be readily checked, is 


D(-s) = 1 + ZlJ 


= i + E 


tir! (1 + 2y/l)(2 + 2Vs) • • • (r + 2Vs) 
(-l) r+ Y ^ g n 


(5.19) 


7A (r — 1)! (r + 2Vs) iAonl (n + r)!' 


The result is the correct one, and shows that in this case the N/D method works. 

It is also interesting to note that the vanishing of D also leads to the correct 
eigenvalue condition. Since D( <*>) = 1 and also 

D( ~ So) = r(1 (- g ) 2 vf° ) -W2 V~g), (5.20) 


the vanishing of D is equivalent to 

JiVToizV^g) = 0 , 


(5.21) 


which is the well-known eigenvalue statement for the Schrodinger equation, (g 
is negative for an attractive potential.) This example also serves to clarify the 
meaning of the so-called redundant poles (13). They are simply the remnant of 
the negative energy cut in the partial wave amplitude. 

Noyes and Wong (10) have explored the consequences of taking into account 
only the first Born approximation contribution to the negative cut for a pure 
Yukawa potential. The argument in favor of this approximation is that if one is 
interested in small s, say of the order of m 2 /4 or less, the cut coming from the 
double integral term which starts at — m 2 should be of less importance than that 
of the Born cut which starts at — m 2 /4. In order to test this idea we have con¬ 
sidered the same approximation for the exponential potential for which both the 
approximate and exact problems are analytically soluble. 

The equation for/ 0 (s) taking into account only the Born term is (assuming no 
bound state) 


Ms) = 


-2 g 
1 + 4s 



vVl/o(/)l 2 . 

s' — s — U 


(5.22) 


This is a standard equation whose solution is 

— 20/(1 + 4s) 


/« = 


1 + 


2?(1 + 4s) 


..CO 

/ da- 

JQ 1 


y/ s 


(5.23) 


TT Jo (1 + 4$') 2 ($' — s — ie) 
The integrals are readily carried out and we find 


Vs cot 5o = - (1 + 4s) (l + f) Yg + 2s ■ (5,24) 
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The solution of the Schrodinger equation for the exponential potential leads to 



(V^) 4ifc . (5.25) 


For — g <K 1, the scattering length is given by 

1 



1 


a 


2 g’ 


(5.26) 


Thus we see that in general the validity of neglecting the negative cut must de¬ 
pend on the strength of the interaction and that the suggestive arguments about 
the unimportance of distant singularities are not necessarily quantitatively re¬ 
liable. 


VI. SUMMARY AND CONCLUSION 


We have shown that the Mandelstam representation can be derived from the 
principles of nonrelativistic quantum mechanics for a wide class of potentials, 
namely, those which can be constructed by superimposing Yukawa potentials of 
different ranges. It is far from clear that our procedure sheds any light on the 
corresponding derivation problem in field theory; in fact it is our feeling that it 
does not. Of course, one does not have the Fredholm theory available in the case 
of interacting fields, but it is possible to give another derivation utilizing the fact 
that every successive Born term has a cut which moves farther out in the cosine 
# plane; the exact remainder may then be shown to be analytic in a Lehmann 
ellipse of arbitrarily large size. This technique [which has subsequently been dis¬ 
covered by Klein ( 14 ) independently] looks generalizable to the field theoretic 
case but certainly does not work in any obvious fashion if at all. 

There are a number of other places where the two problems are much closer 
and we feel that considerable pedagogic insight may be acquired. For example, 
the one-dimensional dispersion relation with exchange forces is exactly what one 
obtains for the two-nucleon problem when it is treated by field theoretic methods. 
The discussion of the iterative construction of p, while simpler in our problem, is 
also met in field theory. The analytic properties of the partial wave amplitudes 
are treated in a completely parallel fashion, and the calculation of binding energies 
would be carried out in both cases in terms of integral equations for partial waves. 

There are several questions we have been unable to answer to which we would 
like to call attention. First, what is the precise relation between our iterative 
procedure and the Born series? How many subtractions are needed in any given 
case? A promising attack on this problem has been made by Regge 1 who has de¬ 
veloped a method for studying the behavior of the scattering amplitude for large 
momentum transfer within the framework of the Schrodinger theory. Regge’s 
work, we feel, is of great importance since it appears to be the only one thus far 
developed which directly correlates the strength of the interaction to the momen- 
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turn transfer behavior. Finally, it is evident that the equation for the partial 
wave amplitudes are coupled in that the same weight function p, appears in them 
all. Can we explicitly exhibit this coupling? There are probably many other ques¬ 
tions which we couldn’t answer if we could think of them. 
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APPENDIX I 

We now complete the proof of Section II and show that not only each term 
of the Fredholm series for /'(&, cos 0) is analytic in the cut cos 0 plane, but that 
also the whole /' is analytic in that region. 

We start with (2.13), 

f\k, cos e) = f dy r d x - - t ; (A.1) 

Jyo J 0 V “ COS(0 - x) 

we remark that the Fourier transform of the full Green’s function appearing in 
(2.7) also has a Fredholm expansion, 

G{ qi, q 2 ; k) = Z 0*(qi, q 2 ; k). (A.2) 

The only remark we need to make here about the above series is that it converges 
uniformly for all physical qi, q 2 , and k. This follows immediately from the results 
of Ref. 6 , since the series above is, except for some factors, essentially the Fourier 
transform of the series representing the Fredholm resolvent. If we now substitute 
(A.2) in (2.7) and perform the change to new variables indicated in (2.7)- 
(2.13), we obtain a series expansion for the weight function w, 

00 

w(k,y,x ) = X w n (k,y,x). (A.3) 

»=0 

It follows easily from the uniform convergence of (A.2) and the nature of the 
steps (2.7)-(2.13) that the series in (A.3) is uniformly convergent for 

0 ^ x ^ 2x, k > 0, and y ^ yo . 


Consider the sequence of functions, f m ', defined by 

w n (k;y,x) 

*v l “X /-j — 

J V0. 


poo p2ir m 

fm(k, cos e)= dy dxYl -— 

Jyo Jo n =1 y 


y - cos (6 - x) 


(A.4) 
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Each of these functions is analytic in the cut cos 8 plane. For as long as we have 
a finite sum we can easily interchange the orders of summation and integration 
in (A.4). From Section II, Part C, each of the resulting terms could be repre¬ 
sented as in (2.23) and hence is analytic in the cut plane. We have thus to prove 
the uniform convergence of the sequence f m in the finite cut plane. To do that 
we look at the function I N M (k, cos 8) given by 

I N M {h, cos 8) = f dy r d x (A.5) 

J vo Jo y — cos {8 — x) 

with 

M 

R* M (k,y,x) = 2Z Wn(k,y,x). (A.6) 

n=2V 

It will be sufficient to show that for any e, there exists an No , such that 

| I N M (k, cos 8) ||e, for N, M ^ N 0 , 

and any cos 8 in the plane with | cos 8 | ^ Z 0 , excluding the points on the cut. 
This is easy to do since, using the uniform convergence of (A.3), one can always 
find an No such that 

I R» M (k,y, x ) | ^5; N t M > No. 

For any finite Z 0 and | cos 8 | ^ Z 0 , we can always choose 8 small enough to 
make | I^ M (k, cos 8) | ^ e. We note that I N M(k , cos 0), being composed of a 
finite number of Fredholm terms is analytic in the cut cos 8 plane. 
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Summary. — In a previous paper a technique involving complex angular 
momenta was used in order to prove the Mandelstam representation for 
potential scattering. One of the results was that the number of sub¬ 
tractions in the transmitted momentum depends critically on the location 
of the poles (shadow states) of the scattering matrix as a function of 
the complex orbital momentum. In this paper the study of the position 
of the shadow states is carried out in much greater detail. We give also 
related inequalities concerning bound states and resonances. The physical 
interpretation of the shadow states is then discussed. 


1. - Introduction. 

The validity of the Mandelstam representation for the potential scattering of 
two spinless particles has now been firmly established for a class of generalized 
Yukawa potentials ( 1-4 ). Double dispersion relations can now be proved in a 
variety of methods each one adding an interesting angle to the overall picture 
of the analytic properties of the scattering amplitude. 

In spite of these advances many details are missing and in particular little 
is known of the connection between bound states and subtraction terms in 
the transmitted momentum. 


(*) Now at the University of Torino, Italy. 

( x ) T. Regge: Nuovo Gimento, 14, 95,1 (1959). 

( 2 ) R. Rlankenbecler, M. L. Goldberger, M. N. Khuri and S. B. Treiman: 
Ann. of Phys., 10, 62 (1960). 

( 3 ) A. Klein: Journ. Math. Phys., 1, 41 (1960). 

( 4 ) L. Fonda, L. A. Radicati and T. Regge: Mandelstam representation for the 
non-relativistic many channel problem (in proof). 
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Blankenbecler et al. ( 2 ) have shown how unitaiity and Mandelstam rep¬ 
resentation can replace the Schrodinger equation in the construction of the 
scattering matrix under some simplifying hypothesis on bound states and 
subtraction terms. Their analysis would attain full generality and beauty if 
these restrictions could be removed and their statements rigorously backed. 

In this respect part of the gap is filled in a previous paper ( x ) of the 
author where it is shown that, under some restrictive hypothesis on the po¬ 
tential, the number of needed subtractions is finite. 

In the present work explicit bounds are placed on L and some restrictions 
on the potential are removed. Similar bounds are also derived for bound states. 
Finally a. simple physical interpretation is given for the shadow states. 


2. - Definitions and previous results. 

In ( x ) complex angular momenta were employed in the proof of Mandelstam 
representation. We summarize here briefly the most important definitions and 
results needed for the proof. The starting point is the partial wave equation 


(2.1) D(E,ft)f = 0, 

where 

w a = S + E + (p + i) *-• - v w > 

and 

£=-(Z + i) 2 . 


Eq. (2.1) will be considered for generally complex values of ft. 1 = V— ft 
will be defined as that branch of the function which is one valued in the ft plane 
with the cut 0</?< oo and such that Re(Z + J)>0. The « regular » solution 
<iV of eq. (2.1) is defined by the following boundary conditions: 


( 2 . 2 ) 


<p(E, ft) ~ cos 
<p(H. 7, ft) ~ Cx l+1 , 




+ d(ft)\ > 


X —> CO , 




(p defines therefore an asymptotic phase shift $(ft) which reduces to the phys¬ 
ical values when l is integer. In (*) was shown that S(ft) = exp [2i8(ft)] has 
the following properties: 

a) 8(ft) is meromorphyic in the ft plane with the exception of a discontinuity 
across the cut 0 </?< oo. 

b) S(ft)S+(ft) = l where S + (ft) = (S(ft*))*. This is equivalent to $(ft) = $ + (ft). 


Pnhc. 7^ni/ie##ia£tcaZ 
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In particular $(/?) is real if ft is negative. 
e) If j8 is negative. 

d) Im \/—($[n Im V— /? — 2 Im S(/?)] > 0, 

Condition d) implies tliat S({1) can have poles in Im ft < 0 only, o) shows 
that if there is a pole in p there is a zero in ft*. 

e) Urn exp [— — 1] = 0 , arg 0 > 0. 

I/?!->oo 

If in addition to (2.1) we suppose that V(x) is a generalized Yukawa po¬ 
tential 


(2.3) 


V (a?) =Jdm a(m) eXp ^ mX ^ , 


we find that e) cah be improved as follows: 


6 ') 


S(ft) —1 = 0 (exp [ieV— {} — ccV— fi]) , arg /? > 0, 


cosh * = 1 + fg , 


e > 0 and small. 


Properties a)...e') are then used in connection with the partial wave expan¬ 
sion of the scattering amplitude 

(2.4) m = (21 +1)(exp [2id t ] — l)P,(«); «= cos 0. 

This expansion is known to converge in the small Lehmann ellipse Im 6 < a. 
According to Watson we can transform it into the integral 

<2 ' 5) ■ 
c r 

The contour G loops around the poles of (cos tiV— /?) _1 which occur on the 
physical values of fi oh the negative axis. G must not enclose any singularity 
of S((3). It is possible to deform G around the positive axis and transform 


“Pu*ix± 7^ai/ie##ia£LCiiZ 
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(2.5) into 

<2.6) VBf(z) = J'2 SnP in (- *) 2? n + 1) —L- + 

" n bin 7tl n 

co 

+ i /<KW +«.) - 8tf-«))P r ,. i;sr i=, 

0 r 

where 8 is the residuum of S(fi) in the pole £»= —(J n +£)a. The summation 
is carried out on all poles of 8(fi). The functions P ln (— cos 0), where l n is 
not an int3ger, are Legendre functions. It is apparent from (2.6) and (2.4) 
that /(cos 0) is analytic in the cos 0 plane with the cut cosh a < cos 0 < oo. 

The contribution of the integral can be shown to vanish when Im 0 -> oo 
(or cos 0 oo). The function P In (— cos 0) instead of the order of 
cos 0 Re( ‘"\. If the set is bounded above by L' the behavior of /(cos 0) will 
be dominated by cos 0 X . If L"— oo /(cos0) will have an essential singularity 
at cos 0=oo. Inf 1 ) we proved that L' is finite if \y 2 Im V(iy)\< A < oo. 
In this paper we shall give an explicit estimate for L'. The number of sub¬ 
tractions needed in the Mandelstam representation is then the mallest in¬ 
teger L> L f . In (2) it is proved that unitarity requires L> K, where K is 
the largest angular momentum for which there is a bound state. 


3. - Bound states. 


A bound state is defined as a solution of the equation 


(3.1) 


D(E,fi)y) = 0 where E , /?< 0; (l integer) 


which is L 2 in 0... oo. We shall name bound states the solutions of (3.1) 
with the same boundary conditions also when l is any positive number. L 2 im¬ 
plies the asymptotic behaviour 


(3.2) 


tp ~ CX l+1 x -> 0 , 

y> ~ exp [— \A— Ex] x oo . 


In order to have a bound state E and must be related by some equation 
g(E, j$) — 0, where g depends on V. This equation, if solved in E, yields 
E = /(/?) where / is a multivalued function since there may exist several bound 
.states with the same /?. 

For definiteness we choose the branch with the largest binding energy. 


7^ai/ie##ia£t(iaZ ?4yJxcJ 
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It is clear that in general /(/?) is differentiable. Write now the equation 

CO 

(3.3) Jdxy>D(E t P)y> = 0 . 

0 

After an integration by parts and some algebra (3.3) becomes 


(3.4) 





A necessary condition for the existence of bound states is that 


\E\+(\P\lx‘)+V(x) 


is somewhere negative. This implies that somewhere 


\E\ + (\p\lx*)<V(x). 

This latter condition is of course the same as in classical mechanics if l + i 
is the classical angular momentum. 

If V is repulsive, i.e. V > 0, there are no bound states. Suppose now that 
V satisfies*an inequality of the kind 

(3.5) \ n ^»\<~. 

By derivation it can be checked that 


(3.6) 

satisfies the inequality 




P(X) > or* (1 — a)*- 1 \E I 1 -® 


putting X — 1 one finds 



E 

1—a 

t 

X 2 > 

1 — a 


a 


Comparing this result with (3.4) we get 


(3.7) 


i 

a 

E 

a 


1 — a 


< Jf,. 


Piifle 7^ai/ie##ia£tcaZ 
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Some consequences of this formula are 


Ml 


(3.8) \E\< Mo', 1 +-<K+ -<VM!', \E\< ^.ijz * 

The latter can be compared with the exact result for the Coulomb po¬ 
tential V= — (MJx) 

m< n 

' ' < 4(Z + l) 2 ‘ 

Finally by integration of the identity 

y,D(E, /») |j -W P)V = $ + ^r , 


n the interval 0... oo we find 
3. 9) 


dF? 


fy,‘da: = -J^dx. 


Eq. (3.9) can be inserted in eq. (3.4) thus obtaining after some algebra 
(3.10) 

If a —0 or a =1 this inequality can be integrated and the result is 


r(m <M a? 

\dE)^ “ d/3 


(3.11) 


\w)\<\m\ 


M !-(('+ i)» 

M.-ii + iy’ 


l’> l. 


\m i< m 0 - { ±±^[m 0 -\w')\] . 


4. - The shadow and resonance states. 

We know from the results of ref. ( x ) that if /?„ is a pole of #(/?) there is a 
solution tp of the Schrodinger equation 


(4.1) D(E,p 0 ) v = 0, 

with the boundary conditions: 

ip~cx l ° +1 x~+0, 

xp ~ exp [iy/Ex] x oo . 


(4.2) 


E> 0, Im/? t < 0 , 

?o + i = V=p, 


“Pu*ix± 7^ai/ie##ia£tcaZ PA^IlcJ. 
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If V(x) is of the form (2.3) we can continue it for complex values of x in 
the domain Be ( x ) > 0. According to a general theorem (see ref. ( 6 )) y> can 
also be continued in the same region. Let us consider the function ip{iy) = %(y). 
X satisfies the differential equation 

(4.3) D(E, P)X = X~EX + (P + i)y~ 2 X + V^X = 0 . 

where dots mean ^-derivatives. From jx*{E(E, p o )x) Ay — 0 by using the 
same techniques of Section 3 we find 


OO CO 

(4.4) Im/sJ|xl 2 ^ +Jdy|x| 2 ImF(Mf) = 0 


(4.4') fh-£\ +E\x\*--Rep l -j¥---R*(V(iy))\x\ 


dy = 0 , 


j 2 _B,e/S — BeF must be negative somewhere in 0 ... oo. 

In discussing these integral we must remember that for large positive y 
we have x~exp[— VEy]. x is therefore LK 

If we assume now that V(iy) satisfies the set of inequalities 


J y 2x |Im V(iy)\< N' x ; y* x \ Be V(iy)\< K , 
i y 2 *\V(iy)\< N x ; N x < \K + iN "«\ , 


we can draw the following conclusions by using the same methods of Section 3: 


(46) |Im f}\ < Ni', 


E 


1 — a 


Bq ($ 


<K 

no restrictions 


if Ee < 0 , 
if Ee p > 0 . 


Condition (4.6) provides some bounds on L if N is finite. We have for 
instance L < Ee vV^ + iW' —The interesting case of Yukawa potential does 
not admit a finite and we must therefore use a more sophysticated technique. 
To this purpose let us multiply (4.4) by cos rj, (4.4 A ) by sin rj, and add, where 
0 < rj < 71 / 2 . The result to be used only when (cos rj Im/5 + sin rj Ee /?) < 0 is 


(4.7) 


' e y- 
I=^7 


sin rj 1 -* 


cos rj Im ft + sin 77 Ee ft 
a 


<N a . 


( 5 ) E. T. Whittaker and G-. N. Watson: A Course of Modern Analysis (Cam¬ 
bridge, 1952). 
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In the p plane cond. (4.5) is in general different from (4.6). If equality 
would hold in (4.5) this equation would represent a set of straight lines in 
the p plane. The permissible domain lies then below the real axis and 
above the envelope of these lines. For a = 0 there is no envelope. For a == 1 
the envelope is the circle \p\ = N 1 , with 0< arg V^P < rc/2, and the line 
Im p= — N. The corresponding conditions are 0>lm fi>—N 1 and Ee/?> 

> — 's/N 1 — Im p *. If a = \ the envelope is most simply expressed in the 
plane as 


(4.8) 


Ee Z< 


1 

2y/E 2 * 


This condition can be easily applied to the Yukawa potential. The other 
values of a require a much more involved algebra and provide a bound only 
if oc> 

The same procedure can be applied to the resonance states. The resonance 
state can be defined as the solution of (4.1) with the boundary conditions (4.2) 
but with l real and integer and E complex. The branch of VE has to be choosen 
in order to have Im E < 0, this condition follows from the continuity equa¬ 
tion. We find instead of (4.6) 


(4.9) Im E<No; 

otherwise no restriction. 

And instead of (4.7) 


Ee E 

l—OC 

l 

1 — a 


a 


<k, 


if EeF7>0 r 


(4.10) 


P sin Yj 
a 


<x 

| cos r] Im E + sin rj Ee E |< N a . 


The allowed areas for the resonances in the E plane are for a = 0 the 
union of the circle |F7|<Y 0 and of the strip EeF7<0. If oc = | and k 2 = E 
we have Ee k < Ay(2Z-fl). 


5. - The physics of the shadow states. 

It can be easily seen that shadow states are closely connected with reso¬ 
nances. Take namely the formula 


(5.1) 


dE 

\yj 2 x~ 2 dx 

o 

d/8 ~ 

Jip^&x 


Piihe 7/la^4e##tai lgjclL ~Pi 
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Eq. (5.1) is a close analog of (3.9). Let we suppose now that Im {$ is very 
small. A small variation Afi in /? produces a small change AE in E. We 
choose A/$= — ilmf} so that f}' = Aft + ft is real. Correspondingly the energy 
will become complex E+AE = E+i Im/?/(jR 2 ), 1/jB 2 being the average value 
of 1/x 2 in the shadow state. These rough arguments show that there should 
be a resonance at the energy E if Ee l is integer. The mean life of the res¬ 
onance is given by 1/A E or R 2 flm ft having adopted units such that fi = c = 
= 2m = 1. What physical meaning can we associate with A/?? Classically a 
resonance is a scattering process where the path of the incoming particle winds 
up several times around the center of force and has therefore the opportunity 
of interacting for a long period with the potential. We can suppose that the 
radius of the orbit can be conveniently approximated by R. If Z is the orbital 
momentum the angular speed dcpjdt is 21 fR 2 . 

During the interaction time the particle travels the angle A(p = At-dy/dt — 
= lflml before it is lost again in the scattering process. The above estimate 
can be also checked as follows. We write the total wave function as 

(5.2) W = -TT(6,<p)y>(r) . 

T 

Of course W is not a true wave function since it is multivalued in the angles. 
However if we disregard these irregularities it provides a fairly accurate de¬ 
scription of the scattering process when we are sufficiently far from the branch 
points of YJ\ Take now m = l. We have T\ = P|(0) exp This func¬ 

tion is multivalued in cp and Im l provides a damping factor in the orbit 
which will allow the particle to travel by an angle A (p of the same order of 
magnitude as found before. We can confidently assert that a shadow state 
with a very small ImZ originates from a resonance in the energy. In writing 
up a Mandelstam representation of a give® process the number of subtractions 
L has to be equal or larger than the angular momentum of the intermediate 
resonance. The above arguments lose their strength if Im /? is no longer 
small because then the life-time of the resonance becomes too short. 

An interesting interpretation of the shadow states, from which the name 
derives, follows from the work of Levy and Keller on the theory of dif¬ 
fraction ( 6 ). These authors have shown that in calculating the diffraction of 
a held against a smooth object it is possible to modify the ordinary geometrical 
optics, and obtain reliable results, by introducing new kind of rays, the dif¬ 
fracted rays, besides the optical ones. 

The diffracted rays are produced by incident rays which are tangent to 
the surface of the body. A part of the incident ray, instead of continuing along 


( 6 ) B. Levy and J. Keller: Diffraction on a smooth object. 
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the geometrical path, follows a geodesics along the body, until it leaves even¬ 
tually the body along a tangent. The amplitude of the part of the ray which 
undergoes this process decreases exponentially with the arc of geodesics tra¬ 
velled by the diffracted ray. Diffracted rays obviously penetrate into the 
geometrical shadow of the object. By analyzing the scattering amplitude in 
terms of complex angular momenta Levy and Keller prove that diffracted 
rays arise from the shadow states. In their case Im is essentially a angular 
penetration factor of the ray into the shadow, thereby justifying the name 
shadow state. Unfortunately there is no immediate generalization of Levy 
and Keller’s theory of diffraction to the simple potential scattering. It has 
to be pointed out that the boundary condition for a hard core potential, cor¬ 
responding to a mooth object, yield to somewhat simple analytic properties 
of S(p), in fact in this case S(p) is meromorphyc in there being no cut in 
0< p< oo. 

In view of the considerable amount of work being done on phenomeno¬ 
logical hard core potentials for nucleon-nucleon scattering it would be desir¬ 
able to extend our results to more realistic cases. 


* * * 


The author wishes to thank Professor B. Levy and Professor J. Keller 
for an illuminating discussion. This work was partially supported by an AEC 
grant. The author is also particularly grateful to Prof. R. E. Marshak for 
his hospitality at the University of Rochester. 


RIASSUNTO 


In questo lavoro si estendono i risultati di una nota precedent© dell’antore in cui 
si e fatto nso di momenti angolari complessi. In particolare vengono derivate inegua- 
glianze concernenti il numero di sottrazioni nelle regole di dispersion© alia Mandelstam 
per vari tipi di potenziale tra cni il potenziale di Yukawa. 


Pnhc. 7fea£/te##tait eaZ 








COMMENTS AND CORRECTIONS 


Dr. Cutkowky has requested that the following statement regarding his paper 
be noted: 

In the discussion contained in Sec. IIB, the possibility that for some of 
the i ^ m both and Aj may be zero was overlooked. It is easiest to ex¬ 
amine this possibility along the lines of Sec. IIA; it is found to occur when 
the setting equal to zero of some of the /3j is required in order to ensure 
the compatibility of Eqs. (8). Although the singularities and discontinuities 
of F m (z) are indeed associated with graphs that have additional lines, such 
a singularity might have the same locus as a singularity of F(z) that cor¬ 
responds to a graph with fewer lines. 

The discussion following Eq. (12) tacitly assumes that either b m —► M m 2 
from the left or a m —** M m 2 from the right. This implies a particular sign 
for J, which must be remembered when the sign of F^ is calculated. In 
Eq. (6), the sign of J is hidden in the prescription to take the “proper” 
root of qj 2 Mj 2 . This means that Eq. (12) does not actually allow one to cir¬ 
cumvent any hard work. 


Professor Regge has requested that the following corrections to his paper 
be noted: 

3 Line 4: For “c) shows” read “b) shows.” 

4 Line 14: For “mallest” read “smallest.” 


5 Line 6: For “|e| + (|/3|/x 2 ) + V(x)” read “|e| + |j3|/x 2 + V(x).” 
Line 8: For “|E| + (| /31/x 2 ) < V(x)” read “|e| + |/3|/x 2 s -V(x).” 
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COMMENTS AN ^ RECTIONS 


Eq. (3.6): For “P(\) =-^r + X a_1 ^” read 


,p W=^ + ^ a 7’’ 


Line 17: For “P(A) ^ oi a (l - a) a 1 |EI 1 a 
“P(X) > 0 ' _a (l - a) a ~ 1 \E\ i ~ cc 


read 


Re/3 


7 Line 10: For “E - Re p - Re V” read ‘ ‘E- f-ReV.” 


Line 22: For “cost]” read “-cost).” 

8 Line 1: For “(4.5)” read “(4.7).” 

Line 6 : For “Im /3 = -N” read “Im /3 = —Nj.” 

^ Line 16: For “ImE < 0 ” read “ImVE"< 0 .” 

Eq. (4.9): For “ImE < N 0 ' ” read “|lmE| < N 0 '.” 
Eq. (4.10): For “Icostj ImE + sin r) ReE| 1_a ” read 
it cos?] ImE - sin 77 Re E 


l-OE 


1 - a 

10 Line 12 : For “mooth” read “smooth.” 


/ 
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